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The total cross sections of Fe, Ni, and Bi have been measured for neutrons of from 10-kev 
to 500-kev energy with a resolving power of approximately 20 kev, and from 200 kev to 1400 
kev with a resolving power of about 150 kev. With the higher resolving power marked fluctua- 
tions in cross section, indicating the presence of resonances, were observed in Fe and Ni, 


but not in Bi. 





I. INTRODUCTION 


N a previous paper! measurements of the total 

cross section of aluminum as a function of 
neutron energy were reported. The results indi- 
cated that in aluminum the energy levels are 
sufficiently far separated to be observable with 
a resolving power of approximately 20 kev. 
Measurements of the radiative capture of 
protons by aluminum? give for the level spacing 
of Si?* at low proton energies about 50 kev. This 
result is compatible with the upper limit of the 
level density in Al*?* which one would deduce 
from the variation of the neutron cross section 
of aluminum. 

In the present work the level spacing in 
heavier nuclei was investigated. From theoretical 
considerations and from the results of experi- 
ments on the capture of slow neutrons one would 
expect the level density in medium-heavy and 
heavy nuclei to be small compared to 20 kev. On 
the other hand, measurements of the total 


* Now at the University of Kansas. 

1L. W. Seagondollar and H. H. Barschall, Phys. Rev. 
72, 439 (1947). 

2G. P. Plain, R. G. Herb, C. M. Hudson, and R. E. 
Warren, Phys. Rev. 57, 187 (1940); K. J. Bostrém, T. 
Huus, and R. Tangen, Phys. Rev. 71, 661 (1947). 
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neutron cross section of some heavy elements 
using photo-neutron sources show fluctuations in 
cross section which might be attributed to energy 
levels of considerable separation. Goloborodko,' 
using neutrons of many kev energy spread found 
strong fluctuations in the total cross section of 
nuclei as heavy as Tl and Pb. Fields et ai.,‘ 
showed the presence of fluctuations in fast 
neutron cross sections in elements as heavy as 
Sb and I. 

The choice of elements for the present inves- 
tigation was based primarily on the results of 
Fields et al.* These authors observed an anom- 
alous behavior in the cross section of Fe and Ni 
for the 24-kev neutrons from an Sb—Be source. 
While the cross section of Fe (2.2 barns) is lower 
at that energy than at both higher and lower 
energies, the cross section of Ni (23 barns) has a 
higher value than at both higher and lower 
energies. It appeared interesting, therefore, to 
follow the cross sections of Fe and Ni as a 
function of neutron energy. 

In addition, the investigation of a heavy 

3 T. Goloborodko, J. Phys. U.S.S.R. 8, 106 (1944), and 
11, 44 (1947). 


4R. Fields, B. Russel, D. Sachs, and A. Wattenberg, 
Phys. Rev. 71, 508 (1947). 








element seemed desirable. Bi was chosen for this 
experiment. Of the heavy elements it was most 
likely to show a wide spacing of levels for the 
following reasons: it consists of only one stable 
isotope, it has an unusually small capture cross 
section for slow neutrons,‘ and a relatively small 
cross section for inelastic scattering of fast 
neutrons. ® 


II. PROCEDURE 


The experiments were carried out in the same 
manner as the measurements of the scattering 
cross section of aluminum.' Neutrons were 
produced by bombarding lithium with protons 
accelerated by the electrostatic generator.’ In 
most of the experiments the lithium target was 
about 10 kev thick, except in the experiments 
described as ‘‘thick target’’ measurements in 
which the lithium target was about 150 kev 
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thick. The neutrons were detected by means of 
a BF; proportional counter. 

In order to make the alignment less critical, 
scatterers of slightly larger diameter, i.e., 1.75 in., 
were used in the present experiments. Conse. 
quently, the geometry was such as to measure 
scattering through angles greater than 25°, In 
this geometry the correction for scattering into 
the detector was approximately five percent.** 


III. RESULTS 


In Figs. 1-3, the corrected total cross section 
is plotted against the neutron energy. The data 
shown in the upper and lower parts of the figures 
are measurements for the same energies taken 
some time part. Open circles indicate measure- 
ments taken at an angle of 115° with respect to 
the proton beam; all other open symbols repre- 
sent data taken in the forward direction. A 
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Fic. 1. The total cross section of iron as a function of neutron energy. The neutron energy spread was about 20 kev. 
Open circles indicate measurements taken at 115° with respect to the proton beam; other symbols represent measurements 
taken in the forward direction. The height of the symbols used is equal to the standard statistical errors. Solid circles 


give the resuits of Wattenberg.‘ 


4 R. D. O’Neal and M. Goldhaber, Phys. Rev. 59, 102 (1941). 

* H. Aoki, Proc. Phys. Math. Soc. Japan 19, 369 (1937). 

7 Herb, Turner, Hudson, and Warren, Phys. Rev. 58, 579 (1940). ; 

** At the lowest energies this correction may be somewhat too large, if absorption is appreciable, while at high 
energies the correction may be too small because of the effect of diffraction scattering. 
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Fic. 3. The total cross section of bismuth as a function of neutron energy. 


surements at 115°. The measurement of the 
background may be inaccurate, since the shadow 
cone used will also shield the counter from some 
of the neutrons reflected by the floor. For this 
reason, measurements taken below 10 kev were 
not included. 

In the lower sections of Figs. 1-3, the solid 
circles at 24, 130, 140, and 220 kev represent the 
results of Wattenberg.‘ An exact agreement of 
the results should not be expected, since the 
distribution in energy of the photo-neutrons® 
differs considerably from that of the Li+p 
neutrons. In addition, there is an uncertainty in 
the absolute value of the neutron energies both 
for the Li+p neutrons and for the photo- 
neutrons. In the present measurements, the 
neutron energies were calculated by using the 
threshold of the Li(p,m) reaction as a reference 
energy, taken as 1.860 Mev. 


8D. J. Hughes and C. Eggler, Phys. Rev. 72, 902 (1947). 


1. Iron 


The iron scatterer was 1 in. thick, and con- 
tained 0.215 104 atoms/cm?. It was made out 
of Armco iron which contains more than 99.9 
percent Fe. 

The results for iron are shown in Fig. 1. Most 
of the energy range was covered more than twice 
with results in substantial agreement with those 
shown. The variations of the measured cross 
section with energy are so much larger than the 
statistical error that it does not seem possible 
to draw a smooth curve through the experi- 
mental points. Clear indications of maxima are 
found at 30-, 90-, 150-, 195-, 325-, and 405-kev 
neutron energy. There are some other regions 
(280, 445, and 475 kev) in which the best fit of 
the data would be given by small maxima, but 
the latter points are not sufficiently far from a 
smooth curve to make the existence of maxima 
convincing. 





TOTAL CROSS SECTION 


2. Nickel 


Two nickel scatterers were used in the experi- 
ments, one } in. thick, containing 0.0578 x 10 
atoms/cm’, the other 3 in. thick, containing 
0.1156 X10" atoms/cm?. The thinner scatterer 
was used in all measurements below 105-kev 
neutron energy, the thicker one above 105-kev 
energy. 

Figure 2 shows the measurements of the total 
cross section of nickel. Definite maxima are 
shown at 15, 70, 160, 210, and 430 kev, and 
there is a slight indication of a maximum at 245 


kev. 
3. Bismuth 


For measurements below 300-kev neutron 
energy a bismuth scatterer } in. thick containing 
0.0358 X 10%* atoms/cm? was used, while above 
300 kev a scatterer 1 in. thick containing 0.0713 
x 10% atoms/cm? was employed. 

In Fig. 3 the results of the measurements on 
bismuth are shown. None of the points shown in 
Fig. 3 give any clear indication of deviations 
from a smooth variation of the total neutron 
cross section of bismuth with energy. There may 
be some evidence for a minimum at 30 kev, as 
indicated by the dashed line in Fig. 3, but the 
reality of this dip appears doubtful. 
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IV. THICK TARGET MEASUREMENTS 


In order to compare the measurements of 
total cross section with the predictions of Fesh- 
bach, Peaslee, and Weisskopf,® experiments were 
carried out with lower resolving power so as to 
smooth out the effect of fluctuations in level 
density. For this purpose a Li target, 150 kev 
thick, was used. The measurements were ex- 
tended to a neutron energy of 1400 kev. For 
iron and bismuth the 1-in. thick scatterers were 
employed in these investigations while the 
experiments on nickel were carried out with the 
3-in. thick specimen. 

The results are shown in Fig. 4. A smooth 
monotonically decreasing curve could be drawn 
through all the points fora given element with 
the possible exception of the cross section for 
iron at 800 kev. This latter point was outside the 
statistical error from a smooth curve in two 
separate measurements. 

To facilitate the comparison with the theoreti- 
cal predictions the smooth curves of Fig. 4 are 
replotted in Figs. 5 and 6 on a different scale. 
The cross sections are given in units of ra?, where 
a is the nuclear radius calculated according to 
a=1.5X10-"A! cm. Instead of energy, ka is 
plotted, where k is the wave number of the 
incident neutron. The solid lines in Figs. 5 and 6 
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Fic. 4. The total cross section of iron, nickel, and bismuth as a function of neutron energy. 
The neutron energy spread in these experiments was about 150 kev. The points are plotted 


for the average neutron energy used. 


* H. Feshbach, D. C. Peaslee, and V. F. Weisskopf, Phys. Rev. 71, 145 (1947). 
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are the theoretical predictions obtained from Fig. 
5 of reference 9 according to the method de- 
scribed on p. 157 of reference 9. In order to 
extend the comparison to higher neutron energies 
than were covered in the present experiments, 
the results of Aoki! for neutron energies between 
2 and 3 Mev are also included in Figs. 5 and 6. 


V. DISCUSSION 


The fluctuations in the total cross section of 
Fe and Ni observed with a resolving power of 
20 kev could be explained as the effect of either 
individual levels or fluctuations in level density. 

In the case of iron, only the effects produced 
by the most abundant isotope (abundance of 
Fe** is 92 percent) are likely to be observed with 
the accuracy of the present experiments. In the 
range of energies investigated there is evidence 
that elastic scattering is the predominant inter- 
action between neutrons and iron." 

If a maximum is due to a single level of the 
compound nucleus, and if the angular momentum 
of the incident neutron is zero, one would expect 


the total cross section at the maximum of a 
resonance to be 4xk~* (neglecting potential 
scattering, which would tend to increase it), At 
90 kev, 4rk~ is approximately 30 barns, while 
the peak observed at that energy for iron reaches 
only 5 barns. Similar considerations can be 
applied to the other observed peaks. The dis. 
crepancy between the observed and calculated 
heights indicates that the resolving power of the 
apparatus is considerably too small to obtain the 
true shape of the resonances. This conclusion js 
reinforced by experimental evidence in the 
previous work on Al, in which it was found that 
use of a higher resolving power over the energy 
range of one of the resonances resulted in a 
sharpening of the peak. 

It is, therefore, not possible to decide whether 
the observed maxima are due to single levels, 
The fact that the maxima do not have the shape 
expected for scattering resonances’ might lead 
one to believe that the peaks are due to fluc- 
tuations in level density. 

In Bi no good evidence for the presence of 
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10 H. Aoki, Proc. Phys. Math. Soc. Japan 21, 232 (1939). 


1H. H. Barschall, M. E.tBattat,\W. C. Bright, E. R. Graves, T. Jorgensen, and J. H. Manley, Phys. Rev. 72, 881 (1947). 
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fluctuations in total cross section were obtained. 
From nuclear theory” one would conclude from 
this fact that the levels are so closely spaced 
that their effect is not noticeable. On the other 
hand, the small capture cross section of Bi com- 
bined with the lack of resonances in the low 
energy region as shown by the slow modulation 
experiments of Rainwater and Havens, make the 
assumption of a very much closer level spacing 
in Bi than in Fe and Ni doubtful. It does not 
appear certain, therefore, that the observed 
smooth varigtion of cross section with energy is 
due to very many levels rather than an absence 
of levels. 

According to Weisskopf and Feshbach" the 
difference between the observed thick target data 
(Figs. 5 and 6) and the theoretical predictions® 
is probably due to an uncertainty in the knowl- 
edge of the constants on which the calculations 
are based. For the purposes of the theory the 
nuclear radius is uncertain by +10-" cm. In 

2 For example, H. A. Bethe, Elementary Nuclear Theory 


(John Wiley and Sons, New York, 1947), p. 116. 
8 Private communication. 











addition, the cross sections were calculated under 
the assumption that the levels are distributed at 
random (D*/D=}4, Eq. (25) of reference 9). This 
assumption may not be valid, and D*/D may 
have values from 0.3 to 1. The observed values 
of cross section lie approximately within the 
limits of the mentioned uncertainties. For iron 
the best fit with the experimental data is ob- 
tained by using a nuclear radius of 4.6X10-" cm 
and a value of D*/D of 0.8. The cross sections of 
nickel and bismuth rise more rapidly at low 
neutron energies than one would expect from 
the theory. This fact may be due to the effect of 
a wide level or of a group of levels at those 
energies. 
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Resonances in the Disintegration of Fluorine and Lithium by Protons 


T. W. BoNNER AND J. E. EvAns 
Rice Institute, Houston, Texas 
(Received December 19, 1947) 


The resonances in the emission of gamma-radiation from fluorine bombarded by protons 
have been studied from 300 kev up to 850 kev. Resonances were observed at 334, 479, 590, 
660, and 820 kev with width at half-intensity, respectively, of 3.2, 2.6, 37, 7.5, and 8.3 kev. 
The absolute cross sections at resonance were found to vary from 0.4 X 10~** cm? for the reso- 
nance at 590 kev to 5.9 10~** cm? for the resonance at 334 kev. These results and previous 
results for the resonances at higher energies were compared to the single level dispersion 
formula, and the values of partial widths due to proton re-emission were found to vary from 
10 volts at the 1076-kev resonance to 5.7 kev for the 1363-kev resonance. 

The resonance in the emission of 17-Mev gamma-radiation from lithium bombarded by 
protons at 440 kev was found to have an experimental width of 14 kev. The cross section for 
the reaction at the peak of the resonance is 7.2 x 10~*7 cm*. The resonance curve is not sym- 
metrical and cannot be explained by the single level dispersion formula. 





1, INTRODUCTION 


OST of the light elements are known to 
give gamma-rays when they are bom- 
barded with protons. The intensity of gamma- 
radiation from most of the light elements 
exhibits resonance phenomena; near resonance 
the amount of gamma-radiation is much greater 
than for neighboring energies. A great deal of 
work has been done to locate the positions of the 
resonance levels;! however, until recently the 
widths of most of the resonances were unknown 
because of the limits in resolution of the ap- 
paratus for accelerating the protons. The natural 
widths of the resonance levels are important in 
finding out the nature of the levels of the 
nucleus. Furthermore, the absolute cross section 
for disintegration at resonance can only be deter- 
mined if the apparatus used has greater resolu- 
tion than the natural width of the resonance. 
The combinations of width and cross section at 
resonance are useful in learning about the states 
of the intermediate nucleus. 

Recently Bennett, Bonner, Mandeville, and 
Watt? have studied the resonances in the disin- 
tegration of fluorine by protons with an appa- 
ratus of improved resolution. Gamma-radiation 


'L. R. Hafstad, N. P. Heydenburg, and M. A. Tuve, 
Phys. Rev. 49, 866 (1936); 50, 504 (1936); S. C. Curran, 
P. I. Dee, and V. Petrzilka, Proc. Roy. Soc. A169, 269 
(1938); R. G. Herb, D. W. Kerst, and J. L. McKibben, 
Phys. Rev. 51, 691 (1937); E. J. Bernet, R. G. Herb, and 
D. B. Parkinson, Phys. Rev. 54, 398 (1938). 

2W. E. Bennett, T. W. Bonner, C. E. Mandeville, and 
B. E. Watt, Phys. Rev. 70, 882 (1946). 
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with a quantum energy of 6.2 Mev results from 
the disintegration of F'® by protons’ according to 
the following reaction: 


F19 + H!—>* Ne*®->*O0!*+ He*+ 1.74 Mev. 


*O''_0'6 4746.2 Mev. (1) 


These authors have reported the emission of 
gamma-radiation in the energy interval 800 to 
1400 kev, and they found resonances at 820, 862, 
890, 927, 1076, 1122, 1161, 1274, 1335, and 1363 
kev. The resonances had widths which varied 
from less than 1.8 kev to about 100 kev. In case 
the resonances are well separated, the single level 
dispersion formula’ applies, and the cross section 
for disintegration is given by the relation: 
rh2(2J +1) r.J', 


g= — a, 
(2s+1)(2¢+1) [(E—Eo)?+1/4T?] 





Where J is the total angular momentum quantum 
number of a particular compound state of *Ne”; 
r’,, la, and [ are the proton, short-range alpha- 
particle, and total width of this state; E is the 
bombarding energy and £p is the proton energy 
at resonance; s and i are the respective spins of 
the proton and the F!* nucleus which are both 
equal to }. The height of the potential barrier of 
F'® for proton is 2.3 Mev, and the barrier of O" 
for alpha-particles coming out of the compound 
nucleus is 4.4 Mev. Since the barrier heights are 
considerably greater than the particle energies, 


3H. A. Bethe and G. Placzek, Phys. Rev. 51, 450 (1937). 
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the cross sections and widths of the resonance 
levels should be strongly influenced by the 
penetrability through the barrier. 

Schiff has been able to explain the observed 
variation in width and intensity by assuming a 
width without barrier of 100 kev for the emission 
of the short-range alpha-particles of reaction (1) ; 
he further assumed a width without barrier of 
33 kev for the re-emission of the incident proton. 
Another reaction’ which in some instances may 
compete with reaction (1) is the following: 


F19+ H!—>*Ne”—0!''+ He*+7.95 Mev. (2) 


Schiff assumed a width without barrier of 33 kev 
for the emission of these long-range alpha- 
particles. The partial width of a resonance for 
alpha-emission or proton emission is found by 
multiplying the corresponding width without 
barrier by the penetrability. Schiff was able to 
explain the widths and intensities of the reso- 
nances from 800 to 1400 kev by a suitable choice 
of the angular momentum of the proton (0 to 4 
units) and the angular momentum of the short- 
range alpha-particle (0 to 3 units). 

The purpose of the experiments described in 
this paper was to extend the results of Bennett, 
Bonner, Mandeville, and Watt to the energy 
interval 300 to 800 kev and to measure experi- 
mentally the absolute cross sections at resonance. 
We also planned to study carefully the resonance 
for the emission of 17-Mev gamma-radiation 
when lithium is bombarded by protons. A pro- 
nounced resonance at 440 kev was observed by 
Hafstad, Heydenburg, and Tuve*® with a width 
of about 11 kev as obtained from thick target 
excitation curves. The reaction responsible for 
the 17-Mev gamma-radiation is the following: 


Li’+H'—*Be*—Be’+7+17 Mev. (3) 


Experiments by Hudson, Herb, and Plain’ 
indicate a small amount of 17-Mev gamma- 
radiation at energies above the resonance; the 


‘L. I. Schiff, Phys. Rev. 70, 891 (1946). 

*W. E. Burcham and C. L. Smith, Proc. Roy. Soc. A166, 
176 (1938); J. F. Streib, W. A. Fowler, and C. C. Lauritsen, 
Phys. Rev. 59, 253 (1941). 

*L. R. Hafstad and M. A. Tuve, Phys. Rev. 48, 306 
(1935); see Hafstad et al., reference 1; see Herb et al., 
reference 1, 

LL. A. Delsasso, W. A. Fowler, and C. C. Lauritsen, 
Phys. Rev. 51, 391 (1937). 

™C. M. Hudson, R. G. Herb, and G. J. Plain, Phys. Rev. 
57, 587 (1940). , 
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intensity of this radiation remains constant from 
500 kev up to about 1500 kev. With the improved 
resolution of our apparatus, we planned to 
measure accurately the natural width of the 
level at 440 kev and to determine the absolute 
cross section for disintegration. We also wanted 
to study the shape of the resonance above and 
below 440 kev. 


2. EXPERIMENTAL PROCEDURE 


The apparatus which was used is the same as 
that described previously.? The potential of the 
pressure electrostatic generator was stabilized 
by modulating an electron beam which pro- 
ceeded up the vacuum tube in the opposite 
direction to the protons. Some improvement 
was made in the spread in the energy of the 
protons beam by lowering the voltage in the 
ion source from 1800 to 600 volts, so that a 
mean spread in energy of the positive ions 
was probably reduced to less than 200 volts 
as they emerged from the ion source. The poten- 
tial stabilizer was calculated to hold the voltage 
constant to less than 100 volts. The slit width 
of the magnetic energy selector was 0.015 cm, 
which allows a spread of energy of about 300 
volts when operating at 330 kev, the position of 
the lowest resonance. Consequently, at the 
lowest resonance the over-all resolution of the 
apparatus was about 300 volts. 

The gamma-radiation was detected by a 
Geiger counter which was shielded by } in. of 
lead. The counter itself was made with a glass 
wall thickness of 0.2 mm and had a very thin 
silver coating as cathode. The front side of the 
counter was placed 1.2 cm from the target, and 
the sensitive region of the Geiger counter sub- 
tended 0.13 of the total solid angle. The efficiency 
of the counter in detecting 6.3-Mev radiations 
was calculated’ to be about 3 percent. The counts 
resulting from the gamma-radiation were re- 
corded on a mechanical counter by the use of a 
scale of 64. A current integrator was used to 
determine the number of protons which hit the 
target during the interval that a count of the 
gamma-radiation was made. 

Targets were made by evaporating in a high 
vacuum ZnF; or lithium metal onto pure silver 


- 8H. Bradt, P. C. Gugelot, 0. Huber, H. Medicus, B. 
Preiswerk, and P. Scherrer, Helv. Phys. Acta 19, 77 (1946). 
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disks. The number of atoms per sq. cm was ob- 
tained by weighing the targets on a micro- 
balance. In general, thicker targets were used for 
a genera! survey, and then the narrow resonances 
were investigated with thinner targets. 

A calibration curve for the energy of the bom- 
barding protons was made up from the known 
energy of the resonances at 334, 479, 660, and 
862 kev! and the measured value of the current 
in the deflecting magnet for each of these 
resonances. 

Experimental excitation curves were taken 
with increasing magnet currents to avoid troubles 
from the hysteresis of the iron. At the end of 
each period of observation the magnet current 
was increased to a fixed large value, and then the 
current was slowly decreased to zero. 





EVANS 


The positions of resonances on succeeding days 
agreed with each other within 1 or 2 mifjj. 
amperes out of a total current of approximately 
2 amperes. 


3. EXPERIMENTAL RESULTS 
FY+H! 


The first experimental run was made with a 
ZnF, target which had a weight of 11.5 micro- 
grams per cm?. This amount of material in the 
target produces a loss of energy of approximately 
3.0 kev for 334-kev protons; the loss of energy 
in the target decreases to 2.1 kev at 660 key. 
Over a thousand Geiger counts were observed at 
each bombarding energy. With proton energies 
far removed from a resonance, the background 
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Fic. 1. Experimental curves of 
the intensity of gamma-radiation 
from a thin (11.5 micrograms 
cm?) target of ZnF; as a function 
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Fic. 2. Experimental curves of 
the intensity of gamma-radiation 
from a very thin (2.0 micrograms 
per cm*) target of ZnF2. The 
curve at the 660-kev resonance 
was obtained with the target 
whose thickness was 11.5 micro- 


grams per cm*. 
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counting rate of the Geiger tube was of the same 
order of magnitude as the rate resulting from 
gamma-radiation from the target; hence, it was 
necessary to subtract the background rate in 
order to obtain the true rate from the target. 
The data obtained with the first ZnF, target is 
given in Fig. 1. The experimental curve indicates 
resonances at 334, 479, 590, 660, and 820 kev. 
The experimental widths of these resonances are, 
respectively, 4.7, 3.6, 37, 7.8, and 8 kev. The 
natural width of a resonance and the absolute 
cross section for disintegration can be determined 
only if the loss of energy in the target and the 
spread in energy of the beam of protons is small 
in comparison to the natural width of the 
resonance. The true width and cross section for 
the resonances at 334 and 479 kev cannot be 
determined using the relatively thick target 
which was used to obtain the data of Fig. 1. A 
new ZnF, target which was much thinner and 
had a weight of 2.0 micrograms per cm? was 
used. The data obtained with this target are 
given in Fig. 2. The experimental width of the 
resonance at 334 kev was found to be 3.2 kev, 
and the width of the 479 level is only 2.6 kev. 
The widths and cross sections of the other 
resonances can be obtained from the data of 
Fig. 1. The broad resonance at 590 kev appears 
to be a singlet and has a width of 37 kev. The 
data concerning the resonance at 660 kev is 
plotted on a larger scale in Fig. 2. The experi- 
mental width of this resonance is 7.8 kev. 
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4. DETERMINATION OF ABSOLUTE 
CROSS SECTIONS 


The absolute cross section for production of 
gamma-rays can be determined directly if one 
knows the following quantities: (1) the number 
of gamma-ray counts per microcoulomb of 
protons, (2) the solid angle which the Geiger 
counter subtends, (3) the efficiency of the Geiger 
counter, and (4) the weight and composition of 
the target. The most uncertain quantity which 
is needed is the efficiency of the Geiger counter 
for the 6.2-Mev radiation. One could use the 
calculated value of 3 percent in determining this 
cross section. However, it seems preferable to 


TABLE I, Data concerning resonances in the emission 
of gamma-rays from F!*+H}. 











Width 
corrected 
Reso- oat Experimental for target (23 +1)lp 
nance resonance half-width thickness calculated 
kev X<10-% cm? kev kev kev 
334 5.9 3.2 3.2 0.10 
479 2.9 2.6 2.6 0.06 
590 0.4 37 37 0.13 
660 2.5 7.8 0.18 
820 0.7 8.5 8.3 0.07 
862 25 5.2 ee 1.6 
890 0.9 4.8 4.8 0.05 
927 8.8 8.0 8.0 1.0 
1076 >0.4 <1.9 <1.8 0.01 
1122 0.8 4.1 3.7 0.05 
1161 0.7 ~130 ~130 1.5 
1274 1.9 19 19 0.7 
1335 7.9 4.8 44 0.7 
1363 19 15 15 5.7 
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Fic. 3. The values of log(2/+1)I, as a function of the energy of the protons. The 
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ints are those given 


in Table I with their probable errors indicated. The curves are theoretical ones with the value of I'p.w.». 
chosen so that the curve for /=0 and J=0 goes through the point at 334 kev. 


make use of the data of Van Allen and Smith® 
who determined the absolute yield of gamma- 
rays from CaF, bombarded by 360-kev protons. 
These authors determined accurately the number 
of gamma-rays by counting the number of 
short-range alpha-particles which accompany 
each gamma-quantum., They obtained the result 
that there are 8.9 X 10‘ alpha-particles, and hence 
gamma-rays, per microcoulomb of protons. From 
the shape of the resonance at 334 kev we have 
computed the yield of gamma-rays from our 
target of ZnF, (11.5 micrograms per cm?). The 
calculated value is 4.1X10* gamma-rays per 
microcoulomb. From the counting rate at 334 
kev and the relative solid angle subtended by the 
counter, the efficiency of the Geiger counter was 
computed to be 3.7 percent; this value agrees 
well with what is to be expected. This efficiency 
will be the same for all the resonances we have 
investigated if the gamma-rays from each reso- 
nance have the same energy. 

The absolute cross sections at resonance and 


*A. Van Allen and N. M. Smith, Phys. Rev. 59, 501 
(1941). 


the experimental widths at half-intensity are 
given in Table I. The values of the cross sections 
(c) have also been calculated for the levels which 
have been previously investigated? between 800 
and 1400 kev. In this table the broad peaks in 
the experimental curves at 1107 and 1161 kev 
have been classified as a single broad level 
instead of as two levels. The peak on the curve 
at 1107 probably is due to an interference effect 
produced by the narrow level at 1122 kev. 


5. DISCUSSION OF RESULTS 


The penetrabilities of the low energy alpha- 
particles are larger (J=0: 400 kev protons, 
P,=8.7 X10; 2.1 Mev a-particles, P,=2.4 
<10-*) than those of the protons; furthermore, 
one expects the width without barrier of the low 
energy alpha-particles to be greater than that of 
the protons.‘ This is because it would normally 
take a shorter time to concentrate a fraction of 
the nuclear excitation on the alpha-particle than 
to concentrate all the excitation energy on a 
proton. Now the partial width caused by the 
alpha-particle is equal to the alpha-particle 
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width without barrier times the penetrability : 
To on T'a.w.b. ™ Pe 


and, similarly, the partial width due to proton 
emission I',=I'p.w.y.:P». From the argument 
above Ia will be considerably greater than I’,, 
and one can replace the total width Tf by I'.. The 
relation for the cross section at resonance now 


becomes: 
lr, 
g¢= rx?(2J + ai 


Since o, I, and X are known for each resonance, 
the value of (2/+1)I, can be calculated. 

The calculated values of (2/+1)I, are given 
in Table I. The values of (2/+1)I, vary from 
10 volts for the resonance at 1076 kev up to 5.7 
kev for the level at 1363 kev. However, the 
values of (2J/+1)I, do not increase smoothly 
with energy as would be expected if all the 
resonances were produced by protons with the 
same angular momentum. In Fig. 3, the values 
of the logarithm of (2/+1)I, have been plotted 
as a function of the energy of the bombarding 
protons. The largest value of (2/+1)I, which 
is possible at a given energy results when the 
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proton has zero angular momentum. In this case 
the intermediate nucleus *Ne*” may have a total 
angular momentum of either 0 or 1 unit. There 
appears to be no way of deciding between these 
possibilities from the present data. If we assume 
that the resonance at 334 kev is produced by a 
proton with zero angular momentum and that 
the total angular momentum of the intermediate 
*Ne” is zero, then the value of the proton width 
without barrier 


lr p.w.b. =— = ——— = 375 kev. 


This value of Iy.w.». is a factor of 10 greater 
than the value Schiff used in interpreting the 
earlier results. If we now assume that I'y.~.». is 
constant for all the states of *Ne™,we can cal- 
culate the values of (2/+1)I, for all the possible 
values of the orbital angular momentum (/=0, 1, 
2, etc.) and total angular momentum /. These 
calculated curves are given in Fig. 3. A study of 
Fig. 3 indicates that disintegrations are probably 
produced by protons with angular momentum of 
1=0, 1, 2, 3, and 4. Several of the experimental 
points do not lie on the theoretical curves, and 
this may be interpreted as showing that the 
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Fic. 5. The intensity of gamma-radiation from lithium as a function of the energy of the 


bombarding protons. The 
angular momentum /=0. 


proton widths without barrier vary somewhat 
from level to level—perhaps by at least a factor 
of 2. This variation of T',.~.». is not surprising 
as a nuclear structure factor varying from level 
to level might be expected. For a given value of /, 
one would not expect that Ty.~.». would show 
a trend with the energy. On the other hand, the 
value of Ip.w.». might be a function of the 
angular momentum of the protons. 

A similar analysis can be made of the total 
widths of the resonance levels, using the ap- 
proximation that the total width of the level is 
nearly equal to the partial width due to the 
alpha-particle ([.). In Fig. 4, the logarithms of 
the total widths of the levels have been plotted 
as a function of the energy of the alpha-particles 
(E.). The values of EZ, are calculated from Eq. 
(1) for each value of the bombarding energy of 
the protons. 

The level which occurs with a proton energy 
of 590 kev is considerably wider than other levels 
of about the same energy and consequently cor- 
responds to alpha-particles leaving the *Ne™ 
with a minimum orbital angular momentum. It 
seems likely that this orbital momentum is /=0. 
With this assignment the value of the partial 





ashed curve is a theoretical one calculated for protons with an 


width without barrier of the alpha-particles can 
be found from the relation: 


37 kev 
~ 6.0X10-2 


Ta 
Ta.w.b. — 


Pa 


= 610 kev. 


The value of Is.w.». is about twice that of 
I'y.w.b. Which agrees with the theoretical argu- 
ment given above. However, this width appears 
to be much larger than would be expected from 
the results® on reaction (2). The widths of some 
of the resonances in this reaction appear to be 
of the order of 25-50 kev. Since these alpha- 
particles have 8 Mev of energy the barrier pene- 
tration is unity, and the width without barrier is 
the same as the total width. It thus appears that 
the value of T'a.w.b. for the 8-Mev alpha-par- 
ticles is only about 1/20 as great as for the 2-Mev 
alpha-particles. This would help explain why 
there are so few 8-Mev alpha-particles in com- 
parison to 2-Mev alpha-particles. 

In the discussion of the results above, the 
Doppler broadening from the thermal motion of 
the fluorine in the target has been neglected. In 
the case of a nucleus as heavy as F!* the Doppler 
broadening can be neglected unless the resonance 
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is very narrow. For example, the Doppler broad- 
ening of the resonance at 1076 kev only amounts 
to approximately 140 ev. The Doppler broaden- 
ing in lighter nuclei than F* may be detectable 
for narrow resonances. 


4. EXPERIMENTAL RESULTS 
Li+H 


Lithium targets were made by evaporating 
lithium metal in a vacuum onto silver disks. The 
targets were then weighed on a microbalance. 
This measurement was made about twenty 
minutes after taking the target out of the vacuum, 
and we assume that the chemical composition at 
this time was principally LigCOs. The first target 
which was used had a weight of 24.1 micrograms 
per cm’, The yield of gamma-radiation from this 
target was observed by means of a Geiger- 
counter when the bombarding protons had 
energies from 300 to 600 kev. The experimental 
results are given in Fig. 5. The resonance at 440 
kev had an experimental width of 16 kev. The 
thickness of the target for 440-kev protons was 
estimated to be about 9.7 kev. A second target 
was used which was made in the same way; this 
target gave only } as many Geiger counts per 


DISINTEGRATION 673 


microcoulomb of protons as the first target, and 
its thickness is estimated to be 4.6 kev. With 
this second target the experimental half-width 
of the resonance at 440 kev was found to be 15 
kev. The natural resonance width is estimated 
to be 14 kev from these results; the width of the 
excited level in Be® is } of this width or 12 kev. 


5. DISCUSSION OF RESULTS 


The cross section for this reaction at resonance 
was calculated in the same way as that described 
above in the case of F+H. However, the 
efficiency of the counter was different in the 
case of the 17-Mev radiation from Li7+H. From 
our value of the efficiency of the Geiger counter 
for 6.2-Mev radiation and from the shape of the 
theoretical curve of Yukawa and Sakata," we 
estimated that the efficiency of the Geiger 
counter for this radiation was 11 percent. Since 
lithium has more than one isotope, only the 
number of Li’ atoms present per cm? was used 
in this computation. The calculated cross section 
at resonance is 7.2X10-*? cm*. There is a pos- 
sibility of considerable error in this cross section 
because of the uncertainty in the exact chemical 
composition of the target at the time of weighing 
and in the efficiency of the Geiger counter. 
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1H. Yukawa and S. Sakata, Scientific Papers Institute of Physical and Chemical Research, Tokyo 31, 187 (1937). 
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The resonance curve is shown in Fig. 5 on an 
enlarged scale; the asymmetry of the experi- 
mental curve is apparent. Figure 6 shows the 
curve for gamma-radiation from F!*+H! near 
the 334-kev resonance which was taken under 
similar conditions. This curve for the 334-kev 
resonance is nearly symmetrical and clearly 
shows that the asymmetry in the 440-kev 
resonance is real. In the energy region 550 to 
600 kev, we observed 2 percent as much gamma- 
radiation as at 440 kev. This is in agreement with 
the 4 percent figure found by Hudson, Herb, and 
Plain, if allowance is made for the fact that they 
used a considerably thicker target of lithium. 
Hudson, Herb, and Plain also showed that the 
17-Mev radiation remained essentially constant 
between 500 and 1500 kev. 

If the penetrability of the incident protons 
increases rapidly with energy in the region of 
400 to 1500 kev, a single resonance level might 
give such an asymmetrical shape. The dotted 
curve of Fig. 5 shows a theoretical resonance 
curve corrected for the change of penetrability 
for protons with /=0. This calculated curve is 
only slightly unsymmetrical. If an angular 
momentum of /=6 of the protons is used in this 
calculation, a rough fit can be obtained with the 
experimental data above 440 kev, but a very 
poor agreement is obtained below 440 kev. The 
penetrability for protons with /=6 is about 
2X 10-" at 440 kev and is in disagreement by the 
order of about 10" with the cross section for the 
production of gamma-rays. 

The two competing reactions in the break-up 
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of the excited *Be® is the re-emission of a proton 
and the emission of a gamma-quantum. The 
time required for re-emission of a proton is ex. 
pected to be much smaller than that required 
for the emission of a gamma-quantum. If the 
values of the spins of the proton and Li? are 
substituted in the equation for o at resonance, 
the resulting value of the cross section is 


wx2(2J+1) VT, 
rte r 





o 


But since [',>T, this relation can be written 
wx?(2J+1) Ty 
¢=——__——_ —.. 
2 r 


Since, ¢, [, and X are known, I’, can be calculated 
if the value of J is known. J is probably equal 
to 1 and then I’, =30 volts. This corresponds to 
a time for the emission of a gamma-quantum 
of 2107" sec. 

The partial width of the level resulting from 
the emission of a proton (I’,) is very nearly equal 
to the total width I. Consequently, [=T, 
=Ip.w.b.:P, where Ty.w.». is the proton width 
without barrier and P, is the penetrability of 
the proton. If the proton concerned has /=0, 
then I'p.w.».=12 kev/0.27=44 kev. This value 
of I'p.w.». is several times smaller than that 
obtained in the bombardment of F!* by protons. 

We are indebted to the Office of Naval Re- 
search and to the Research Corporation for 
financial support of this work. 
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On the Recoil of the Nucleus in Beta-Decay of Kr**. 


J. C. JACOBSEN AND O. KororD-HANSEN 
Institute for Theoretical Physics, University of Copenhagen, Copenhagen, Denmark 
(Received December 1, 1947) 


The maximum energy and the average energy of the recoil atoms from Kr**, which emits 
8- and probably also y-rays, have been determined to 51.5+2 ev and 29+1 ev, respectively. 
The maximum recoil energy agrees closely with the maximum energy 2.4 Mev for the 8-par- 


ticles. 





I. INTRODUCTION 


EVERAL attempts to measure the recoil 

energy in £-transformations have been 
made.! When the radioactive substance is de- 
posited on a surface, recoil efficiencies from 5 to 
50 percent have been found; this shows that the 
emission of the recoil atoms is strongly influenced 
by surface effects. By the use of a radioactive 
gas surface effects are eliminated but, if the 
active atoms form part of polyatomic molecules, 
the recoil energy may be shared with the re- 
maining atoms of the molecule with the result 
that the energy distribution is changed. Con- 
sequently, the active element must be a mono- 
atomic gas at a pressure which is so low that the 
mean free path is large compared to the dimen- 
sions of the apparatus. Then the recoil atoms 
must necessarily be charged before they collide 
with the walls of the apparatus, and the recoil 
energy can be determined by a retarding electric 
field. If the daughter substance formed in the 
transformation is radioactive, the number of 
recoil atoms passing through the retarding field 
can be simply determined. These conditions, a 
radioactive monatomic gas with an active 
daughter substance, both with a suitable life- 
time, are fulfilled only in very few cases; in fact, 
only two or three isotopes of krypton and xenon, 
formed by fission of uranium, can be used. 
Glasoe and Steigman? have found that the active 
deposit from the inert, active gases from fission 
of uranium consists, to a very high degree of 
purity, of Rb® if a sample of uranium is left for 


' K. Donat and K. Phillip, Zeits. f. Physik 45, 512 (1927), 
A. I. Leipunski, Proc. Camb. Phil. Soc. 32, 301 (1936); H. R. 
Crane and J. Halpern, Phys. Rev. 56, 232 (1939); L. W. 
Alvarez, A. C. Helmholtz, and B. T. Wright, Phys. Rev. 
60, 160 (1941); James S. Allen, Phys. Rev. 61, 692 (1942); 
and B. T. Wright, 71, 839 (1947). 

*G. N. Glasoe and J. Steigman, Phys. Rev. 58, 1 (1940). 
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three hours after the irradiation with neutrons 
before the inert gases formed by fission are col- 
lected. The recoil phenomena for Kr® can thus 
be studied by using Rb® as a detector without 
any disturbances from the numerous other iso- 
topes of Kr and Xe which are formed by the 
fission process. A few experiments have been 
carried out with Kr*® and with Xe™. In both 
cases the active deposits of Rb*® and Cs™, respec- 
tively, can only be obtained mixed with Rb*® 
so that the interpretation of the results is more 
complicated and no definite results have yet been 
obtained. 


Il. THE MAXIMUM RECOIL ENERGY 


The apparatus is shown in Fig. 1. The main 
part was a rectangular box B, made of sheet 
copper, one side of the box being closed by a 
brass wire gauze. The box was divided into a 
number of smaller partitions by means of cross- 
walls, the purpose of which was to limit the free 
path of the recoil atoms and thus to reduce the 
influence of the residual gases in the apparatus. 
The box with the wire gauze, electrically insu- 
lated, was placed inside a second box Bz, also 
made from sheet copper. B, was kept at a suitable 
potential with respect to B,. The active deposit 
from the inert gases was collected on aluminium 
foils F; and F: attached to the inner side of By». 
For measurements of the activity of the deposit 
F, and F; were removed from the apparatus 
and wrapped around a cylindrical counter. The 
difference between these activities was caused by 
recoil atoms starting from the interior of B, 
and having sufficient energy to surmount the 
potential difference between B, and Bz. When the 
potential difference was varied in separate 
experiments, some indications of the energy dis- 
tribution could be obtained; the limitations of 
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Fic. 1. Diagram of apparatus. 


the method will be discussed below. For the com- 
parison of different experiments the amount of 
inert gas present in the apparatus, which varied 
somewhat from one experiment to another, had 
to be determined in some arbitrary unit. For this 
purpose the arrangement shown in the lower 
part of Fig. 1 was used. A circular brass disk D 
was placed in the bottom wall of a brass cylinder, 
electrically insulated, and kept at a potential 
of —220 volts relative to the cylinder. The 
activity of the disk, determined under standard 
conditions, was used as a measure of the total 
amount of Kr® present. The constancy of the 
counters used was checked before and after each 
measurement by irradiation with a y-ray source 
placed in a standard position. 

The metal parts of the apparatus were placed 
in a Pyrex tube with a brass flange and lid. The 
uranium used for the production of the radio- 
active Kr and Xe was placed in a glass bulb 
which was connected to the main part of the 
apparatus by a long glass tube, so that the 
uranium could be brought in between the coils 
of the cyclotron magnet. A stopcock (H) and a 
U-tube were placed in the glass tube. The 
uranium was in an emanating form obtained by 
precipitating a mixture of UO2(NOs3)2 and FeCl; 
with surplus ammonia. In the state in which the 
uranium was used in the experiments, it gave 
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off large amounts of water vapor and other gases 
when placed under vacuum. When the U-tube 
was cooled by liquid air most of these gases were 
condensed, the residual pressure being from 19~ 
to 10-* mm of mercury. 

The procedure during an experiment was ag 
follows. After the apparatus had been evacuated, 
the stopcock H was closed, and the uranium 
irradiated by slow neutrons for about half an 
hour. Three hours after the irradiation, the stop. 
cock H was opened, the U-tube being immersed 
in liquid air. The active deposit was collected 
for about 30 minutes, and the activity of the 
foils F,; and F: and of the disk D was then 
measured. 

In Fig. 2 the ratio I2/J, of the activities of F, 
and F; is plotted against the retarding voltage /, 
It is seen that at 51.5 volts and upwards J; and J, 
are equal, i.e., no recoil nuclei can escape from 
inside B, so that they are able to reach the foil F,, 
From this it may be concluded that the maximum 
recoil energy Er(max) is equal to 51.5+2 ev. 

In Fig. 3 is shown the difference J2—J; asa 
function of V, giving an indication of the energy 
distribution of the recoil atoms. However, the 
fact that the recoil atoms pass through the 
retarding field in all directions has a considerable 
influence on the results, and the corrections 
which should be applied to the curve on Fig. 3 
to get the actual energy distribution can hardly 
be calculated unambiguously. The retarding 
field between the wire gauze and the collecting 
foil may to a first approximation be considered 
as homogeneous. An ion starting from the in- 
terior of B, with kinetic energy £ in a direction 
making an angle @ with the direction of the 
retarding field will, during its passage through 
the field, move in a parabolic orbit and will reach 
the collecting foil only if E-cos?@= V. If the ions 
starting from the interior of the box all had the 
same energy, the measurements would show an 
energy distribution from E=0 to the actual 
energy of the particles. The field at the edges of 
B, and around the wires of the gauze is too com- 
plicated for an exact calculation to be carried 
out, but it is clear that a particle which starts 
in B; and which does not follow a line of force in 
the field, will not reach F; when V is equal to the 
energy E of the particle but when V is somewhat 
lower. The resolving power as regards energy 
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RECOIL 


distribution is thus rather poor, with the result 
that the number of recoil atoms with small energy 
is overstimated; the maximum value of the 
recoil energy is not affected by the geometry of 


the apparatus. 
Ill. THE AVERAGE RECOIL ENERGY 


More definite information about the energy 
distribution can be obtained from a determina- 
tion of the average value of the energy. As will 
be shown now, the average energy can be deter- 
mined when the active deposit from the gas is 
collected in a homogeneous electric field. 

The apparatus used is shown in Fig. 4. It 
consists of a plane-parallel condenser placed in a 
vacuum-tight metal box with a lid tightened with 
a rubber ring (shown in black in the figure). One 
of the plates was insulated from the box and 
placed at a potential of + V volts with respect to 
the box. This plate and the bottom of the box 
formed the condenser. The central part of the 
condenser plates where the field is homogeneous 
could be removed and placed under counters. 
The ratio of the intensities on these two plates 
Ni/Nz gives a determination of the average 
recoil energy when V fulfils the condition 


V>Epr(max). (1) 


The number of disintegrations which take 
place within limits dx (see Fig. 5) and with a 
recoil momentum in a direction within limits dé 
where @ is the angle between the recoil momentum 
and the direction perpendicular to the plates and 
with a recoil energy within limits dE is given by 


N-dx/a-} sinéd@-P(Er)dEr (2) 
where JN is the total number of disintegrations, 
a is the distance between the plates (equal to 1 
cm) and P(Epz)dEe is the probability that Ep 
lies within limits dEp. 
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Fic. 2. Ratio of activities J2/J;, of the plates Fz; and Fi asa 
function of the retarding voltage. 


IN BETA-DECAY 








3-3, 





10 ee | | { 
| 


a AI TTI 
ae 








eq—t—1 — A 



































4) 
20 4) 20 40 60Volr 


Fic. 3. Difference of the activities J2—J; as a function of 
the retarding voltage. 


The recoil particles move in parabolic orbits 
and only those particles for which 


Er-co’¢@=Vx/a and O0S0<x/2 (3) 
can reach plate 1. The number of recoil particles 
reaching plate 1 can be determined by an in- 


tegration of (2) with the limits of integration 
determined by (1) and (3). One finds 


ER(max) 7/2 »~ERa -cos*6/V 
Ni=W/(2a)- f f f dx 
0 0 0 


-sinédé- P(Er)dEr (4) 
= N(Er)/6V (S) 


where (Ep) is the average recoil energy. 
All the other particles go to plate 2 and we 
have 
N2=N(1—(Er)/(6V)). (6) 
From (5) and (6) one gets 
(Er) =6V-(Ni/N2)/(1+Ni/N2). (7) 


Thus it is seen that the ratio Ni/Ne gives a 
determination of (Er). The experimental results 
are given in Table I. 

It is seen that the value found for (Er) does 
not depend on the retarding potential V in the 
range 52 to 220 volts, and further, that at low 
pressures the result is independent of the 
pressure; there is, however, a definite effect at 
much higher pressures as shown in the table. 
From the results which are not affected by the 
pressure one finds (Ezg)=29+1 ev. 

The pressure dependence is in qualitative 
agreement with the results from experiments 
with potassium ions,’ where a mean free path of 
about 20 to 30 cm at a pressure of 10-* mm of 
mercury has been found. Thus the mean free 


* Otto Schmidt, Ann. d. Physik 21, 241 (1934). 
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Fic. 4. Diagram of apparatus used to measure average 
recoil energy. 


path has been large compared to the dimensions 
of the apparatus in all the low pressure measure- 
ments, and collisions between the recoil atoms 
and gas molecules at the low pressures used are 
so rare that the result is not affected within the 
limits of error given. 

As a common result from all the experiments 
it was further found that neutral recoil atoms 
are not present to any measureable extent. 
Neutral recoil atoms might be produced if the 
recoil atoms could be reflected from the walls, 
the reflected atoms almost certainly being neu- 
tral. The presence of neutral Rb atoms would 
involve a dependence of the measured average 
energy on the retarding potential, but as men- 
tioned above no such dependence was observed. 

Finally it may be mentioned that it is possible 
to find the average momentum by comparing the 
activity on the plates of a condensor placed in a 
homogeneous magnetic field which is parallel to 
the plane of the condensor with the activity on 
the plates of a similar condensor without mag- 
netic field. However, no such measurements have 
been performed. 


IV. THE MAXIMUM §-ENERGY 


The maximum f-energy has been determined 
by absorption. Fifteen hours after an irradiation 
the only inert gas in the fission products which 
has a B-energy higher than 1 Mev is Kr*. Thus, 
the absorption curve for absorbers thicker than 
0.34 mg/cm? of aluminum obtained with a 
mixture of the inert gases belongs to Kr*. The 


TABLE I, Experimentally determined values of the average 











recoil energy. 

V Pressure (Er) 
volts mm Hg ev 

52 5-10-4 28242 

52 3-10-73 30+1 

52 0, 1 18+1 

65 10-3 29+1 
220 3-10-73 2822 
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influence of the very high energy §-particles from 
Rb*® has been eliminated by measuring for each 
absorber the growth of activity from pure gas to 
equilibrium with Rb*. When it is known that 
this growth is due to a 17.8 minutes half-life and 
that the equilibrium state decays with a half-life 
of 2.65 hours it is possible to estimate the ac. 
tivity from the pure gas with fairly great 
accuracy. 

The absorption curve has been compared with 
the absorption curves for RaE, UX2, RaC, and 
Cl for absorbers thicker than 0.34 mg/cm? of 
aluminum and the maximum energy was found 
equal to 2.4 Mev in agreement with the measure- 
ments of Weil.‘ 

V. y-RAYS 


The determination of a possible y-radiation 
from Kr* is complicated by the presence of Kr*, 
Kr*5, Kr’7, Xe™5, and Rb® all of which are known 
to emit y-rays. The decay of the y-radiation 
from the mixture of the inert gases in equi- 
librium with Rb® can easily be determined, but 
an analysis of such a complex decay is hardly 
possible. Unfortunately, Kr*®* can only be ob- 
tained by fission and the only possible method 
for obtaining Kr* in a pure state is to apply a 
mass separation to the gas mixture obtained by 
fission. With the neutron source at our disposal 
the intensity is too small for this purpose, and 
for the present this important question has to 
be left open. 

VI. DISCUSSION 


The maximum £-energy corresponding to the 
maximum recoil energy of 51.5+2 ev is for 
Kr* 2.43+0.06 Mev in good agreement with the 
value obtained from absorption measurements. 
From this agreement is may be concluded that 
transformations with the energy 2.43 Mev lead 
to the ground state of Rb®. 

If all the disintegration processes led to the 


‘G. L. Weil, Phys. Rev. 60, 167 (1941). 
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ground state of Rb*®, the value for the average 
energy might be used to distinguish between 
yarious assumptions regarding the angular dis- 
tribution of the electron and the neutrino. 
Should, however, B-decay to some intermediate 
state, followed by y-radiation, occur, a cor- 
rection must be applied to the measured value of 
the average energy to obtain the value cor- 
responding to a simple #-spectrum. T his cor- 
rection may change the average recoil energy to 


such an extent that with our present lack of 
knowledge about the level scheme of the trans- 
formation, such comparisons would be incon- 
clusive. 

Our thanks are due to Professor Niels Bohr 
for his kind interest in our work, to Mr. N. O. 
Lassen and Mr. K. O. Nielsen for their help in 
the work with the cyclotron, to Mr. B. S. Madsen 
for the construction of the counters and to Mr. 
J. Lindhard for some theoretical discussions, 





PHYSICAL REVIEW 


VOLUME 73, NUMBER 7 


APRIL 1, 1948 


Relaxation Effects in Nuclear Magnetic Resonance Absorption* 


N. BLOEMBERGEN,** E. M. PURCELL, AND R. V. PouNnp,*** 
Lyman Laboratory of Physics, Harvard University, Cambridge, Massachusetts 


(Received December 29, 1947) 


The exchange of energy between a system of nuclear spins 
immersed in a strong magnetic field, and the heat reservoir 
consisting of the other degrees of freedom (the “‘lattice’’) 
of the substance containing the magnetic nuclei, serves to 
bring the spin system into equilibrium at a finite tempera- 
ture. In this condition the system can absorb energy from 
an applied radiofrequency field. With the absorption of 
energy, however, the spin temperature tends to rise and 
the rate of absorption to decrease. Through this “satura- 
tion” effect, and in some cases by a more direct method, 
the spin-lattice relaxation time T,; can be measured. The 
interaction among the magnetic nuclei, with which a 
characteristic time 7:’ is associated, contributes to the 
width of the absorption line. Both interactions have been 
studied in a variety of substances, but with the emphasis 
on liquids containing hydrogen. 

Magnetic resonance absorption is observed by means of 
a radiofrequency bridge; the magnetic field at the sample 
is modulated at a low frequency. A detailed analysis of 
the method by which 7; is derived from saturation 
experiments is given. Relaxation times observed range 
from 10~* to 10? seconds. In liquids 7; ordinarily decreases 
with increasing viscosity, in some cases reaching a mini- 
mum value after which it increases with further increase 
in viscosity. The line width meanwhile increases mono- 
tonically from an extremely small value toward a value 
determined by the spin-spin interaction in the rigid lattice. 


I. INTRODUCTION 


N nuclear magnetic resonance absorption, 
energy is transferred from a radiofrequency 


* A brief account of this work has appeared in Nature 
160, 475 (1947). 

** Present address: Kamerlingh Onnes Laboratory, Uni- 
versity of Leiden. 
*** Society of Fellows. 





The effect of paramagnetic ions in solution upon the proton 
relaxation time and line width has been investigated. The 
relaxation time and line width in ice have been measured 
at various temperatures. 

The results can be explained by a theory which takes 
into account the effect of the thermal motion of the 
magnetic nuclei upon the spin-spin interaction. The local 
magnetic field produced at one nucleus by neighboring 
magnetic nuclei, or even by electronic magnetic moments 
of paramagnetic ions, is spread out into a spectrum ex- 
tending to frequencies of the order of 1/r., where r, is a 
correlation time associated with the local Brownian motion 
and closely related to the characteristic time which occurs 
in Debye’s theory of polar liquids. If the nuclear Larmor 
frequency w is much less than 1/r,., the perturbations 
caused by the local field nearly average out, 7; is inversely 
proportional to r., and the width of the resonance line, in 
frequency, is about 1/7}. A similar situation is found in 
hydrogen gas where r, is the time between collisions. In 
very viscous liquids and in some solids where wr,>1, a 
quite different behavior is predicted, and observed. Values 
of re for ice, inferred from nuclear relaxation measure- 
ments, correlate well with dielectric dispersion data. 

Formulas useful in estimating the detectability of 
magnetic resonance absorption in various cases are derived 
in the appendix. 


circuit to a system of nuclear spins immersed in 
a magnetic field, Ho, as a result of transitions 
among the energy levels of the spin system. For 
each of N non-interacting spins, characterized 
in the usual way by Jh and yz, the maximum 
z components of angular momentum and mag- 
netic moment, respectively, there are 27+1 














levels spaced in energy by uH)/I. The state of 
this (non-interacting system) can be described 
by the magnetic quantum numbers m,:--m; 
+++my, where —I < m;< J. Upon the application 
of a suitable oscillating magnetic field, transitions 
corresponding to stimulated emission (Am;= +1) 
and to absorption (Am;=—1) will occur. If 
transitions of the latter sort are to preponderate, 
so that there is a net absorption of energy from 
the radiation field, it is essential that there be 
initially a surplus of spins in the lower states. 
This condition will be attained eventually if 
there is some way by which the spin system can 
interact with its surroundings and come to 
thermal equilibrium at a finite temperature. At 
equilibrium the population of the 27+1 levels 
will be governed by the Boltzmann factor 
exp(uHom./IkT), and the requisite surplus in 
lower states will have been established. 

The exposure of the system to radiation, with 
consequent absorption of energy, tends to upset 
the equilibrium state previously attained, by 
equalizing the population of the various levels. 
The new equilibrium state in the presence of the 
radiofrequency field represents a balance between 
the processes of absorption of energy by the 
spins, from the radiation field, and the transfer 
of energy to the heat reservoir comprising all 
other internal degrees of freedom of the substance 
containing the nuclei in question. The latter 
process involves what we shall call for short the 
spin-lattice interaction, and is described by a 
characteristic time, 7), the spin-lattice relaxation 
time. It is this time also which measures how 
long one must wait, after the application of the 
constant field Hy, for the establishment of 
thermal equilibrium. 

It should be evident that the above-mentioned 
competition between resonance absorption and 
spin-lattice interaction provides a way of meas- 
uring 7;. In a precisely similar way one might 
study the heat transfer between a wire and a 
surrounding bath by examining the temperature 
of the wire as a function of the power dissipated 
in the wire because of a current flowing through 
it. In our case the resonance absorption itself 
supplies a convenient thermometer, for the 
intensity of the absorption, depending as it does 
upon the surplus of spins in lower states, reflects 
the ‘‘temperature”’ of the spin system. An equally 
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direct method, in the case of the wire, would be 
the measurement of the temperature of the 
wire, as a function of time, after switching off 
the heating current. The exact nuclear absorption 
analog of this experiment has also been carried 
out, and affords a striking manifestation of the 
relaxation process. 

It may be said at once that nuclear spin-lattice 
relaxation times appear to range between 10~ 
and 10? seconds. Perhaps it seems remarkable at 
first that times so long should be associated with 
any atomic process. On the contrary, such times 
were, from the theoretical point of view, unex- 
pectedly short, for the processes which had been 
examined theoretically’ prior to the first experi- 
ments in this field yielded much longer relaxation 
times. In the first experimental detection of 
nuclear resonance absorption in a solid,’ it was 
shown that the relaxation time for protons in 
paraffin, at room temperature and 7000 gauss, 
was certainly less than one minute. Subsequent 
work has shown that 7; for this substance, under 
those conditions, is in fact very much shorter. 
Additional information on nuclear relaxation 
times has come from the work of Bloch and 
collaborators,’ and of Rollin*:* who was the first 
to investigate the phenomenon at very low 
temperatures. The work here reported began as 
a more or less cursory survey of typical sub- 
stances and grew, as the theoretical interpreta- 
tion of the results progressed, into a systematic 
study of certain types of structures which forms 
the basis for a comprehensive theory of nuclear 
magnetic relaxation applicable to liquids, some 
gases, and certain types of solids. 

It is obvious that the model of non-interacting 
spins described above is incomplete, for there 
will necessarily be interaction among the spins 
due to the associated nuclear magnetic moments, 
not to mention other possible sources of magnetic 
interaction such as electronic states of non- 
vanishing magnetic moment. We shall continue 


( peas Heitler and E. Teller, Proc. Roy. Soc. 155A, 629 
1936). 
2E. M. Purcell, H. C. Torrey, and R. V. Pound, Phys. 
Rev. 69, 37 (1946). 

3F, Bloch, W. W. Hansen, and M. Packard, Phys. Rev. 
70, 474 (1946). 

4B. V. Rollin, Nature 158, 669 (1946); B. V. Rollin and 
J. Hatton, Nature 159, 201 (1947). : 

5 B. V. Rollin, J. Hatton, A. H. Cooke, and R. J. Benzie, 
Nature 160, 457 (1947). 





tr 


le 


res 


res 





1 be 


| off 
tion 
ried 
the 


tice 
o> 
at 
ith 
nes 
ex- 
Pen 
eri- 
ion 

of 
vas 

in 


ant 
ler 
er. 
ion 
nd 
rst 
OW 


ib- 


tic 
ns 
ar 
ne 








temporarily to ignore interactions of the latter 
sort, as well as possible electric quadrupole effects 
—jt will turn out that we are justified in doing 
so for a sufficiently important class of substances 
—hbut we must certainly take into account the 
nuclear dipole-dipole interaction. 

The interaction energy of neighboring dipoles 
separated by the distance r is yu*/r* in order of 
magnitude, and if Hou>>p?/r* we may expect, since 
more remote neighbors are relatively ineffective, 
that the result of the interactions will be a 
broadening of each of the 27+1 levels mentioned 
earlier. From a point of view which is somewhat 
naive but useful within limits, we may say that 
the total magnetic field in the z direction at the 
ith nucleus is Hy plus a “‘local” field Hy. of 
order‘of magnitude 


| Zive| ad (u/D>; mij? 


and that the resonance condition for a transition 
Am; = +1 is hv=(Ho+HAio-)u/I. One would thus 
be led to expect the width of the absorption line, 
expressed in gauss, to be of the order y/r’. 
Taking another point of view, a spin j causes at 
its neighbor, 7, an oscillating field at the reso- 
nance frequency, because of its own precession 
about Hy. This field is capable of inducing 
transitions in which 7 and j exchange energy. 
The lifetime against transitions is about hr*/y?, 
leading again to a line width, expressed in gauss, 
of u/r®. Bloch® introduced the characteristic time 
T,~hr*/y? to describe the spin-spin interaction, 
thus recalling the second process just mentioned. 
We were accustomed to use the local field as a 
measure of the interaction, which suggests the 
first process. Of course, both effects are present 
ordinarily and are included in any complete 
theory of the spin-spin interaction.f In any case, 
the examination of the line width is seen to be 
important in the experimental investigation of 
this interaction. One of the earliest results of 
resonance absorption experiments was the then 
surprising one that the line width of the proton 
resonance in liquids is, in general, much less than 
u/r* in magnitude, a result which receives quanti- 
tative explanation in the work here reported. 


*F. Bloch, Phys. Rev. 70, 460 (1946). 

t That the two effects are not one and the same can be 
seen by considering a lattice of non-identical nuclei, for 
which the second effect is absent but the “dispersion of 
local z-fields” remains. 
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The spin-spin interaction is of course incapable 
of bringing about heat transfer between the spin 
system as a whole and the thermal reservoir, or 
“lattice.” However, the spin-spin and spin- 
lattice interactions are not unrelated, for each 
involves the existence at a nucleus of perturbing 
fields. Therefore our attention has been directed 
to both effects. Broadly speaking, and antici- 
pating results described further on, the perturb- 
ing fields responsible for spin-lattice relaxation 
originate in the thermal motion of neighboring 
magnetic dipoles, whereas the spin-spin inter- 
action, although it may be modified by such 
motion, is not dependent upon it for its existence, 
and is in fact strongest when such motion is 
absent. . 

The picture which has been sketched in these 
introductory remarks will be recognized as an 
approximation, obtained by starting with iso- 
lated non-interacting spins, then introducing the 
interaction as a perturbation, but clinging still 
to a description in terms of individual m,’s. That 
the picture proves as useful as it does can be 
attributed to the fact that the spin-spin inter- 
action is weak compared to Hoy and of relatively 
short-range character. 

Finally, we review briefly the phenomeno- 
logical theory of magnetic resonance absorption, 
before describing the experimental method. The 
phenomenon lends itself to a variety of equiva- 
lent interpretations. One can begin with static 
nuclear paramagnetism and proceed to para- 
magnetic dispersion ;’? or one can follow Bloch’s 
analysis, contained in his paper on nuclear 
induction,*® of the dynamics of a system of spins 
in an oscillating field, which includes the absorp- 
tion experiments as a special case. We are 
interested in absorption, rather than dispersion 
or induction, in the presence of weak oscillating 
fields, the transitions induced by which can be 
regarded as non-adiabatic. We therefore prefer 
to describe the experiment in optical terms. 

Consider a substance containing, per cm*, No 
nuclei of spin J and magnetic moment uz, placed 
in a strong uniform magnetic field Ho along the 
z axis, and subjected to a weak oscillating field 
H,=2H,e**'"*; H,=0. The probability of a single 
transition in which one of the m,’s changes to 


7C. J. Gorter and L. J. F. Broer, Physica 9, 591 (1942). 
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m,’ can be found with the aid of the standard 
formula for magnetic dipole transitions: 


Wmj—-m;’ = (8x?/3h?) | (m;| M|m/;) |29,. (1) 


M is the magnetic moment operator. Ordinarily 
p, represents the energy density, in unit fre- 
quency range, in the isotropic unpolarized radia- 
tion field. We have to do here with radiation of 
a single frequency from levels of a finite width, 
which we describe by the observed shape of the 
absorption line, g(v). The shape function g(v) is 
to be normalized so that 


f g(v)dvy=1. 


Our radiation field is also unusual in that it 
consists simply of an oscillating magnetic field 
of one polarization. Only one of the circularly 
polarized components (of amplitude H) into 
which this field can be decomposed is effective. 
The equivalent isotropic unpolarized radiation 
density is easily arrived at, and we have for p, 


p»=3H,*g(v)/4r. (2) 


Introducing the nuclear gyromagnetic ratio y, 
which will be used frequently hereafter, 


7 = 2a /Th, (3) 
and the matrix elements required in (1), we find 


Woeom—1 = (4/3) y?(I-+m) (I—m+1)p, 
=}7Hg(v)(I+m)(I—m+1). (4) 


Equation (4) gives the probability for a transi- 
tion m—m—1, involving the absorption from 
the radiation field of the energy hy=hyH)/2r. 
If the spin system is initially in equilibrium at 
the temperature 7, the population of each level 
m exceeds that of the next higher level, m—1, by 
No hv 
N»— Na-1=— —, (5) 
27+1 kT 
The approximation (5) is an extremely good one, 
for, in the cases with which we shall deal, 
hv/kT ~10-*. The net rate at which energy is 











absorbed is now 
No (Av)? -1+1 
oe So 
7°H?No(hv)?I(1+1)g(v) 
4 6kT 
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The maximum energy density in the oscillating 
field is (2H,)?/8x. The apparent “Q” of the 
sample, at frequency », is therefore given by 


(1/Q) = Pa/vH1?=y*h*® Nol (I+1)vg(v)/6kT. (7) 


An equivalent statement is that x’’, the imagi. 
nary part of the magnetic susceptibility of the 
substance, is 


7 





1 ee 


x =—= 
4rQ 2 3kT 


peo, (8) 
where h=h/2zx. The term in brackets will be 
recognized as the static susceptibility xo’ of the 
spin system. It may be noted in passing that 
Eq. (8) is compatible with, and could have been 
obtained from, the Kramers formula connecting 
the real and imaginary parts of the susceptibility, 
which for this special case is 


2 r® x’ (v)dv 
wire fg 
0 


T 


If our earlier estimate of the line width is 
correct, the maximum value of g(v) should be of 
the order of magnitude hr*/y?; if so, the maxi- 
mum value of x” to be expected, according to 
Eq. (8), is of the order of hv/kT, since No ~1/r'. 
A more accurate estimate based on the theory 
to be given later leads to the formula: 


x" max ¥0.2(hv/kT)[I(I+1)}. (10) 


The numerical factor in (10) depends somewhat 
on the geometrical arrangement of the nuclei. 
For v=10 Mc/sec., and room temperature, 
hv/kT =1.64X10-. If the line is much narrower 
than the above estimate—as we shall find it to 
be in many cases—the maximum value of x” is 
correspondingly larger. The experimental de- 
tection of the absorption thus presents the 
problem of detecting a small change in the 
susceptibility of the core of a radiofrequency 
coil. The absorption is, of course, accompanied 
by dispersion, the maximum value of x’ being 
of the same order of magnitude as the maximum 
value of x’’. The dispersive properties of the 
medium, moreover, are those of a substance 
displaying the Faraday effect, except that the 
effect is greatly enhanced by resonance. Ad- 
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We shall express the maximum value of g(v) in 


yantage is taken of this in the nuclear induction 
method, but not in our experiments. 

The formula (8) applies regardless of the origin 
of the line broadening, even if the line width and 
shape are controlled, as is often the case, by 
accidental inhomogeneities in the supposedly 
uniform Ho, provided that the original distribu- 
tion of population among the levels remains 
substantially unaltered. In other words (8) is 
correct for vanishing H;. As H, is increased, the 
thermal contact between spin system and lattice 
eventually proves unable to cope with the energy 
absorbed by the spin system, the spin tempera- 
ture rises, and the relative absorption, measured 
by x”, diminishes. It is the onset of this satura- 
tion effect which has been used to measure the 
spin-lattice relaxation time in most of our work. 
The interpretation of the data is complicated by 
the necessity of distinguishing various cases 
according to the factors which control the line 
width, and a detailed discussion of this problem 
will be postponed. However, in order to introduce 
at an early stage our working definition of the 
spin-lattice relaxation time, we shall now investi- 
gate the occurrence of saturation in a simple 
case. 

Assume that J=3, so that we have to deal 
with two levels. Let » denote the surplus popu- 
lation of the lower level: n= N,,—N_,, and let 
mo be the value of » corresponding to thermal 
equilibrium at the lattice temperature. We 
assume that, in the absence of the radiofrequency 
field, the tendency of the spin system to come to 
thermal equilibrium with its surroundings is 
described by an equation of the form 

dn/dt=(1/T;)(no—n). (11) 
The assumption will be justified in Section VII. 
The characteristic time 7, in Eq. (11) is called 
the spin-lattice relaxation time. (Wherever 
possible our definitions and nomenclature follow 
those of Bloch.)*® 

The presence of the radiation field requires the 
addition to (11) of another term: 


dn/dt = (1/T)(no—n) —2nW,._,. (12) 


A steady state is reached when dn/dt=0, or, 
using Eq. (4), when 


n/no=(1+37°HPTig(v) J". (13) 
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terms of a quantity T,* defined by 
T2* = $2(v) max- (14) 


The maximum steady-state susceptibility in the 
presence of the r-f field is thus reduced, relative 
to its normal value, by the “saturation factor” 
[1+7°H?7,T2*}". The possibility that T.* 
itself depends on Hi; is not excluded. 

The quantity 7;* defined by (14) is a measure 
of the inverse line width. It is strictly connected 
only with the area and peak value of a line-shape 
curve. In the case of the damped oscillator or 
single-tuned-circuit curve, 1/r7,* is the full 
width between the half-maximum points, on a 
frequency scale. We use the notation 7;* when 
admitting all sources of line broadening, includ- 
ing inhomogeneity in the magnetic field. The 
symbol T: will be used to specify the true line 
width which is observable only if the field is 
sufficiently homogeneous. 


II. APPARATUS AND EXPERIMENTAL 
PROCEDURE 


The substance to be investigated was located 
within a small coil, in the field of an electro- 
magnet. Resonance absorption in the sample 
caused a change in the balance of a radio- 
frequency bridge containing the coil. In much 
of the work a frequency in the neighborhood of 
30 Mc/sec. was used. This is a convenient 
region in which to study the H' and F"® reso- 
nances which occur at 30 Mc/sec. in fields of 
7050 and 7487 gauss, respectively. Some experi- 
ments were made at 14.5 Mc/sec. and at 4.5 
Mc/sec. Considerations of sensitivity alone favor 
the highest frequency compatible with available 
magnetic field intensities and the gyromagnetic 
ratio of the nucleus in question. (See Appendix.) 

A typical r-f coil consists of 12 turns of No. 18 
copper wire wound in a helix of inside diameter 
7 mm, and 15 mm long. The coil is sometimes 
supported on a thin-walled polystyrene form, 
but this is not always desirable for, in addition 
to reducing the space available for the sample, 
the coil form, if it contains hydrogen, gives rise 
to an absorption at the proton resonance.ff The 

tt An excellent insulating material of negligible hydrogen 
content is Teflon, the Dupont fluorine-substituted polymer. 
We have not been able to detect a proton resonance in 
Teflon. Its mechanical properties, however, are not ideal 


for a coil form. Glass would be acceptable, as would 
porcelain. 
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coil is surrounded by a cylindrical shield of 17 
mm inside diameter, one end of the coil being 
connected to the shield. A hole in the end of the 
shield can permits insertion of the sample which, 
if a liquid or powder, is contained in a thin-walled 
glass tube. The effective volume of the sample 
within the coil is approximately 0.5 cm’. It 
would be advantageous to work with larger 
samples; in the present case the limitation is 
imposed by the width of the magnet gap. For 
experiments requiring lowering of the tempera- 
ture, copper tubing was wound around and 
soldered to the shield can, and acetone cooled by 
dry ice was allowed to flow through the cooling 
tube at a controllable rate. This rather clumsy 
arrangement was also necessitated by lack of 
space in the magnet gap. 

The magnet is a Société Genevoise water- 
cooled electromagnet provided with pole pieces 
4 inches in diameter at the gap. The gap width 
was adjustable and was ordinarily between ? 
and 1 inch. The pole faces were flat except for 
a raised rim 0.015 inch high and 0.31 inch wide 
at the periphery of each, which was designed 
according to the prescription of Rose*® to com- 
pensate the inherent radial inhomogeneity of 
the simple gap. The residual inhomogeneities 
were apparently of non-geometrical origin, and 
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doubtless arose from magnetic inhomogeneities 
in the cold-rolled steel pole caps. More carefy| 
attention to the pole cap material, in future 
work, is to be recommended. The best position 
in the field was found by exploring with a liquid 
sample. As will be seen later, the line width in 
water, for example, is essentially determined by 
the field inhomogeneity, and therefore affords a 
sensitive test for homogeneity. The location of 
the flattest spot in the field varied somewhat 
with field intensity, which is evidence for ferro. 
magnetic inhomogeneity of the poles. The mag- 
net current was supplied by storage batteries and 
regulated by suitable rheostats, the main rheo- 
stat consisting of some 15 feet of heavy Advance 
strip, with a sliding contact. It will be readily 
appreciated that the examination of resonance 
lines a few tenths of a gauss in width in fields of 
several thousand gauss requires an unusually 
stable source of current. The current could be 
monitored by means of a shunt and a type K 
potentiometer. The power required for magnet 
excitation at 7000 gauss with a 0.75-inch gap 
was about 220 watts. 

A sinusoidal modulation of small amplitude, 
at 30 c.p.s., was applied to the magnetic field by 
means of auxiliary coils around the poles, or, in 
some cases, by means of a small pair of coils 
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Fic. 1. Block diagram of circuit. The sample and the magnet gap are not drawn in correct proportion. 


§ M. E. Rose, Phys. Rev. 53, 715 (1938). 
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NUCLEAR 





fitting closely against the shield surrounding the 
r-f coil. The 30-c.p.s. signal was derived from a 
small permanent-magnet alternator driven by a 
synchronous motor, and a 6L6 served as power 
amplifier to drive the modulating coils. The 
amplitude of modulation at the sample could be 
made as large as 15 gauss peak-to-peak, but was 
usually very much smaller. 

A block diagram of the radiofrequency circuit 
is shown in Fig. 1. The source of the r-f signal 
was a General Radio 805-C signal generator. 
The output of this instrument covers a con- 
venient range in power, the maximum power 
available being adequate to saturate most sam- 
ples. The circuit elements are connected together 
by standard u.h.f. coaxial cable (SO ohms). Each 
of the two branches leading from a tee-junction 
near the signal generator contains a resonant 
circuit, one of which consists of the coil sur- 
rounding the sample and a fixed ceramic con- 
denser shunted by a variable condenser of about 
10 mmf. The dummy circuit in the other branch 
is similar in all respects but is not located in the 
field. When liquids of high dielectric constant 
are being investigated it is sometimes worth 
while to slip a dummy sample into the dummy 
coil, thus balancing, at least approximately, the 
considerable change in stray capacitance result- 
ing from the insertion of the sample in the other 
coil. 

An extra half-wave-length of line AB in one 
branch makes the point D, where the branches 
join to the line to the amplifier, a voltage node 
in the perfectly balanced condition. This is, of 
course, only one of many ways in which the 
equivalent of a balanced-pair to unbalanced line 
transition, essential to any bridge, might be 
effected, and simplicity is the only virtue claimed 
for it. The Q of a coil such as that described is 
about 150, at 30 Mc/sec., and the shunt imped- 
ance of the LC circuits at resonance is of the 
order of 5000 ohms. The small coupling con- 
densers C2, are chosen to make the impedance 
seen looking back from the amplifier approximate 
the value for which the amplifier noise figure is 
best. The main tuning capacity in each circuit 
is provided by a fixed ceramic condenser C}. 

The bridge is balanced in phase and amplitude 
by the adjustment of one of the trimming tuning 
condensers Cs; and the coupling condenser C,. 
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Fic. 2. Diagram illustrating the dependence of the shape 
of the resonance curve upon the nature of the residual 
unbalance of the bridge. The diagram is not to scale; 
actually, PP’«<QP<«OP. 


The latter adjustment alone affects the phase 
balance as well as the amplitude balance, for 
the coupling condenser essentially appears in 
shunt with the tuned circuit. The adjustable 
coupling condenser C, therefore is ganged with 
a trimming tuning condenser Cs in such a way 
as to leave the total tuning capacity unaltered 
during the change in coupling. In this way 
substantially orthogonal phase and amplitude 
adjustments are provided, and the balancing of 
the bridge is a simple operation. 

In searching for, or examining, a nuclear 
resonance the bridge is never completely bal- 
anced, but is intentionally unbalanced to such a 
degree that the voltage appearing at point D is 
large compared to the change in this voltage 
caused by nuclear absorption or dispersion. The 
only benefits derived from the use of the bridge 
are (a) the reduction of the r-f level at the input 
to the amplifier to a value low enough to permit 
considerable r-f amplification before detection, 
and (b) the reduction in the relative magnitude 
of output fluctuations arising from amplitude 
fluctuations in the signal supplied by the signal 
generator. With a rather moderate degree of 
balance these advantages are already fully ex- 
ploited, and further balance does not improve 
matters. We have ordinarily operated with a 
balance of 40 db to 60 db, by which is meant 
that the voltage appearing at D is between 10~° 
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and 10-* times the value it would have if one 
branch were removed. 

It is important to be able to control the 
character of the residual unbalance, for upon 
this depends the nature of the signal observed 
as the magnetic field is varied through the region 
of resonance. The nuclear absorption has the 
effect of altering the shunt resistance of the 
tuned circuit, while the accompanying nuclear 
dispersion changes its resonant frequency slightly. 
The two effects can be described together by 
considering, in Fig. 2, the vector OP’ as repre- 
senting the signal arriving at the point D from 
the branch containing the LC circuit with the 
sample in it. As resonance is traversed the end 
of the vector, P’, describes a small circle.ttT 
Had the residual unbalance off resonance, QP, 
referred to the point D, been in amplitude only, 
so that the signal from the other branch is 
represented by the vector OP in Fig. 2, the 
resultant voltage applied to the amplifier, QP’, 
would vary with magnetic field in the manner 
illustrated in Fig. 3 which is a trace of the 
receiver output after detection, vs. magnetic 


ttt The locus of P’ is strictly circular only if the shape 
of the absorption curve is that appropriate to a damped 
oscillator. 








PURCELL, AND POUND 


Fic. 3. Proton resonance (ab- 
sorption curve) in ferric nitrate 
solution. 


field, in the case of a proton resonance. Pure 
phase unbalance, on the other hand, is repre- 
sented by the diagram of Fig. 2b, and the 
observed output variation is shown in Fig. 4. 
(It must be remembered that actually the re- 
sultant QP’ is very much smaller than OP, and 
the small circle is in turn very much smaller 
than the unbalance voltage QP.) It is, in fact, 
the nuclear absorption, x’, which is observed in 
Fig. 3 and the nuclear dispersion, x’, which is 
observed in Fig. 4. Either can be obtained as 
desired by first balancing the bridge to a high 
degree and then setting in an intentional unbal- 
ance by means of the phase knob or the ampli- 
tude knob—hence the importance of independent 
phase and amplitude controls. A “‘mixed”’ unbal- 
ance brings about an unwelcome mixture of the 
two effects recognizable by the unsymmetrical 
shape of the output curve. We usually preferred 
to work with the absorption curve (amplitude 
unbalance) because the apparatus is in this 
condition less susceptible to the frequency modu- 
lation present in the signal generator output. 
Indeed, absence of frequency modulation effects 
in the output is a sensitive criterion for pure 
amplitude unbalance. The trouble caused by 
frequency modulation is, of course, mainly due 
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to the frequency sensitivity of the half-wave 
line, and could be mitigated by the use of a 
suitably designed transformer to achieve the 
required 180° phase shift. 

The r-f amplifier is subject to no special 
requirements other than the desirability of a 
good noise figure. We have used commercial 
receivers, both Hallicrafters S-36 and National 
HRO, preceded, when the signal frequency is 
near 30 Mc/sec., by a broad band preamplifier 
of Radiation Laboratory design® which has a 
much smaller noise figure than either of the 
commercial receivers. A  temperature-limited 
diode in a circuit for noise comparison (shown in 
Fig. 1) has been included as a permanent fixture, 
and calibration by this means showed the noise 
figure to be 1.5 db when the preamplifier was 
in use. 

Relatively strong signals, such as that dis- 
played in Fig. 3, can be observed on an oscillo- 
scope by merely connecting the detector output 
to the vertical deflection amplifier, and synchro- 
nizing the sweep with the 30-c.p.s. modulation 
of the magnetic field, the amplitude of which is 
adjusted to several times the line width. For 
most of our work, however, we have used, 


Fic. 4. Proton resonance (dis- 
persion curve) in ferric nitrate 
solution 
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following the r-f amplifier and detector, a narrow 
band amplifier and balanced mixer, a combina- 
tion variously known as a “‘lock-in”’ amplifier or 
a phase-sensitive detector. The magnetic field 
modulation is reduced to a fraction of the line 
width, and the resulting 30-c.p.s. modulation 
of the detected receiver output is amplified and 
converted by mixing it with a 30-c.p.s. reference 
signal derived from the small alternator. There 
is thus obtained a d.c. output proportional to 
the slope of the nuclear absorption curve, and 
this is indicated by a meter M;. The relation 
between meter current and dx’’/dH is strictly 
linear for sufficiently small amplitudes of mag- 
netic field modulation, because of the relatively 
large unbalance voltage in the bridge and the 
nature of the lock-in amplifier. The effective 
band width of the system is determined by the 
time constant of the final d.c. circuit containing 
the meter, which was usually about 1 second but 
could be increased to 10 seconds if desired. The 
amplifier was copied after one designed by 
R. H. Dicke.” 

The superiority of the narrow-band-amplifier- 
plus-meter over the oscilloscope in the matter of 
detecting weak signals is not as marked as 





°'G.E. vy and H. Wallman, Vacuum Tube Amplifiers, Radiation Laboratory Series (McGraw-Hill Book Company, 


Inc., New York, in press), Vol. 18. 
”R. H. Dicke, Rev. Sci. Inst. 17, 268 (1946). 
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comparison of the band widths alone would 
suggest, because of the new well recognized 
ability of the observer to integrate noise. How- 
ever, for the quantitative examination of weak 
lines the narrow-band device is nearly indis- 
pensable. 

It will be noted that the output of the lock-in 
amplifier, in the case of amplitude unbalance, 
reproduces the derivative of the absorption curve 
(which resembles qualitatively a dispersion 
curve), while with phase unbalance one obtains 
the derivative of the dispersion curve—a large 
peak flanked symmetrically by two dips. 


Ill. MEASUREMENT OF LINE WIDTH 


When the resonance absorption is intense 
enough to be displayed on the oscilloscope screen 
the line width can be measured directly on the 
trace. A sinusoidal horizontal sweep synchronous 
with, and properly phased with respect to, the 
modulation of the magnetic field, provides a 
horizontal scale linear in gauss. We denote by 
H,, the modulation amplitude, and by w,» the 
angular frequency of modulation, in these experi- 
ments 2x X 30sec... That is, H.= Ho +Hn sin wmf. 
To establish the scale against which the line 
width is measured, H, must be known. This 
calibration can be effected in several ways. The 
signal generator frequency can be altered by a 
small, known amount, and the resulting shift of 
the resonance within the modulation interval 
noted, or the alternating voltage induced in a 
small coil of known tarns Xarea, at the location 
of’the sample, can be measured with a vacuum- 
tube voltmeter. Both methods were used and 
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gave consistent results. The relation betwee, 
H,, and the voltage applied to the modulating 
coils was so nearly linear that a single calibration 
usually sufficed for a given setting of the gap 
width. 

The band width of the system must, of course, 
be adequate to permit a faithful reproduction of 
the line shape at the modulation frequency used. 
The r-f field applied to the sample must be weak 
enough to avoid saturation. If the line is very 
narrow a complication can arise from a transient 
effect to be described briefly later. The vestige 
of such an effect is responsible for the asymmetry 
at the base of the absorption line in Fig. 3. 

For the study of broad, and hence weak, 
absorption lines the narrow-band amplifier jg 
used. The modulation amplitude H,, is reduced 
to a fairly small fraction of the line width, and 
the line is explored by slowly changing the 
magnetic field Ho. It usually suffices to note the 
interval in Hy between points giving extreme 
deflection of the output meter M3, which are 
assumed to be the points of maximum slope of 
the absorption curve. A plot of the output meter 
readings in one case is shown in Fig. 5. In this 
example, the interval between extreme deflec- 
tions is AH=0.5 gauss (curve a). The relation 
between AH so determined and 7: defined by 
Eq. (14) would be (1/72) =(v3/2)yAH, for a 
damped oscillator absorption curve, or (1/T7;) 
= (2r)-*yAH, for a Gaussian curve. The deriva- 
tive curve (a) in Fig. 5 indicates an absorption 
line shape of intermediate character. The most 
conspicuous evidence for this is the ratio of the 
maximum negative to the maximum positive 
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Fic. 5. Plot of the reading of 





a - 


the output meter M3, for a 0.5N 
solution of ferric nitrate. Curve 
(b) was taken at a high power 
level and shows the effect of 





saturation. The value of the 
magnetic field at the line center 
was not measured, but merely 
computed from the frequency 




















and the accepted value of the 
proton moment. 
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slope, which should be 4:1 for the derivative of 
a damped oscillator curve, 2.2:1 for the deriva- 
tive of a Gaussian, and is in fact about 3:1. 

The effect of saturation, evident in the curve 
(b) in Fig. 5, is to flatten and spread apart the 
extrema of the derivative curve. This comes 
about because saturation is more nearly complete 
at the center of the line. 


IV. MEASUREMENT OF RELAXATION TIME 


Two methods by which the spin-lattice relaxa- 
tion time 71, defined by Eq. (11), can be meas- 
ured have been mentioned in the introduction. 
The direct observation of recovery from satura- 
tion was convenient only when 7; was of the 
order of magnitude of one second; doubtless a 
wider range could be covered with suitable 
circuit modifications and recording instruments. 
The direct method has the advantage that the 
interpretation of the results is simple and entirely 
unambiguous. The saturation-curve method is 
applicable over a much wider range, but the 
analysis of the experiment is rather involved 
and absolute values of 7, derived in this way 
are probably less reliable. The two methods 
complement one another, as we shall see. 

Before analyzing special cases, we shall de- 
scribe an instructive experiment which vividly 
demonstrates the saturation phenomenon and 
also exposes the source of some of the complica- 
tions which are encountered in applying the 
saturation-curve method to narrow resonance 
lines. 

The proton resonance in water was observed 
on the oscilloscope with a weak (non-saturating) 
r-f field. The line appeared as in Fig. 6(a). The 
modulation amplitude H,, was then reduced to 
zero for a few seconds, while the field Hy was 
maintained at a value corresponding to the 
point A ; the line was, of course, not visible on 
the screen during this interval. Upon turning 
the modulation amplitude back to its original 
value, and restoring the sweep, the line reap- 
peared bearing a deep, narrow “‘gash”’ at the 
position A, as in Fig. 6(b). This hole rapidly filled 
up and in a few seconds was gone, as shown in 
the sketches (c) to (e). The explanation of the 
effect is this: the true width of the water reso- 
nance line was much less than the width of the 
original curve, which was caused entirely by 
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Fic. 6. The effect of local saturation upon a line whose 
width is caused by magnetic field inhomogeneity. 


inhomogeneity of the field Ho. The absorption 
observed at A was caused by nuclei in one small 
part of the sample, that at B by those in another 
part. With the removal of the modulation the 
former group was subjected to radiation at its 
resonance frequency all the time, and was more 
or less thoroughly saturated. The subsequent 
recovery from saturation occurred when the 
modulation was restored. The gash in the curve 
betrays, quite literally, a hot spot (in respect to 
nuclear spin temperature) somewhere in the 
sample. 

If the modulation amplitude H,, is reduced to 
a small but finite value, rather than zero, the 
r-f amplitude H, being meanwhile increased 
somewhat, subsequent observation will disclose 
a hole like that in Fig. 6(f), which then heals at 
the same rate as before. The double dip results, 
of course, from the sinusoidal modulation—a 
longer time was spent at the turning points C 
and D than at the middle of the hole.t 

If the attempt is made to produce the effect 
shown in Fig. 6 in a substance for which the line 
width is determined by a strong spin-spin inter- 
action, rather than field inhomogeneity, it is 
found that the whole curve saturates; it is not 
possible to “‘eat a hole’”’ in the curve. The energy 


tIt was the observation of the effects just described 
which first made us aware that the true line width in water 
was much less than the apparent line width. By exploring 
the magnet gap, a spot was found where the field was con- 
idaably more homogeneous and the line correspondingly 
narrower. The narrowest line obtainable in our magnet at 
7000 gauss was about ‘0.1 gauss wide; at 1100 gauss a 
width of 0.015 gauss was achieved in one case. 















































































690 BLOEMBERGEN, 
absorbed by the spins can no longer be localized, 
but goes to raise the temperature of the spin 
system as a whole. In other words, the applica- 
tion of an r-f field at a single frequency, with Ho 
fixed, immediately (or at least in a time shorter 
than 7)) affects a region about 2/77: wide on a 
magnetic field scale, or about 1/7, wide on a 
frequency scale. It is important to keep this 
point in mind. 

In any case, it is possible to saturate all parts 
of the sample by modulating through the whole 
line, using the highest available r-f field intensity. 
The recovery, observed with a much weaker r-f 
field in the sample, appears to follow the simple 
law (1—e~‘/*), and we identify t) with 7, the 
spin-lattice relaxation time. To make a quanti- 
tative measurement, the oscilloscope trace was 
photographed with a movie camera operating at 
a known frame speed, and the film analyzed to 
determine the time constant of recovery. This is 
the direct method referred to above. It was 
applied to a distilled water sample, to petroleum 
ether, and to a 0.002N solution of CuSQ,, 
yielding relaxation times of 2.3+0.5 sec., 3.0 
+0.5 sec., and 0.75+0.2 sec., respectively. 

The saturation curve method is based upon 
Eq. (13) in the Introduction. If it were possible 
to measure, in the steady state, the value of 
x’’max Which is reduced from its normal unsatu- 
rated value by the factor (1+~7°H,?7,T,)", a 
knowledge of H; and 7: would then suffice to 
determine 7;. In the modulation method, how- 
ever, we measure 0x”/0Ho, which is equivalent 
to measuring 0x’’/dw. This introduces some 
complications which can be treated briefly only 
by confining the discussion to typical limiting 
cases. 

We assume for analytical convenience that 
the shape of the unsaturated absorption curve is 
that appropriate for a damped oscillator, 


2T2 2T» 


- . (15) 
1+49?2(vy—v)?72? 1+(w—wo)?7?? 





g(v) = 


In Eq. (15), wo, the center angular frequency, is 
yH,>*. Although it is actually H, which is varied 
in the course of the experiment, both by applying 
the modulation H,, sinw,,t, and by slowly changing 
the magnet current in order to move through 
the resonance curve, it is convenient here to 
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think of Ho as fixed at the central value Hy, 
with w as the variable. The modulation 4, 
SiNWmt is equivalent to a frequency modulation 
of amplitude yH, radians/sec. If the ampli. 
tude of the modulation is small enough, fH, 
<1/T2, the deflection of the output meter M, 
will be nearly proportional to 0x’’/dHp, or, in 
terms of the equivalent frequency modulation, 
to dx’’/dw. The question is, what is to be re. 
garded as constant in interpreting 0x’’/dw jp 
the presence of saturation. 

We first consider cases in which the inhomo. 
geneity of the magnetic field, denoted roughly 
by 6H, has a negligible influence on the line 
width. That is, yiH<«1/T:2. The apparent sus. 
ceptibility of the sample in the steady state 
(no modulation) at the frequency a1, relative 
to its unsaturated value at wo, the line center, is 


x’’ (1, H1)/x’’ (wo, 0) 


=(1+2°)"[1+s/(1+2%) }'=f(x)S(x), (16) 


evaluated at x=x,, were x=(w—wo)7>2 and 
s=7°H?T,T>2. The factor [1+s/(1+x*) ]}“ = S(x) 
is the saturation factor given by Eq. (13). We 
are interested in 0x’’/dx, and, in particular, we 
ask for the extreme values which the derivative 
attains as x; is varied. These will be assumed 
proportional to the extreme meter deflections, 
D.x, indicated on Fig. 5. There are two cases to 
be distinguished according to the relative magni- 
tude of w, and 1/7). If w,71<«1, the saturation 
factor S(x) will vary during a modulation cycle. 
If wm71>1, S cannot change during the modu- 
lation cycle and may be assigned a value appro- 
priate to the center of the modulation swing. 
The meter deflection D is therefore proportional, 
in the two cases, to different functions of x, 
namely : 


Case 1 


| 


0 
(wm7 11), D(x) =—Lf(x)S(x) J 
x 


z=2} 


Case 2 


0 
(wmZ1>>1), D(x) See) —f(e) 
x 


|r=2] 


D.x, the extreme excursion of D, is found by an 
elementary computation to depend in the follow- 
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ing way upon the saturation parameter s: 


Case 1 
Dex = (1+5)-!; (17) 


Case 2 


Dex © 8[2(16+16s+s?)!—2s—4 ]}} 
x[8+8s—s*?+(2+s)(16+16s+s*)#}". (18) 


The functions (17) and (18) are plotted in Fig. 7. 
The saturation effect makes itself evident more 
rapidly in Case 1, as was to be expected. A 
different line shape would, of course, lead to 
somewhat different results. 


Suppose now that the field is not homogeneous, ¢ 


and, in particular, that H,,<1/yT2<6H, which 
we shall label Case 3. The result is then simply 
a superposition, governed by 6H, of curves of the 
sort analyzed in either Case 1 or Case 2 (de- 
pending on the magnitude of w,71). If the line 
shape caused by the field inhomogeneity were 
known, the appropriately weighted superposition 
of curves D(x) could be constructed. It is clear, 
however, that the decrease in D.x with s will 
follow much the same course; D,x will be sub- 
stantially reduced when s is of the order of unity. 

Case 4, specified by 1/y7:<H,<éH, and 
wm11>1, is significantly different. It is now the 
modulation amplitude H,, rather than 1/y7>, 
which determines the width of the region mo- 
mentarily saturated. The situation is, in fact, 
that illustrated by Fig. 6(f). An analysis of this 
case, which is only feasible if certain simplifying 
assumptions are made, shows that the quantity 
yH?T/H», rather than y?H7T1T2, plays the 
role of the saturation parameter, a rapid decrease 
in D.x occurring when (yH;*7;/H,,)~1. The 
indicated dependence of H; upon H,,, for the 
same degree of saturation, has been confirmed 
experimentally. Case 4 is encountered in liquids 
with relatively long relaxation times. The meas- 
urements of D,.x. are particularly difficult here 
for the line must be traversed at an extremely 
slow rate in order to permit a quasi-stationary 
state to develop at every value of x. 

An even more complicated case is defined by 
1/yT;<Hm<éH with wnT1)<1. The discussion 
of this case will be omitted as it was not an 
important one experimentally. 

An experimental saturation curve is obtained 
by the following procedure. The modulation 


amplitude, H,,, is set at a suitable value and 
remains the same throughout a run. The output 
voltage of the signal generator, to which H is 
proportional, is varied in steps by means of the 
attenuator in the instrument. At each step the 
receiver gain is adjusted to bring the rectified 
r-f output of the receiver to a fiducial level as 
indicated by the voltmeter Me, the bridge bal- 
ance remaining unaltered. This makes the con- 
stant of proportionality connecting the deflection 
of the final output meter with dx”"/dH» the same 
for each step in ;. At each signal generator 
output setting, after the receiver gain has been 
readjusted, the resonance curve is slowly tra- 
versed and the maximum and minimum readings 
of the output meter noted. The difference be- 
tween the readings is then plotted against the 
logarithm of the signal generator voltage. 

To interpret the saturation curves we assume 
that a given degree of saturation is associated 
with the same value of y*?H;*7iT2, or, if the 
conditions correspond to Case 4, of yHT)/Hn». 
This is, of course, not strictly correct if we are 
comparing two saturation curves which corre- 
spond to two different cases, such as Case J and 
Case 2, and allowance can be made if the 
precision of the data warrants. 

A series of saturation curves for Fe(NOs); 
solutions of various concentrations is shown in 
Fig. 8. This is the roughest set of curves of any 
used in deriving the results reported in this 
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Fic. 7. Variation of the extreme output meter deflection 


with the saturation parameter s, or y*H;*7172, for a per- 
fectly homogeneous field. 
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paper, and is exhibited to indicate the experi- 
mental limitations. At the same time, it illus- 
trates the enormous range which can be covered 
by the saturation-curve method. The horizontal 
shift of the curves is a measure of the relative 
change in 7,72. Of course, 7: must be deter- 
mined in each case by the methods already 
described in order to deduce the relative change 
in 7;. Figure 9 shows a set of saturation curves 
for ice at various temperatures, together with 
the function (18). The agreement is good enough ; 
as a matter of fact, the difference between (17) 
and (18), on a logarithmic plot, is quite small, 
apart from a lateral shift. All saturation curves 
which we have observed bend downward with 
about the same slope. 

To determine the absolute magnitude of 7, 
from a saturation curve, 7, having been meas- 
ured, the relation between H and the signal 
generator voltage must be known. The relation 
can be computed from the dimensions of the coil 
and the constants of the circuit, with which one 
must include the stray capacitances. We have 
preferred to rely on the direct measurement of 
T, for this calibration. If higher precision were 


required, it would be necessary to make in each 
case a detailed analysis like that given above for 
the two idealized cases J and 2. The accuracy 
of the experimental data hardly justifies such a 
refinement. Fortunately, it is the relative changes 


PURCELL, 


AND POUND 
in T, by large factors, which are most significant 
in the present investigation. 

Discussion of the experimental results op 
relaxation time and line width is deferred to 
Sections XI to XV which follow a theoretica| 
examination of spin-spin and spin-lattice inter. 
action. 


V. A TRANSIENT EFFECT: THE “WIGGLES” 


Rather early in the course of this work a 
transient effect was noticed which merits a brief 
description if only because it can complicate the 


, interpretation of nuclear absorption experiments 


in some cases. The effect is observed when a 
large amplitude of modulation is used to display 
the whole absorption curve on the oscilloscope, 
and is prominent only when 7), 72, and 1/yéH 
are all greater than the interval spent at reso. 
nance during the modulation cycle which is 
roughly (Hpwmy72)-!. An example is shown in 
Fig. 10, a photograph of the oscilloscope trace 
in the case of a water sample in a very homo- 
geneous magnetic field. The prominent “‘wiggles” 
occur always after the magnetic field has passed 
through resonance, and therefore appear on 
opposite sides of the two main peaks in Fig. 10, 
one of which corresponds to increasing, the 
other to decreasing, field. 

A brief explanation of the effect is most readily 
given in terms of the classical model of precessing 








Fic. 8. Saturation curves for 
ferric nitrate solutions rangining 
in concentration from 0.0N to 
0.6N. The ordinate is the ex- 
treme output meter deflection, 
in arbitrary units. 
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Fic. 9. Saturation curves for 
ice at —35°C, —17°C, and 
—5°C. The broken curve is a 
plot of Eq. (18), and may be 
shifted tn mT to fit any of 
the experimental curves. 
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magnetic gyroscopes. Nuclear spins which have 
been tipped over by the application of the r-f 
field at their precession frequency continue to 
precess in a coherent way after the removal of 
the r-f field, or after the radiofrequency or 
magnetic field has changed to a non-resonant 
value. In our case the magnetic field is changing, 
and the nuclear precession rate, following it 
adiabatically, comes alternately in and out of 
phase with the applied signal, whose frequency 
has remained at what was formerly the reso- 
nance value. 

The duration of the “‘phase memory” is limited 
by T2. However, if 1/yéH is smaller than 7>, 
interference between the effects of nuclei in 
different parts of the sample smears out the 
wiggles. By slightly detuning the receiver the 
wiggles on the forward trace can be enhanced 
and those on the back trace suppressed, or vice 
versa; one set of wiggles is produced by spins 
precessing at a rate higher than vo and the other 
by precession at a lower frequency. The spacing 
between the wiggles also varies in the manner 
suggested by the above explanation. A more 
refined treatment of the problem, which is most 
conveniently based on the equations of Bloch, 
has been made by H. C. Torrey." 

In our measurements of 7, by the saturation 
curve method, the modulation amplitude was so 


"H. C. Torrey (private communication). 
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small that the effect was not important. The 
direct measurements of 7, were made in a field 
sufficiently inhomogeneous to suppress the 
wiggles, which would not, in any case, have 
interfered with the interpretation of the results. 


VI. SPIN-SPIN INTERACTION 


Of the processes which could conceivably bring 
about an exchange of energy between the spins 
and their surroundings, we can at once discard 
the interaction with the thermal radiation field. 
The effectiveness of this process depends upon 
the probability of spontaneous emission, A, 
which is of the order of 10-” sec.—' for a nuclear 
magnetic dipole transition at the frequencies 
with which we are concerned. The corresponding 
relaxation time is 7, = (hv/kT)(1/2A) ~ 10" sec- 
onds. Although this figure must be reduced by a 
large factor when the nuclear system is coupled 
to a resonant circuit of small dimensions,” the 
process is still inadequate to account for the 
relaxation effects observed and need not be 
considered further. 


2 E. M. Purcell, Phys. Rev. 69, 681 (1946). In a sense, 
the relaxation of nuclear spins in a metal, which was con- 
sidered by Heitler and Teller, reference 1, is a limiting 
case of the coupling of the spins to an electrical circuit, 
and as such requires an exception to the above dismissal 
of radiation damping effects. Although no experimental 
evidence on nuclear relaxation in a metal has appeared, 
it is to be expected that the mechanism treated by Heitler 
and Teller will play an important role. 
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Electric forces which act during atomic colli- 
sions directly perturb the nuclear spins only by 
virtue of an accompanying variation in the 
gradient of the electric field at the nucleus and 
the existence of a nuclear electric quadrupole 
moment. Direct electrical interactions are thus 
reduced to a rather minor role, quite in contrast 
to the situation in atomic and molecular spectro- 
scopy, and are entirely absent if the nucleus has 
no quadrupole moment. We shall examine one 
or two cases in which the nuclear quadrupole- 
inhomogeneous electric field interaction is the 
important one, but we have been concerned 
chiefly with nuclei of spin 4 for which the 
quadrupole moment vanishes. 

Magnetic interactions will occur between the 
nuclear magnetic moments and magnetic mo- 
ments associated with electronic states, and 
among the nuclear magnetic moments them- 
selves. We shall consider the nuclear dipole- 
dipole interaction first, and in greatest detail, 
not only because it proves to be the dominant 
effect in most diamagnetic substances, so far as 
spin-lattice relaxation is concerned, but because 
it is entirely responsible for the spin-spin relaxa- 
tion phenomena. In fact, we shall begin by 
considering a spatially rigid latti¢e of dipoles— 
a model necessarily devoid of spin-lattice effects. 
Before elaborating upon the description out- 
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Fic. 10. An example of the 
transient effect described jn 
Section IV, observed in water 
at 29 Mc/sec. The field modu- 
lation and the oscilloscope 
sweep are both sinusoidal, but 
there is a small phase dif. 
ference between them. The 
wiggles occur after the mag- 
netic field has passed through 
resonance. 


lined in the introduction in which the system of 
spins is characterized by individual spin quantum 
numbers, it is instructive to examine the problem 
from a somewhat more general point of view 
by regarding the entire lattice of N spins as a 
single quantum-mechanical system. The total 
z component of angular momentum is specified 
by mh. The Hamiltonian of the system is 


R=): vAI;-Hot+d: viAli- 


y,hl; 3 jhti,(ti;-1,) 
z( a ). (19) 


ri rij 





The second term in (19) is the dipole-dipole 
interaction, and the sum over j in this term is 
what we have called the local field, Hic. In the 
absence of the dipole-dipole interaction the sys- 
tem displays 2NJ+1 discrete levels, m= —NI, 
—NI+1, ---+WNI, separated in energy by hyHo. 
The levels are highly degenerate; for J=}, for 
example, the degeneracy is 2%N!/(N—2m)! 
< (N+2m)!. The interaction term splits each of 
these levels into a group whose width in engery 
is of the order, N*#yHi.. Now N'yHyw.>yHo 
in a practical case, so that the original level 
structure dissolves into what is essentially a 
continuum showing none of the previously 
prominent periodicity. Broer,!* who treated in 


83... J. F. Broer, Physica 10, 801 (1943). 
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this way the general problem of paramagnetic 
absorption and dispersion, showed that the 
calculation of the absorption for such a system, 
assumed to have been brought somehow into 
thermal equilibrium at a temperature 7>hv/k, 
could be reduced to the task of finding the 
density function of magnetic moment, f(y), 
which he defined by: 


v+Av 


f(v)Av=2 > | Moe|*P pes 


v—Ay 


where M is the magnetic moment matrix, p and 
q refer to two levels separated in energy by hy, 
and ppq is the average occupation of these levels. 
The only rigorous procedure available at this 
point is the method of diagonal sums which 
Broer shows is capable of yielding a limited 
amount of information about the function f(y), 
namely, 


. f(v)dy, f v*f(v)dv, etc., 


the successively higher moments being increas- 
ingly difficult to calculate. An example of the 
application of the diagonal sum method to 
nuclear resonance absorption in crystals will be 
given in a forthcoming paper by J. H. Van 
Vleck.'4 One of the results there obtained will be 
invoked to complete the following discussion in 
which we revert to a less rigorous perturbation 
method. 

The unperturbed state of the system is speci- 
fied by the quantum numbers m,,, or for brevity, 
m;, of the individual spins, the total z component 
of spin being given by m= }(m;. We assume 
that these magnetic quantum numbers still 
characterize a state after the introduction of the 
perturbation V= >> ;>° j5:Vi;, where 


Vis= hr [Lei] 2;(1 — 302) 
+ IyiTuj(1—3a2*) + Tei] 2)(1 — 3a") 
—3(IeiIy;+I2jTy;)orcs 
—3(Ixi]2;+I2j]2)ayers 
—3(Iyile;+Iyjls,)oxas). (20) 


Vi; is the magnetic interaction between the ith 


4 J. H. Van Vleck, Phys. Rev. (in press). 
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and jth spin; a1, a2, and as are the direction 
cosines of the radius vector r in coordinates with 
the z axis parallel to Ho. We now rearrange 
Eq. (20) so as to distinguish terms which leave 
the total z component, m, unchanged, terms for 
which Am= +1, and terms for which Am= +2 
or —2. This distinction is important because 
the terms involve a time factor e4"7#o!, The 
terms with Am=0 are time independent and 
leave the energy unchanged. We introduce the 
polar and azimuthal angles 0;; and ¢;; instead of 
the direction cosines, after which (20) can be 
written in the form: 


Vig= hr. (A+B+C+D+E+F), (21) 
where 
A = 12;I2;f1 —3 cos?6;;), 
B= —}((l2;—t1y,) (I2j+i1v)) 
+ (L2;+11y;) (I2;—t1 v5) J 
X(1—3 cos?6;;), (Am=0), 
C= —3((le:+41y,) [ej + (12; +ily) Iai] 


(Am =0), 


X sind;; cos0;;e~*"ie'v40" =(Am=1), (22) 
D = 3 (2; —ily;)I23+ (I2;—ily;) Iz; | sin8;; 
Xcos6; et *riie—v40t, =(Am=-—1), 


E=- $ (Lz: +21 y;) (I23+tIy;) sin?6;; 


Ket viigt2ivAot ; (Am _ 2), 
F= — }([2;—tIy,) (Iz3—ily)) sin*6;; 
XK et 2iviig—2ivHot (Am a 2). 


Terms A and B give rise to secular perturba- 
tions; terms C to F represent periodic perturba- 
tions of small amplitude. That these last four 
terms cannot cause appreciable changes is a 
consequence of the conservation of energy. For 
our rigid-lattice model, then, only terms A and 
B need be considered. Classically A corresponds 
to the change in the z component of the mag- 
netic field by the z components of the neighbor- 
ing magnetic moments. This local field will vary 
from nucleus to nucleus, slightly changing the 
Larmor frequency of each. Suppose that the ith 
nucleus is surrounded by a number of neighbors, 
which for simplicity we shall assume to have 
spin J=}. Each of these can be parallel or 
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antiparallel to Ho, and every arrangement leads 
to some value of the static part of the local field. 
From the nearest neighbors alone, we will usually 
obtain several possible values; each of these will 
be further split when the next nearest neighbors 
are taken into account, and so on. The result 
will be a continuum of possible values of the 
local static field, centered on Ho, whose shape 
would have to be calculated for the particular 
spatial configuration of the lattice involved, and 
the given direction of Ho. The calculation is 
simplified, in all cases of interest, by the near 
equality of probability for either spin orientation, 
which also insures the symmetry of the distribu- 
tion about Hp». We have carried out the calcula- 
tion for a special case of a cubic lattice of spins, 
obtaining a roughly Gaussian shape for the 
distribution. In many cases an approximately 
Gaussian shape is to be expected. An important 
exception is found, however, when the nuclei lie 
near together in pairs; several such cases have 
been studied experimentally by G. E. Pake and 
are treated in a forthcoming paper.'® 

We can obtain an estimate of the line width 
by calculating the mean square contribution of 
each neighbor separately and taking the square 
root of the sum of these contributions, thereby 
assuming that the orientation of each spin is 
independent of that of another. The contribution 
of term A to the mean square local field is given 


by 
(Hoc?) av = 34°? (I+ 1) 


xd (1 —3 cos? ;)?r57~*, (23) 


and the mean square deviation in frequency by 
(Aw?) ay _ ¥?( icc?) m- (24) 


To this we must add the contribution of term B, 
which corresponds to the simultaneous flopping 
of two antiparallel spins (Am;=+1 and Am; 
= —1, or vice versa). Such a process is energeti- 
cally possible and is caused by the precession of 
the spins around Hy with the Larmor frequency ; 
the precession of one spin produces a rotating 
field at the resonance frequency at the location 
of another, resulting in reciprocal transitions. 
We may say that this process limits the lifetime 


% G, E. Pake, J. Chem. Phys. (in press). 
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of a spin in a given state and therefore broadens 
the spectral line. The effect is taken into account 
by applying the proper numerical factor to (24), 
The factor has been calculated by Van Vleck by 
the diagonal sum method.'* In the case of a 
lattice of identical spins it is 9/4, the r.ms. 
(angular) frequency deviation including both 
effects then being, 


[(Aw*)w ]!=(1/T 2’) = $y*h[ (I +1)/3]} 
x > jni(1 —3 cos?6;;) 7 ;;-* }}. 


If the nuclei are not identical in gyromagnetic 
ratio, neighbors which are dissimilar to the 
nucleus 7 contribute only through the term 4, 
and the sum over j in (25) has to be modified 
in an obvious way. 

We have here introduced the quantity 7,", 
defined above, as a specification of the line width 
in this limiting case of a rigid lattice. We shall 
later use 7;’ to describe the effect upon the line 
width of spin-spin interactions as modified by 
lattice motion, reserving the unprimed 7, for 
the specification of the line width in the general 
case, to which the spin-lattice interaction also 
contributes. If the line shape is Gaussian, the 
quantity 2/T,”’ is the width between points of 
maximum slope, on an w scale. In calculating 
the maximum absorption for such a line shape, 
in the rigid lattice, the 7; defined by Eq. (14) 
is to be identified with (4/2)!T,”’. 

An accurate experimental test of (25) requires, 
of course, a determination of the line shape. A 
substance which the rigid lattice model might 
be expected to represent fairly well is fluorite, 
CaF:. The measurements of the F!® resonance 
line in CaF2, previously reported,'® and subse- 
quent unpublished work on the same substance 
by G. E. Pake, are in good agreement with 
Eq. (25) (see reference 14). 


(25) 


VII. SPIN-LATTICE INTERACTION 


The rigid lattice model does not exhibit ther- 
mal relaxation of the spin system as a whole. 
We shall now show that if the position coordi- 
nates, 7i;, 9:;, and gi; are made to vary with 
time, transitions are induced in which m changes, 
the spin system and the “lattice’”’ thereby ex- 


16E, M. Purcell, N. Bloembergen, and R. V. Pound, 
Phys. Rev. 70, 988 (1946). 
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changing energy. Not only does this provide 
thermal contact between the spins and an ade- 
quate heat reservoir, it also modifies, in some 
cases drastically, the spin-spin interaction itself. 

Waller’? in 1932 treated the interaction of 
spins with lattice vibrations; his theory was 
applied by Heitler and Teller! to estimate the 
effectiveness of such an interaction in bringing 
about thermal equilibrium of a nuclear spin 
system. We want to include more general types 
of motion, in particular, what we may loosely 
call Brownian motion in a liquid or non-crystal- 
line solid. It will turn out that such internal 
degrees of freedom, when active, are far more 
effective as a source of spin-lattice interaction 
than are lattice vibrations, and play an important 
role in substances which by many standards 
would be regarded as crystalline. 

As far as the Hamiltonian for the nuclear spin 
system is concerned, we regard the motion of 
the molecules as produced by external forces, 
the atomic interactions being mainly of an 
electrical nature. ‘The atom or molecule is simply 
a vehicle by which the nucleus is conveyed from 
point to point. We thus neglect the reaction of 
the magnetic moments of the nuclei upon the 
motion. The factors in (22) which contain the 
position coordinates are now to be expanded in 
Fourier integrals. We want to distinguish in our 
complex notation between positive and negative 
frequencies, and we therefore define the intensi- 
ties J(v) of the Fourier spectra of the three 
position functions involved by 


(X5| (1 —3 cos?6;;(t))7i7-*(0) | *)a 


-f Jo(v)dv, 


x 


(L;| sind, ;(t) cos0,;(t)e** Or, -*(t) |*)n 


-f Ji(v)dv, (26) 


(205| sin; je? e657 ,-4(2) Mam f J2(v)dv. 


Reconsidering now the terms C, D, E, and F 
in the expression for the perturbation (22), we 
observe that if Ji(— v9) and Ji(+ 0), where 


71. Waller, Zeits. f. Physik 79, 370 (1932). 
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2xv9=yHo, are different from zero, C and D 
become secular perturbations because the time 
factor cancels out. Similarly, E and F become 
secular perturbations if J2(—2v»9) and J2(+2v9) 
do not vanish. Transitions are thus made possible 
in which m changes by +1 or +2, the thermal 
motion providing, or absorbing, the requisite 
energy. 

We can form a simple picture of the processes 
involved by recalling that the local field at one 
nucleus iz due to a neighbor j, in the rigid-lattice 
model, consists of two parts, a static part 
depending on J:; and a rotating part depending 
on (Jz;—ilIy;). The motion of the neighbor j 
now causes the field arising from its z com- 
ponent of magnetic moment to fluctuate; if 
the motion contains frequencies synchronous 
with the precession of the neighbor 7, the nucleus 
i will find itself exposed to a radiofrequency field 
capable of inducing a transition. This is the 
effect described by terms C and D. The double- 
frequency effect comes about as follows: the 
field at 7 which arises from the precessing compo- 
nents of magnetic moment of j consists in 
general of both right and left circularly polarized 
components. In the rigid lattice one of these has 
a negligible effect while the one which rotates in 
the same sense as the precession of 7 causes the 
perturbation expressed by term B. If, however, 
we impart to the nucleus j a suitable motion, at 
the frequency 2») we can reverse the sense, at 
the nucleus i, of the originally ineffective circular 
component, thus permitting it to interact with 7. 
An exactly similar situation will necessarily be 
created at the nucleus j, with regard to the field 
arising from the precessing components of mo- 
ment of i, hence a double transition occurs. This 
also shows why still higher multiples of vo do 
not enter the problem. 

We can now compute the probability for a 
change Am= +1 in the’magnetic quantum num- 
ber of the ith spin brought about by the fields 
associated with the “‘local field spectrum.” By a 
perturbation calculation, using terms C and E, 
and taking an average over all values m; of the 
neighbors, we find for the transition probability, 


Wmj-m;+1 = sy th?(I —m,)(I+m,+ 1)IJ(I+ 1) 


XC Ji(— v0) +43 2( — 20) ]. (27) 
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If the values of J and y are not the same for 
all nuclei, Eq. (27) can be generalized as follows: 


Wmjom+1 = fy 27h? (1,—m,) (1;+m;+1) 
XD FT (T5+1) 
X [J13( — voi) +32;( — v04— v04) J, 


w0j=ysHo/2r. 


The result can be extended to include the 
effect of perturbing fields arising from other 
dipole sources such as electronic spins. In such 
cases the quantization of these spins may be 
time dependent under the influence of external 
forces (e.g., paramagnetic relaxation phenomena 
involving electronic spins) and the function 
[(1;—m,(t))(1;+m,(t)+1)]! must be included 
with the position functions when the Fourier 
expansion is performed, the factor J;(J;+1) in 
(28) then being dropped. 

The expressions for transitions with Am;= —1 
are, of course, the same except that the intensities 
have to be taken at positive frequencies in the 
Fourier spectrum. Since J(v) will in all cases be 
an even function of », it would appear that the 
motion should produce as many transitions up 
as down. However, the transition probabilities 
must be weighted by the Boltzmann factors of 
the final states, as required by the fact that the 
system left to itself will come to thermal equi- 
librium and the principle of detailed balancing. 
That is, if NW, and N, are the equilibrium popu- 
lations: of levels p and g which differ in energy 
by E,—£,, we must have, in equilibrium, 


NpWosre=NqW esp, 
Wp+e/Wesp = N./N> = e(Ep—Eq)/kT. 


(28) 


where 


(29) 


But the probability of a single transition from 
p to q, in a system such as we are considering, 
cannot depend on the population of gq; it is 
therefore necessary to suppose that the W’s are 
related by the Boltzmann factor of Eq. (29) 
even when the spins are not in equilibrium with 
the lattice, 7 being the Jattice temperature. We 
are thus enabled to trace the approach to 
equilibrium of the spin system coupled to a 
reservoir which remains throughout the process 
at the temperature 7. This last assumption is 
justified if RT>>yHph for the specific heat of the 
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lattice is then very much greater than that of 
the spins. 

Consider first the case J=}. Let the total 
number of spins be NV, with V,. and N_ denoting 
the population of the lower and upper state, 
respectively. For W,..- and W_.., we take W as 
given by Eq. (27) modified by the appropriate 
Holtzmann factors: 


W,..~ = We-V8 2k? ~ WL — (yhHo/2kT) ); 


W_...> WL1+ (yhHo/2kT) | 
x (30) 
with 


W = (9/16) y*h?[Ji(v0) +3 Je(2y) J. 


Writing » for N,—N_, the surplus in the lower 
state, we have 


dn/dt = 2N_W_..+ 7 2NiW4- 


=(N+n)W_..—-(N—n)W..-. (31) 


If we assume that |”|<J, as it will be in all 
cases of present interest, and denote by m 
=NyhH)/2kT the equilibrium value of n, we 
have 


dn/dt=2W(no—n), (32) 


showing that equilibrium is approached accord- 
ing to a simple exponential law with a character- 
istic time 


7T,=1/2W. (33) 


We thus make connection with, and justify, 
the manner in which the spin-lattice relaxation 
time 7, was introduced in Eq. (11). 

For J =} it is always possible to define a spin 
temperature T, through e#@*T,—=N_/N.,, and 
the approach to equilibrium can be described as 
a cooling, or warming, of the spin system as a 
whole. The corresponding differential equation, 
in which T, is the lattice temperature, is 


dT ,/dt= (1/7;)(T./T1)(T,—-T,.). 


Clearly the transient behavior of the spin system 
is more simply described by the reciprocal 
temperature, or by m, than by the temperature 
directly. 

The situation is more complicated when I>}. 
A spin temperature cannot be defined unless the 
populations of successive levels are related by 
the same factor. Corresponding to this additional 
arbitrariness in the initial state of the system, 
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Eq. (32) has to be replaced by a number of 
simultaneous differential equations. However, a 
detailed examination of this question which can 
be found elsewhere,’*® leads to a simple result 
when the initial state of the spin system happens 
to be describable by a temperature 7,, and when 
kT >>yhHo<«kT 1. The approach to equilibrium 
then resembles that of the J=} system, the 
surplus number in each level with respect to the 
next above increasing or diminishing with the 
same characteristic time. Any intermediate state 
of the system can then be assigned a temperature, 
and (32) applies. It is found, moreover, that 
value of W which must then be used in (33) is 


iy I+ 1)[J1(v0) + 3J2(2y9) ]. 


That is to say, the spin-lattice relaxation time 
for nuclei of spin J exposed to a given local field 
is the same as the relaxation time for nuclei of 
the same gyromagnetic ratio y, but with J=}, 
exposed to the same field. 

The above argument would apply, for ex- 
ample, to a spin system with IJ>4 which is 
allowed to come to equilibrium in a field Ho, 
after which Ho is changed adiabatically to a new 
value. A unique 7) can be defined which measures 
the rate of approach of the populations, N_,, 
--+N;, to their new equilibrium distribution. 
Similarly, if the application of an intense radio- 
frequency field of frequency vo has completely 
equalized the level populations, the recovery 
from such saturation (infinite spin temperature) 
follows the same law. 

In general, however, the application of a 
radiofrequency field alters the distribution to 
one which is not precisely a Boltzmann distribu- 
tion—the spin system is itself no longer in 
equilibrium. The most powerful agency tending 
to restore internal equilibrium among the spins is 
in many cases the spin-spin interaction. By 
means of the process associated with the term B 
in Eq. (22), in which Am;=+1, Am;=—1, or 
vice versa, the level populations can be read- 
justed. If J=1, for example, transitions of the 
type —1-—0 (for m;) accompanied by +1-0 
(for m;) augment the population of the central 
level, while the reverse double transition depletes 
it. If Ni, No, Ny: are the populations of the 
levels, the rate at which transitions of the first 


SL. J. F. Broer, Thesis (Amsterdam 1945), p. 56 ff. 
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type occur is proportional to N_,-N.,, while the 
rate at which the second type occur is propor- 
tional to N,*, but otherwise identical. A sta- 
tionary state is therefore reached only when 
No? = N_1- N41, which is precisely the description 
of a Boltzmann distribution over three equi- 
distant levels. 

With the above reservations concerning the 
case J>4, we now write the general formula for 
the spin-lattice relaxation due to dipole-dipole 
interaction in the case of identical nuclei.{f 


(1/T1) = $y*h?T(I+1)[Ji(v0) +3 J2(20) J. 


VIII. EFFECT OF THE MOTION UPON THE 
LINE WIDTH 


The terms A and B of Eq. (22) must now be 
reconsidered to see what effect the motion of the 
nuclei has upon the line width. These terms will 
still represent secular perturbations if we take 
the components near zero frequency in Jo(v), 
the intensity of the Fourier spectrum of 
> (1 —3 cos?6;;(t))ri3-4(t). The question is, which 
frequencies are to be considered as ‘“‘near zero.”’ 
We may say that the perturbation is secular up 
to the frequency v for which hy is of the same 
order as the actual splitting of the energy levels 
by the perturbation. The resulting line width 
will be specified by Aw=2rAv=1/T7;', and with 
the application of the above criterion, T;’ is to 
be found from the following modification of 
Eq. (34): 


1/T2! = 3y°h[ (+1) /3]! 


+1/eT2/ ; 
| f Jo(o)a>] . (35) 
—1/rT2! 


Again an exception must be noted in the case of 
non-identical nuclei. If y;#~y,;, the secular per- 
turbation from term B depends on the intensity 
of the J» spectrum in the neighborhood of 
v=(yi—7,)Ho/2r rather than »v=0. 

The observed line width is not determined by 
T,' alone because the spin-lattice relaxation 
effected by the terms C to F limits the lifetime 
of the nucleus in a given state. For J=}4, the 
mean lifetime in each of the two levels is 1/W, 
or 27,. The resulting line width, for two levels 


(34) 


tt The case of non-identical nuclei calls for a rather 
obvious generalization which we omit. 











broadened in this way, is, by a well-known 


argument!® twice the width of one level, the 
line shape being given to a high degree of 


approximation, (7,;>>1/y) by 
4T, 


, (36) 
1+162?7\?(v— v9)? 





gi(v) = 


a curve whose width between half-value points 
is 1/2mT,; on a frequency scale. With this must 
be combined the distribution resulting from the 
perturbations A and B, which, if it had a 
Gaussian shape, would be 


g2(v) = T2'(2x)-3 exp[ — 22?(v— vo)?T 2’? |. (37) 


Roughly speaking, we can say that the combina- 
tion of two bell-shaped curves will yield another 
bell-shaped curve the width of which is about 
the sum of the widths of the composing curves. 
Thus, 


(1/72) =(2/m)4(1/T2’)+(1/2T1). (38) 


We cannot attach a precise meaning to 7» in 
general, but the numerical factors in (38) have 
been chosen{{f{ with two limiting cases in mind: 
(a) T2’KT;, and (b) T2’~T). In the former case 
the factor (2/7)! is consistent with Eq. (14) for 
the Gaussian curve to which, in this case, we 
may expect the line to bear some resemblance. 
The last term in (38), which is important in case 
(b), is correctly written for the damped oscillator 
line shape. However, in this case, an additional 
uncertainty arises from the arbitrariness of the 
choice of limits in Eq. (35). 


IX. THE SPECTRUM OF THE SPACE 
COORDINATES 


In order to apply this general theory of 
relaxation time and line width to a particular 
substance, it is necessary to develop the Fourier 
spectra of the functions of position coordinates, 


Fo;= (1 —3 cos*6;;)r;j-3, 
F\;=sin0;; cos; ;e**r ; 7-8, (39) 
F.;=sin?6; ,e?* #8, -3, 


19'V. Weisskopf and E. Wigner, Zeits. f. Physik 63, 54 
(1930) ; 65, 18 (1930). 

ttt It seems worth while to preserve internal con- 
sistency among the definitions and theoretical formulas 
even at the risk of making the formulas appear less ap- 
proximate than they really are. 
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from which to obtain the functions Jo,;(v), J 14(9), 
J2;(v) governing the intensity of the local fielg 
spectrum. By postulating thermal vibrations jp 
an otherwise rigid lattice, for example, one is led 
directly to Waller’s result for spin-lattice relaxa. 
tion in a crystal. Our interest here is in liquids, 
for which the functions F will vary in a random 
fashion with time, as the particles containing the 
magnetic nuclei take part in the Brownian 
motion. The motion will be isotropic on the 
average ; hence, as is at once evident from (39), 
the time average of each of the functions F jg 
zero. 

The statistical character of the motion justifies 
an assumption customary in the theory of 
fluctuation phenomena, that 


(F(t) F*(¢+ 1) )w=K(r). (40) 


The right side of (40) is called the correlation 
function of F(t). It is assumed to be an even 
function of 7+ and independent of ¢. It follows 
immediately that K(r) is real. We may assume 
also that K(r) approaches zero for sufficiently 
large values of r. The relation®® between the 
Fourier spectrum of a function F and the corre- 
lation function of F enables us to write for the 
spectral intensity, 


r= f K(r)e?*"'"dr. (41) 


—® 


Since K(r) is real and even, J(v) is real and even. 

In order to simplify the following discussion 
we make an assumption about the form of K(r), 
namely, that 


K(r) =(F(t) F*(t))wen'*""". (42) 


The time r+, is a characteristic of the random 
motion and the function whose correlation K 
measures, and is called the correlation time. 
Temporarily we shall assume that 7, is the same 
for each of the functions Fo, F;, and F2, returning 
to this question later. From (41) and (42) we 
find, for each of the three J’s, 


J(v) =(F(t) F*(t))w2te(1+4e?v?7,?)-!. (43) 


The intensity in the spectrum is nearly constant 


20 See, for example, Ming Chen Wang and G. E. Uhlen- 
beck, Rev. Mod. Phys. 17, 323 (1945). 
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at very low frequencies but falls off rapidly 
when 2xvr.>1. The subscript j has been omitted 
above, but it will be understood that, in general, 
not all neighbors will have the same correlation 


time. 
X. THE THEORY APPLIED TO WATER 


The application of the preceding theory will 
now be illustrated by a calculation of the relaxa- 
tion time for protons in water. A given proton 
has as its nearest neighbor the other proton in 
the HO molecule, and we consider first the 
effect of this exceptional neighbor. Vibration of 
the molecule can be neglected, because of its 
high frequency and small amplitude. We regard 
the molecule as rigid, and assume that the 
orientation of the vector connecting the two 
protons varies randomly, no direction being 
preferred. Only the angle coordinates are now 
variable in time, the functions F being 


Fy = (1—3 cos?6) /b*, 
F,=cos@ sinbe‘*/b3, (44) 
F, =sin?6e?'?/', 


where 5 is the interproton distance. We can 
substitute a statistical average over the spatial 
coordinates for the time average specified in (43). 
The averages are readily found: 


( F(t) Fo*(t)) mv =4/5)°; 
(F(t) Fi* (t))w = 2/1508; (45) 
(F(t) Fo*(t)) my = 8/150°. 


Returning to the general formula (34) with (43) 
and (45) we obtain for the relaxation time (in- 
volving the nearest neighbor only) 


(1/71) = (3/10) (y*h?/b*) [7-/(1+42*v0?r,) 
+2r,/(1+16m2y?r2)]. (46) 


The determination of the correlation time r, 
is closely related to the problem encountered in 
the Debye theory of dielectric dispersion in polar 
liquids ; there also it is necessary to estimate the 
time, +, during which molecular orientation 
persists." Debye assumed that in the first 
approximation the molecule could be treated as 


*P. Debye, Polar Molecules (Dover Publications, New 
York, 1945), Chapter V. 
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a sphere of radius a imbedded in a viscous liquid, 
and thereby obtained the relation r=4rna*/kT, 
in which 7 is the viscosity of the liquid. We 
adopt the same procedure here, noting one 
difference between the two problems—a rather 
unimportant difference, to be sure, in view of 
the much over-simplified model, but a character- 
istic one. The function whose correlation time is 
required in the Debye theory is cos@, the sym- 
metry character of which is essentially different 
from that of the functions Fo, Fi, and F: with 
which we are concerned. Because of this the 
correlation time for a given model{ will not be 
the same in our case. In fact, for the sphere in a 
viscous liquid it is, for each {J of the functions F, 


7 =4nrna®/3kT. (47) 


Adopting Eq. (47) and assuming that a=1.5 
X10-* cm, we find for water at 20°C (n=0.01 
poise): t-=0.35 X10" second. For comparison 
we note that the measurements by Saxton” of 
the dielectric constant of water in the microwave 
region lead to a value 0.81 X 10-"' seconds for the 
Debye characteristic time, at 20°C. Although 
this is somewhat less than 3 times our estimated 
T-, we must remember that with further refine- 
ment of the molecular model a difference between 
te and 1/3rpevye would arise from the fact that 
the H-H line and the polar axis of the molecule 
lie in different directions. 

We note at once that 2mvr.<1, so that the 
term in brackets in Eq. (46) becomes simply 3r.. 
In other words, we find ourselves at the low 
frequency end of the local field spectrum, where 
the spectral intensity is independent of v and 
directly proportional to r,.. For the interproton 


§ Another model, in some ways a better representation 
of the molecule and its environment, is one in which only 
a limited number of orientations are permitted, the transi- 
tions from one to another taking place in a “jump.” 
Imagine, for example, that the molecular axis—in our case 
the H-H line—can point toward any of the eight corners 
of a cube centered at the molecule, transitions taking place 
with the probability w between any such direction and 
one of the three adjacent directions only. For this model 
the correlation functions of Fo, Fi, and F: are all of the 
form (42) with the correlation time 3/4w, whereas the 
correlation time of cos@ is 3/2w. 

4% Note that Fo, Fi, and F; belong to the same spherical 
harmonic, ¥:2(@, ¢). It can be shown that the correlation 
function of Y;(@, ¢) for the sphere in a viscous liquid, is 
exp[ —1(1+1)kT1r/8xna*]. 

2 J. A. Saxton, Radio Research Board Report C115 
(declassified), D.S.I.R., March 20, 1945. (This is a British 


report.) 
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distance we take 1.5 X 10-* cm. Upon substituting 
numbers into (46), we obtain for (1/7), the 
relaxation rate due to the proton partner only, 
0.19 sec.—. 

The effect of the neighboring molecules must 
now be estimated. The fluctuation in the local 
field arising from the neighbors is mainly caused 
by their translational motion, and only to a 
minor extent by their rotation. We regard the 
molecules as independent, attributing to each 
either a magnetic moment of 2, and spin J=1, 
of else zero spin and moment. Three-fourths of 
the neighboring molecules are of the former 
(ortho) type. We ask for (F(t) F*(t))» and 7, for 
the molecules in a spherical shell between r and 
r+dr. The center of the shell is located at, and 
moves with, the molecule containing the proton 
t. A reasonable choice for 7, is the time it takes 
the molecule j7 to move a distance r in any 
direction from its original position on the shell, 
for in that time the field at the proton 7, due to j, 
will have changed considerably. The relative 
motion of 7 and j is simply diffusion, and can be 
described most directly by means of the diffusion 
coefficient D of the liquid. Applying the above 
criterion for 7,., and remembering that both 
molecules diffuse, we find, 


ro=r?/12D. 


To find (F(t) F*(t))w the angular functions are 
averaged as before and then, treating the mole- 
cules as independent, we sum the effects of all 
neighbors by integrating over the volume from 
the radius of closest approacy, r = 2a, to infinity. 
Here also, 2xvr, is much smaller than one for 
all molecules close enough to have an appreciable 
effect, so that we have for the relaxation rate 
due to the neighbors (1/7)),, 


1 3 °-3 Fr 
(—) ==y'iNo f —-—--4rr*dr 
Ti7, 5 2 Y 12D 
3x yh? No 
10 aD 


(48) 


. (49) 


No in Eq. (49) is the number of molecules per 
cm*, We can make use of the well-known relation 
developed by Stokes, D=kT/6rna, to write Eq. 
(49) as 


(1/71) n =99y‘h?nNo/SRT. (50) 
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Even when an experimental value of D is ayaij. 
able, the use of the Stokes relation represents no 
real sacrifice in accuracy, for the distance of 
closest approach, a, can at best be estimated 
only roughly. 

Substituting numbers into (50) we obtain for 
water at 20°C, (1/71), =0.10 sec... The relaxa- 
tion time 7; is then found by combining both 
effects: (1/71) = (1/71) p+(1/T1) n=0.19 sec 
+0.10 sec.—!, or 7, =3.4 sec. 

The effect of the partner thus appears to be 
somewhat more important than that of the 
neighboring molecules. We have probably over- 
estimated the effect of the neighbors by neglect- 
ing the rotation of the nearest molecules as well 
as the effect upon the local field produced by 
them of the rotation of the molecule containing 
the proton 7. That is, the appropriate r, for the 
nearest neighbors should be somewhat smaller 
than Eq. (48) would predict. Such refinements 
are hardly warranted in view of the obvious 
shortcomings of the model. 

The experimentally determined value of 7; for 
distilled water at 20°C is 2.3+0.5 seconds, 
obtained by the direct method described in 
Section IV. The theoretical estimate of 7; is 
satisfactorily close to the experimental value. 
Unfortunately, the possibility that the experi- 
mental value was influenced somewhat by dis- 
solved oxygen cannot be excluded. From subse- 
quent results with paramagnetic solutions, it is 
estimated that a saturation concentration of O, 
could have contributed at most 0.3 sec.~' to 


(1/7). 


XI. EXPERIMENTAL RESULTS FOR VARIOUS 
LIQUIDS; COMPARISON WITH THEORY 


A more significant test of the theory is pro- 
vided by measurements of the proton relaxation 
time in a series of similarly constituted liquids 
of widely differing viscosity. The conspicuous 
role of the viscosity in our description of the 
relaxation process will already have been noticed. 
Despite the crudeness of a description of the 
details of the molecular motion in terms of the 
macroscopic viscosity, it can hardly be doubted 
that there should be a close connection between 
n and r,. Table I lists the values of 7; obtained 
for a series of hydrocarbons. These values, and 
all relaxation times quoted hereafter, were deter- 
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mined by running a saturation curve on the 
sample, the direct measurements of 7, for the 
water sample, and for the 0.002N CuSO, solution 
(see Section IV) serving as a calibration of the 
circuit. The viscosity of each sample was meas- 
ured by conventional methods and is listed for 
comparison. The wide range over which a rough 
proportionality exists between 7 and (1/7)) is 
striking. A more heterogeneous list of substances 
is given in Table II. A probable explanation of 
the exceptional behavior of sulfuric acid is the 
low density of protons in the material, or, more 
precisely, a relatively large value of the shortest 
proton-proton distance (the other constituents 
being non-magnetic). 

A wide range in viscosity is covered by water- 
glycerin solutions. Figure 11 shows the variation 
of 7; with viscosity for the water-glycerine 
system at room temperature. The viscosity 
values were obtained from tables in this case. 
Exact proportionality between (1/7,) and 7 is 
hardly to be expected for the progressive change 
in the character of the substance must bring 
with it a change in the environment of each 
proton and in the details of the local molecular 
motion. Actually a 1000-fold change in 7 is 
accompanied by a change of only 100-fold in 7}. 

A better experiment is one in which the same 
substance is used throughout, its viscosity being 
varied over the widest possible range by changing 
the temperature. Ethyl alcohol and glycerine 
are convenient for this purpose ; each was studied 
over the temperature range between 60°C and 
—35°C. The temperature of the substance was 
measured with a copper-constantan thermo- 
couple brought into the sample a short distance 
away from the r-f coil. The temperature of the 
whole enclosure containing the coil and sample 
was established by circulating a suitable fluid at 
a controllable rate. The temperature of the 


TaBLE I, Relaxation time 7), for protons in various 
hydrocarbons at 20°C and 29 Mc/sec. 


703 


sample could be held constant within 0.5° while 
data for a saturation curve were taken. The 
viscosity values were taken from Landolt- 
Bornstein, Phystkalish-Chemische Tabellen. 

The results obtained with ethy! alcohol at two 
frequencies are shown in Fig. 12, in the form of 
a logarithmic plot of the relaxation time 7, 
against the ratio of the viscosity to the absolute 
temperature, »/7T. According to our theory re, 
and hence (1/7), so long as 27vr.<1, should be 
proportional to »/7, as indicated by the line 
drawn on the graph with slope —1. Moreover, 
the relaxation time should be independent of », 
the radiofrequency. Both predictions are con- 
firmed by the experimental results. 

A much wider range in »/T is accessible with 
a pure glycerine sample. Glycerine, as is well 
known, ordinarily becomes super-cooled down 
to temperatures far below its freezing point of 
18°C, and at the lowest temperatures prevailing 
in the experiment the liquid was nearly glass-like. 
The glycerine results are plotted in Fig. 13 which 
includes also the results of line-width measure- 
ments in the low temperature region. The char- 
acteristic time 7: associated with the line broad- 
ening is obtained by setting yAH=2/T>, where 
AH is the observed interval in gauss between 
points of maximum slope on the absorption 
curve. This procedure, as explained earlier, 
would be correct for a Gaussian line shape. 

In the region of low viscosity the 7; values for 
glycerine display the behavior encountered in 
alcohol, namely, inverse proportionality between 
T, and »/T, and independence of 7; and ». The 
new feature is the minimum in 7}, followed by 
increasing 7, as » continues to increase. The 
inverse line-width 72, on the other hand, de- 
creases monotonically in the region where it could 
be measured, with perhaps a slight tendency to 
flatten off at the highest 7/7 values. The curves 


TABLE II, Relaxation time 7}, for protons in various polar 
liquids at 20°C and 29 Mc/sec. 








Viscosity 
(centipoises) 


Viscosity 
(centipoises) 





0.48 
0.79 


Petroleum ether 
Ligroin 

Kerosene 

Light machine oil 
Heavy machine oil 
Mineral oil 


Diethyl ether 0.25 
Water 

Ethyl alcohol 

Acetic acid 

Sulfuric acid 

Glycerine 
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Fic. 11. Relaxation time for protons in water-glycerin 
solutions, measured at 29 Mc/sec. 


drawn on the graph are based on the theory, 
which must now be applied to this more general 
case, the restriction 27vr,.1 being lifted. 

The discussion will be simplified by the 
assumption that 7,., at a given temperature, is 
the same for all sources of the local field. We 
write Eq. (46) in the form: 


(51) 


1 Te 2r. 
== C4] — yaaa | 
T\ 1+w?r,? 1+4w?r,? 


where C; includes the factors which are inde- 
pendent of the temperature and frequency. (The 
variation of 6 and a with temperature is a 
negligible effect.) The asymptotic behavior of 7; 
is simple: for wr-K1, (1/71) ~3Cir-; for wr->1, 
(1/71) ~3C,/(2w*r.). In the intermediate region 
a minimum in 7; occurs for wr.=1/v2, with 
Ti (min) = 3w/(2'!C,). If we may assume that r, is 
proportional to 7/7, the shape of the curve 
log7; vs. log(»/T) should be the same for all 
substances to which the theory applies; changes 
in C,; or in the factor connecting +r, and »/T 
merely shift the curve. Two such curves have 
been drawn on the graph in Fig. 13. 

The salient features of the experimental results 
are well reproduced, although there are quanti- 
tative discrepancies. The horizontal shift of the 
minimum is somewhat less than the ratio of the 
frequencies, and the experimental minimum is 
flatter than predicted. This may be blamed in 
part upon experimental inaccuracy, but it must 
be remembered that Eq. (51) neglects the varia- 
tion in +. among the neighbors. As we saw 
earlier, a proper treatment of the neighbors intro- 
duces a distribution of relaxation times, which 
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Fic. 12. Relaxation time for protons in ethyl alcohol, 
measured at 29 Mc/sec. and at 4.8 Mc/sec. 


would have the effect of flattening the minimum 
in the 7; curve. 

To discuss the line-width parameter, 72, we 
go back to Eq. (35) which determines 7,’ and 
insert for Jo(v), (4/56%)27./(1+w*r.2). We thus 
obtain, making use of the constant C, of Eq. (51), 


(1/T2!)? =(3/m)C; tan“(2r,/T2’). (52) 


For sufficiently large values of r., T2’ attains the 
value (2/3C;)!, which is identical with 7%’’, the 
time characterizing the spin-spin coupling in the 
rigid lattice. When r+, is small, we have, from 
(52), (1/72’) ~(6/r)Cir.. The dashed line in 
Fig. 13 has been drawn according to this relation 
in a region in which the contribution of (1/7)) 
to the line width is negligible. The agreement 
with experiment is satisfactory. 

To the left of the minimum in 7, we should 
have (1/7:)=3Cir- so that in this region, 
according to Eq. (38), 


(1/T2) = (2/)*(1/T2’) + (1/271) 
=3C,r{ (2/r)!+4]=1.01/7;. (53) 


This result signifies only that 7, and 7» are 
approximately equal when 2rvr-<1. 

The general features of the simplified theory 
are presented in Fig. 14. The 7, curve is located 
by the value of 7”, which depends on the 
spin-spin interaction in the “frozen” substance, 
according to Eq. (25). The break between the 
sloping and the horizontal part of the 7: curve 
occurs near t,.=7+2'’/v2, according to (52). The 
minimum in the 7, curve is located by wr. =1/v?2, 
and thus both curves are fixed. That the transi- 
tion regions occupy, in most cases, rather small 
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ranges on the logarithmic plot is a consequence 
of the weakness of the spin-spin interaction 
compared to yHoh. 

We can now understand why the true line 
width in many liquids is unobservably small. 
The rapid fluctuations in the perturbing fields 
very nearly average out; the intensity in the 
local field spectrum is no greater at y=0 than it 
is at v=vo, resulting in the near equality of T; 
and T: to the left of the 7; minimum. But if 7, 
is of the order of one second, as 7; is in many 
cases, the corresponding line width is of the 
order of 10-* gauss. To observe this width, the 
applied field Ho would have to be homogeneous 
over the sample to less than 1 part in 10°. 

As te increases the line width increases, 
eventually becoming observable and finally at- 
taining its asymptotic value. A striking qualita- 
tive demonstration of this effect is obtained by 
allowing molten paraffin to solidify in the sample 
tube while observing the proton resonance on 
the oscilloscope. If the field is reasonably homo- 
geneous, a pronounced broadening of the line is 
observed when the paraffin freezes. 
















XII. RELAXATION TIME AND LINE WIDTH IN 
SOLUTIONS CONTAINING PARA- 
MAGNETIC IONS 







The addition of paramagnetic ions to water, 
as was first shown by Bloch, Hansen, and 
Packard,* can influence markedly the proton 
relaxation time. The magnetic moment of such 
an ion is of the order of one Bohr magneton, and 
the interaction energy jionu,/r* is thus some 10° 
times larger than that of the interactions previ- 
ously considered. Nevertheless, the discussion of 
the last section can be adapted to this case 
without much modification. The problem is 
essentially that treated in estimating the effect 
of the neighboring molecules. The appropriate 
value of 7, is determined in the same way, with 
one possible exception to be mentioned later, 
and will not be much different in magnitude, so 
that we again have 2rvr.«1. Equation (50), 
adapted to this case, then reads: 


(1/71) = 2ay* pets? Nion/SaD 
= 129° y79N ionttett?/SRT. 

















(54) 





In general, the value of per? can be determined 
from data on paramagnetic susceptibility. Stokes’ 
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relation has again been used to express aD in 
terms of »/kT; any difference between the 
mobility of an ion and that of a water molecule 
is thereby neglected. Nion is the number of ions 
per cm*®, 

According to Eq. (54) the relaxation time 
should be inversely proportional to the ionic 
concentration and to the square of the magnetic 
moment of the paramagnetic ion. The experi- 
mental results presented in Fig. 15 confirm the 
first prediction, except for a marked and unex- 
plained deviation at very low concentrations. 

The predicted proportionality between (1/7) 
and per? is tested by the data in Table III. The 
values of ere in the middle column were derived 
from measurements of Z; in paramagnetic solu- 
tions of known concentration by assuming arbi- 
trarily the value 2.0 Bohr magnetons for Cut*. 
These numbers are to be compared with the last 
column which contains the values of pers derived 
from susceptibility measurements. It is not sur- 
prising that in the cases of Ni**, Cot**, and 
Fe(CN)¢—— the pers obtained from the nuclear 
relaxation measurements is too small, for there 
are important contributions from non-diagonal 
elements to the magnetic moment of these ions.”* 
Indeed, Cot++ and Fe(CN)s— show strong 
deviations from Curie’s law. Non-diagonal ele- 
ments would give rise to high frequency pertur- 
bations which would be ineffective in producing 
nuclear relaxation. 
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Fic. 13. The relaxation time 7; and the line-width 
parameter 7:, plotted against the ratio of viscosity to 
absolute temperature, for glycerin. 


%G,. J. Gorter, Paramagnetic Relaxation (Elsevier Pub- 
lishing Company, Inc., New York, 1947), p. 4. Also, J. H. 
Van Vleck, Electric and Magnetic Susceptibilities (Oxford 


University Press, New York, 1932), Chapter XI. 
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Fic. 14. Dependence of 7; and 7; upon re, according to 
the simplified theory in which all interactions are assumed 
to have the same correlation time. 


The magnitude of 7; as predicted by Eq. (54) 
agrees well with experiment. In the case of Fe+++, 
for example, Eq. (54) with 7=0.01, pion =5.9 
Bohr magnetons, yields 7,;=0.08 second, for a 
concentration of 10'8/cm*. The value observed 
at this concentration is 0.06 second. Such close 
agreement must be regarded as accidental. 

An effect which has not been taken into 
account in the above discussion is the relaxation 
of the electron spins (i.e., paramagnetic relaxa- 
tion) which may in some cases limit the value of 
te. Paramagnetic relaxation times as short as 
10-* second have been’ observed in crystals at 
room temperature.** Some measurements of 
paramagnetic dispersion in solutions, reported 
by Zavoisky,”* indicate relaxation times of the 
order of 10-* to 10-® second. In applying Eq. 
(54) we have tacitly assumed that the para- 
magnetic relaxation time, under the conditions 
of our experiment was not much shorter than 
10-" second. It will be interesting to examine 
nuclear relaxation induced by paramagnetic ions 
under conditions for which the characteristic 
time rt. due to thermal motion is quite long. 
The actual +r, may then be determined by the 
paramagnetic relaxation effect. 

The line width in paramagnetic solutions is of 


*R. L. Cummerow, D. Halliday, and G. E. Moore, 


Phys. Rev. 72, 1233 (1947). 
* E. Zavoisky, J. Phys. USSR 9, 211 (1945). 
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particular interest, for the extremely short spin- 
lattice relaxation time observed in concentrated 
solutions permits a test of the relation between 
T, and T>:. As we have seen, the theory predicts 
that 7, and 72 should be about equal when 
2xvr-K1. That this is indeed the case can be 
seen by comparing Fig. 15 with Fig. 16, which 
gives the measured line width, expressed jn 
terms of 7:2, for highly concentrated Fe+++ 
solutions. 


XIII. NUCLEAR RELAXATION EXPERIMENTS 
INVOLVING F*, Li’, AND D? 


Several additional experiments on liquids will 
be reported briefly. The resonances of both H! 
and F!* were studied in the liquid CHFCh, a 
“Freon,”’ which was condensed in a glass tube 
and sealed off. Both lines were narrow and the 
intensities were nearly equal, as would be ex- 
pected. (The spin of F!’ is 3, and its gyromagnetic 
ratio only a few percent less than that of the 
proton.) The measured relaxation times were 
3.0 sec. and 2.6 sec. for H' and F"®, respectively. 
According to the theory these times should be 
equal, for the dominant effect should be the 
H'!—F’® interaction within the molecule, and 
the product yux'*yr'* occurs in the generalized 
form of Eq. (34) in either case. Within the 
experimental error this is confirmed. 

The compound BeF, combines with water in 
any proportion. The behavior of both the proton 
and the fluorine resonances in BeF2-xH2,O was 
found to resemble that of the proton resonance 
in glycerine. With increasing viscosity (decreas- 
ing x) 7, decreases to a minimum value of about 
10-* second, thereafter increasing to a final value 
of 0.2 second in pure BeF2, an amorphous glassy 
solid. The line width meanwhile increases from 
an unobservably small value to approximately 
10 gauss in the anhydrous solid. 

The resonance absorption of Li? was examined 
at 14.5 Mc/sec. in solutions of LiCl and LiNQs, 
with the results given in Table IV. The addition 
of paramagnetic ions affects the proton relaxation 
time more drastically than it does that of Li’, 
which is probably to be explained by the mutual 
repulsion of the positive ions, or by the existence 
of a “shield” of hydration around the Li ion. 
In the absence of paramagnetic ions the lithium 
relaxation time exceeds that of the protons, but 
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not by as large a factor as the simplified theory 
would predict. This may be attributable to the 
effect of nuclear quadrupole interaction, a phe- 
nomenon which is much more conspicuous in 
the following example. 

The deuteron and proton resonances were 
examined, at the same frequency, in a sample of 
50 percent heavy water. The relaxation times 
observed for D? and H! were 0.5 and 3.0 sec., 
respectively. Contrary to what would be expected 
from the ratio of the magnetic moments, the 
deuteron relaxation time is the shorter. However, 
the interaction of the electric quadrupole mo- 
ment of the deuteron with a fluctuating inhomo- 
geneous electric field can bring about thermal 
relaxation. We omit the analysis of this process, 
which parallels closely the treatment of dipole- 
dipole interaction, and point out only that the 
interaction energy, in order of magnitude, is 
eQ(08,/dz), where Q is the nuclear quadrupole 
moment in cm?; this is to be compared with 
pHioc. If the fluctuation spectrum of 0&,/d2 is 
assumed similar to that of Hoc, the observed 
value of 7, for the deuteron in our experiment 
can be accounted for by assuming a reasonable 
value of 0&,/dz in the D,O or HDO molecule. 4 {4 
The quadrupole interaction is probably less 
effective in the case of the lithium ion because 
the immediate surroundings of the ion are 
electrically more symmetrical. 


XIV. NUCLEAR RELAXATION IN HYDROGEN GAS 


We have reported earlier** the observation of 
nuclear resonance absorption in hydrogen gas at 
room temperature, at pressures between 10 and 
30 atmospheres. The low density of nuclei 
severely limited the accuracy of measurement, 
but it was possible to ascertain that the relaxa- 
tion time at 10 atmospheres was approximately 
0.015 second. 7; appeared to increase with 
increasing pressure. The width of the line was 
less than 0.15 gauss. 

The interpretation of these results is closely 
related to our theory of relaxation in liquids. 
In each case the key to the problem is the 
observation that the local field fluctuates at a 


one of the 


777A treatment of relaxation by quedrepele coupling 
Vv 


will be found in the Thesis to be presented 
authors (N.B.) at the University of Leiden. 

*E. M. Purcell, R. V. Pound, and N. Bloembergen, 
Phys. Rev. 70, 986 (1946). 
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_ TasLe III. Comparison of magnetic moments of ions 
inferred from nuclear relaxation measurements and from 
static susceptibility measurements. 








pett in Bohr 


m tons 
‘fe 
susceptibility 
measurements)* 


yett in Bohr 
magnetons 
(from nuclear 
relaxation 
Ion experiments) 





Ertt+ ‘ 9.4 
Fet++ 2 

Cr+++ 

Cut++ 

Ni** 

Cot+ 


Fe(CN)s- ~~ 








* The numbers in this column are those listed by Gorter, reference 
23, pp. 14 and 15, with the exception of the value for Fe(CN)s~~~ 
which is based on the measurements of L. C. Jackson, Proc. Phys. 
Soc. 50, 707 (1938). 


rate much higher than vo. There are two distinct 
local magnetic fields at the position of one proton 
in the Hz molecule. One arises from the rotation 
of the molecule as a whole; the other originates, 
as in the water molecule, in the magnetic mo- 
ment of the other proton in the molecule. The 
corresponding interaction energies are fairly 
large and have been accurately measured in 
molecular beam experiments?’ where the inter- 
action causes a splitting of the proton resonance 
into six components, in the lowest rotational state 
of ortho-hydrogen. The interactions involve the 
rotational quantum number J and its spatial 
quantization m,. In a gas at ordinary pressures, 
my, and, to a lesser extent, J, may be expected 
to change frequently as a result of molecular 
collisions. If m,; were to change with each colli- 
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Fic. 15. Relaxation time 7:1, for solutions of paramagnetic 
ions, measured at 29 Mc/sec. 


27 J. M. B. Kellogg, I. I. Rabi, N. F. Ramsey, and J. R. 
Zacharias, Phys. Rev. 57, 677 (1940). 
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TABLE IV. 








Relaxation time 
in sec. 


gram atom H 
for H! 


Substance gram atom Li/ for Li’ 


LiCl+H:0 5.8 1.75 0.4 
LiNO,;+H;,0 14 2.7 1.1 
LiNO;+H:0+Fe(NO;); 8 0.11 0.0023 
LiCl+H:0+CrCl; 6.5 0.24 0.0095 
LiCl+H:0+CuS0, 6.6 0.18 0.013 











sion the correlation time for the local fields 
would be the mean time between collisions, which 
in hydrogen at 10 atmospheres is approximately 
10 second. The situation is thus similar to 
that in a liquid of low viscosity, in that 2rv7.<1. 
We should therefore be prepared to find (a) that 
T,«1/7r.; (b) that 7; and 7, are about equal, 
and very much larger than the reciprocal of the 
frequency splitting observed in the molecular 
beam experiment. Since we have identified r, 
with the time between collisions, 7; should 
increase with increasing pressure, as observed. 
The implication of (b) is that the line should be 
very narrow, as observed, and that the line 
width should vary inversely with the pressure. 
This last effect would have been masked by 
inhomogeneities in the magnetic field, but the 
experimental results on closely analogous cases 
in liquids leave little room for doubt that 
‘pressure narrowing”’ can occur. 

The effect of the magnetic fields associated 
with neighboring molecules is negligible except 
at extremely high pressures, and in this respect 
the theoretical analysis is less uncertain than it 
was in the case of the liquids. We omit the 
derivation and present only the result, which was 





0 





| 

| 

10° 10 
NUMBER OF IONS /cc 











2 1022 


Fic. 16. The line-width parameter 72, determined from 
measurements of line width in solutions containing a high 
concentration of ferric_ions. 
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first obtained by J. S. Schwinger, and can be 
reached by a process similar to that followed jp 
Section VII. 


1 1 
—= dre] HII+ 1) 
T 3 


J(J+1) 
+3H""* — | (55) 
(2J —1)(2J+3) 





The field at one proton due to the molecular 
rotation is specified by means of the constant ’ 
in Eq. (55), which has the value 27 gauss.” 
H” is a measure of the field at one proton due 
to the other and has the value 34 gauss. At 
room temperature we have to do mainly with 
the state J=1; molecules with J=0, 2, etc, 
(para-hydrogen) are, of course, inert in the 
experiment. Identifying +r. with the mean time 
between collisions calculated from gas kinetic 
data we find, using Eq. (55), 71=0.03 seconds, 
at 10 atmospheres, in satisfactory agreement 
with experiment. The theoretical value will be 
reduced if my does not change in every collision, 
as assumed. 


XV. NUCLEAR RELAXATION IN ICE 


The process which we have invoked to explain 
nuclear relaxation in liquids has no counterpart 
in an ideal crystal. Nevertheless, many solids 
show evidence, in the form of specific heat 
anomalies or dielectric dispersion, of internal 
degrees of freedom other than vibration. We 
shall discuss only one example, which we have 
studied experimentally in some detail, that of ice. 

Ice shows a marked dielectric dispersion at 
rather low frequencies. The residual entropy of 
ice also provides evidence for internal freedom 
which has been attributed** to the two available 
positions for the proton in the O—H—O bond. 
Without inquiring into the connection between 
these two phenomena, or into the details of the 
internal motion, we might assume that our 
parameter r, is proportional to the Debye char- 
acteristic time tp, deduced from dielectric dis- 
persion data. The nuclear relaxation data for 
protons in ice have been plotted against rp in 
Figs. 17 and 18, the value of rp for each temper- 


*% Linus Pauling, The Nature of the Chemical Bond 
— University Press, Ithaca, New York, 1940), p. 
2 ff. 
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Fic. 17. Proton relaxation time in ice, plotted against 
the Debye relaxation time derived from dielectric dis- 


persion data. 


ature having been taken from the measurements 
of Wintsch.”* Figure 17 shows 7; for ice, in the 
temperature range —2°C to —40°C. It is clear 
that we have to do with the ascending branch 
of the typical 7; curve, and that the assumption 
te=Tp was not a bad one. The line width 
increases as the temperature is lowered, as shown 
by the results plotted in Fig. 18. The curve in 
Fig. 18 was calculated by means of Eq. (52). 
It appears that 7: is approaching, at the lowest 
temperatures, its asymptotic value. The limit 
approached by the line width is indicated as 
about 16 gauss, which is in good agreement with 
the value calculated from the crystal structure 
of ice, assuming the nuclei at rest. 

It is interesting to note that although the 
relaxation time 7), for water at 20°C, is about 
equal to that of ice at —5°C, the two cases 
represent opposite extremes of behavior. In water 
2xvr-K1, and the line is narrow; in ice 2rv7r>1, 
and the line is broad. 


XVI. CONCLUDING REMARKS 


We have been able to account for the line 
widths and spin-lattice relaxation times observed 
in a number of liquids, in paramagnetic solutions, 
in hydrogen gas, and in ice. In particular, the 
extremely small width of the resonance line in 
ordinary liquids, and the accompanying inverse 
dependence of 7; upon the viscosity of the 
liquid, appear as consequences of a situation in 
which all perturbing fields fluctuate in a random 
manner at a rate much higher than the nuclear 
Larmor frequency—a situation without an obvi- 
ous parallel in atomic or molecular spectroscopy. 
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Fic. 18. 7; for ice, plotted against the Debye 
relaxation time. 
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The quantitative agreement is as good as we 
could have expected in view of the simplifying 
assumptions which were necessary in applying 
the theory to a particular substance, and the 
considerable uncertainty in the absolute magni- 
tude of the experimental relaxation times. Not 
all of the features of the theory are thereby 
tested; for example, we cannot infer from the 
experimental data on water the relative magni- 
tude of the inter- and intramolecular effects 
which were treated separately in Section X. 
Possibly with improvements in the accuracy of 
measurement of relaxation times such points 
could be tested. On the other hand, further 
refinement of the theory, in the direction of a 
more faithful representation of the molecule and 
its immediate environment, would appear to be 
neither easy nor, at present, very profitable, 
except perhaps in the case of a structure like 
that of ice which is well determined. 

Since rotational and translational degrees of 
freedom play such an important role in deter- 
mining line widths and relaxation times, the 
study of nuclear resonances provides another 
means for investigating those phenomena in 
solids which have been ascribed to the onset, or 
cessation, of a particular type of internal motion. 
Experiments of this sort have already been 
reported by Bitter and collaborators.” 

An understanding of the factors controlling 
T, and 7: should be helpful in planning experi- 
ments to detect nuclear resonances and to meas- 
ure nuclear gyromagnetic ratios. Both 7, and 

2” F. Bitter, N. L. Alpert, H. L. Poss, C. G. Lehr, and 


S. T. Lin, Phys. Rev. 71, 738 (1947); N. L. Alpert, Phys. 
Rev. 72, 637 (1947). 
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T2 must be taken into account in estimating 
the sensitivity attainable. 

Finally, we want to emphasize that our 
understanding of the main features of the spin- 
lattice relaxation process does not extend to 
tightly bound crystalline structures in which, 
presumably, only vibrational degrees of freedom 
are active. We have observed in a fluorite crystal 
at room temperature a relaxation time of about 
9 seconds. This alone is surprising, for the Waller 
theory applied to this case predicts a relaxation 
time of the order of one hour. A more remarkable 
result is that reported by Rollin and Hatton,5 
who find that the relaxation time in lithium 
fluoride remains of the order of seconds down 
to 2°K. 
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APPENDIX 


The intensity of the radiofrequency signal 
resulting from nuclear paramagnetic resonance 
absorption varies over a very wide range de- 
pending on the various parameters descriptive 
of the sample. For a large signal such as that 
produced by the protons in water, little attention 
need be given to the detection technique. Other 
samples often require extreme care lest a very 
small signal be lost in noise. To see what experi- 
mental conditions are imposed by the nature of 
the sample it is useful to develop a formula that 
expresses the signal-to-noise ratio as a function 
of the parameters descriptive of the apparatus 
and of the sample. 

It might be well to point out that, though 
here we work entirely with the nuclear absorp- 
tion, the detectability of the nuclear dispersion, 
observed with an apparatus of the bridge type 
when the residual signal is due to a phase 
unbalance, is almost exactly the same. As shown 
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by Bloch,® the main difference between the two 
effects is that the signal caused by the dispersion 
effect increases asymptotically to a maximum 
as the r-f field H, is increased, whereas for the 
signal caused by the absorption there is an 
optimum value for H;. As a result, one of the 
effects may be the more useful for some purposes 
and the other for others. For conducting a search 
for unknown lines, an apparatus using the dis. 
persion effect might be best since the search 
need not be made to cover a range of values of 
r-f field strength and modulation amplitude, For 
investigating line shape and relaxation phe- 
nomena the absorption effect gives results that 
are probably easier to interpret. 

In all experimental arrangements so far em- 
ployed the sample is contained in a resonant 
circuit, most often in the coil of a shunt resonant 
coil and condenser. In Section I it was shown 
that a quantity, called there the Q of the ab- 
sorption, was given by 


1/Q=8=y'h*Nol(I+1)r0Ts*/3kT. (56) 


This quantity is the ratio of the energy lost per 
radian from the r-f field to the system of nuclear 
spins to the energy stored in the oscillating r-f 
field. Thus it is the same kind of a quantity as 
the ordinary Q used as a figure of merit for 
simple coils and condensers. The effect of the 
nuclear resonance on the circuit is, then, to 
reduce the Q of the circuit from Qp to a value Q, 
given by 


1/0,=(1/Qo) +6. (57) 


The quantity ¢ is a filling factor for the circuit 
determined by the fraction of the total r-f 
magnetic energy that is actually stored in the 
space occupied by the sample. 

To obtain the largest signal for detection with 
a circuit of a given Q, it is now apparent that the 
addition of the loss attributable to 6 should 
produce the largest possible change in the voltage 
across the tuned circuit. This is achieved when 
the generator driving the circuit is of the constant 
current type, or, in other words, if the generator 
has a very high internal impedance compared to 
the impedance of the tuned circuit at resonance. 
To achieve this the very small coupling con- 
densers are used on the input sides of the circuits 
described in Section II. 
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Consider the use of a modulated magnetic field. 
At times when the field is such that the nuclear 
resonance does not occur the voltage across the 
resonant circuit is proportional to Qo. At the 
peak of the resonance, the voltage is proportional 
to Q, which, since 6 is very small compared to 
1/Qo, may be written 


Q,=Qo(1 —£6Qo). 


The resulting modulated voltage may be ex- 
panded in Fourier series if the shape of the 
absorption line is known, the signal indicating 
the presence of nuclear absorption being con- 
tained in the sidebands. For observation of the 
effect on an oscillograph all of these should be 
taken into account but for a system using the 
“lock-in” amplifier, sensitive only in the imme- 
diate neighborhood of a single frequency, only a 
single pair of sidebands differing in frequency 
from the driving frequency by just the modula- 
tion frequency need be considered. The signal- 
to-noise ratio computed from these also gives an 
estimate of the usefulness of an oscillograph as 
an indicator, if the noise bandwidth of the 
system is suitably chosen. 

The voltage across the tuned circuit may be 
considered to be given by 


E=(2RP»)*[coswot + 4A £6Qo cos(wot+wm)t 
4AfL5Q COS(wo—wm)t |, 


where R is the shunt resistance of the resonant 
circuit, Po is the power dissipated in the resonant 
circuit, wo is 2x times the radiofrequency, wm» is 
2x times the modulation frequency, and A is a 
constant, of the order of unity, that depends on 
the exact shape of the line, the amount of the 
modulation swing and the shape of the modu- 
lating wave. Since this voltage is for the unloaded 
circuit, the power available as a signal in the 
sidebands is 


P,=P(As6Qo)*/32. (58) 


It follows from the analysis, in Section IV, of 
the saturation effect that there is an optimum 
strength of the driving signal field #7;, given by 


(yH,)°T\ 2* =1. (59) 


For this magnitude of the driving signal the 
value of 6 is reduced to one-half its value in 
Eq. (56) because of partial saturation. Remem- 
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bering that H, is one-half the amplitude of the 
oscillating field, Eq. (59) may be used to compute 
the optimum value for Po, giving 


Po=woV./2ry*TiT2*Qo, (60) 


where V, is an effective volume for the part of 
the circuit in which magnetic energy is stored. 
For a simple solenoid this is very nearly the 
volume inside the coil, since the field outside is 
weak, and the energy is proportional to the 
square of the field. This equation may be put 
into many other forms. One useful form is 


P,=HAio2 V./2QoT1, 


where H; is the full width in gauss of the ab- 
sorption line between points of half the peak 
absorption, assuming the damped-oscillator line 
shape. This shows that for lines having widths 
determined by inhomogeneity in the magnetic 
field, the input power required to produce satu- 
ration depends on none of the properties of the 
sample except 7). Putting Eq. (60) into Eq. (58) 
for Py and using one-half the value of 6 given by 
Eq. (56), one gets, for the total signal power 
available, 


P,= VQ AS) Noy*vFT2* 
x [I(T+1) P/11827,(kT)?. 


If the detection apparatus is described by an 
effective noise band width 2B (B being the 
band width at the indicating instrument) and 
an effective over-all noise figure,® F, the resulting 
signal-to-noise power ratio is 


P,/Pr=VQo(Al)P*h Ney riT * 
X (1(1+1) P/2304(kT)*(RTBF)T;. (61) 


The two factors containing kT are kept separate 
to emphasize that the noise figure of the detector 
is not independent of the temperature. If F is 
large, most of the noise originates in the appa- 
ratus and not in the circuit connected to its 
input terminals. 

In most cases the output indicator will respond 
linearly to the signal and noise amplitudes and, 
thus, the ratio of the response to the absorption 
line to the r.m.s. noise fluctuation is 


A /A a= VAQ A th? Noyvo'T "I 
X ([+1)/48kT(RTBF)'T;'. (62) 


* H. T. Friis, Proc. 1.R.E. 32, 419 (1944). 
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To demonstrate completely the dependence on 
the frequency and on the dimensions of the 
circuit an empirical relation showing the de- 
pendence of Q» on these quantities may be 
inserted. Thus 

Qo = 0.037 0 V.', (63) 


where vo is to be measured in c.p.s. and V, in 

cm*® may be used. The numerical constant is 

based on experimental values of Q for coils of 

about 1-cm* volume in the region of 30 Mc/sec. 

Often the frequency of operation is determined 

by the magnetic field available. In such a case, 
using Eq. (63) for Qo, Eq. (62) becomes 


A./An1.62 X10“*V S Ah? Noy"*H "4 
xX T281([+1)/kT(RTBF)*T}3. (64) 


Observe that the signal-to-noise amplitude ratio 
is proportional to y'""‘, for a given field, concen- 
tration, volume of the circuit, filling factor for 
the circuit, and ratio of 7,/T;*. The quantity 
V.£No is the total number of nuclei present. 
Thus Eq. (64) shows that the signal-to-noise 
ratio is inversely proportional to V,* for a given 
number of nuclei and for all the other quantities 
constant. This favors as high a concentration as 
possible. Note, however, that if the sample is a 
crystal with a rigid lattice so that 7;* is deter- 
mined by the static dipole-dipole coupling, it is 
preferable to have the nuclei spread out. In this 
event, the signal-to-noise ratio is proportional 
to V,!/*, ¢ and the total number of nuclei in the 
sample being held constant. This is true only if, 
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as the concentration is reduced, interactions 
other than the spin-spin interaction among the 
nuclei under investigation remain negligible, 

The signals produced by the nuclei in liquids 
if the relaxation time 7; can be made so short 
as to be an important contributant to the line 
width, are particularly strong. This condition 
can be obtained by the use of solutions cop. 
taining paramagnetic ions to shorten 7, suff. 
ciently to make 7,*/7,~1. For this case, Eq. 
(64) may be written as, 


A,/An@=1.2X10-*°N Ho" !4y""4 
X (I+1)/VABI"4, (65) 


where y» is the magnetic moment in nuclear 
magnetons. This gives a signal-to-noise ratio of 
1.4 10° for the protons in a 1-cm* water sample 
with a magnetic field of 15,000 gauss and a band 
width of 1 c.p.s. Thus even with an oscillograph 
and a high modulation frequency, requiring a 
noise band width of perhaps 5 kc/sec., a signal 
of the order of 2X10‘ times the r.m.s. amplitude 
of noise may be expected. On the other hand, 
a 1-molar solution of nuclei having magnetic 
moments of 0.1 nuclear magnetons produces a 
signal-to-noise ratio of only about 1.3 when a 
1-cm* sample in a 15,000-gauss field is used with 
an apparatus having a 1-c.p.s. band width. For 
this magnetic field, band width, and volume of 
circuit, about 10° nuclei having spins of } and 
magnetic moments of one nuclear magneton 
would be required to give a signal equal to noise. 
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Structure of the Inversion Spectrum of Ammonia* 


James W. Simmons AND WALTER GorDY 
Department of Physics, Duke University, Durham, North Carolina 


(Received December 1, 1947) 


Measurements of the fine structure in the ammonia inversion spectrum have been extended 
into the millimeter wave region to the 16,16 line at 39941 mc/sec. The relative intensities and 
positions of the lines are compared with calculated values. The hyperfine structures of 15 lines 
have been measured. A systematic disagreement is shown to exist between the theoretical and 
observed separations of the hyperfine components. There is good agreement between the 
observed and calculated intensities of the hyperfine structure. 





1, INTRODUCTION 


INCE the first reporting of the fine structure 

in the inversion spectrum of ammonia by 
Bleaney and Penrose! and by Good,? several ob- 
servers have made measurements on this mole- 
cule in the region 20,000 mc/sec. to 26,000 
mc/sec. The hyperfine structure in the inversion 
spectrum was first detected by Good.? The 
formula for predicting the energy of interaction 
of the nuclear quadrupole moment with the 
molecular field has been given by Coles and 
Good’ and also by Dailey, Kyhl, Strandberg, 
Van Vleck, and Wilson.‘ More recently it has 
been derived by Jauch,® who also gives a theo- 
retical treatment of the Stark effect. The 
spacings of the hyperfine structures for the 1,1; 
2,2; 3,3; and 4,4 lines have been measured by 
Dailey et al.,4 and have been remeasured by 
Watts and Williams,* who extended the measure- 
ments to the 6,6 line. 

The present work extends the observation 
into the millimeter wave region of the microwave 
spectrum, to the 16,16 line at 39,941 mc/sec. and 
extends the measurements of the hyperfine 
structures to include fifteen lines. Both the 
relative intensities and the frequencies of the 
different lines, including the hyperfine compon- 


* The research described in this report was supported 
by Contract No. W-28-099-ac125 with the Army Air 
Forces, Watson Laboratories, Air Materiel Command. 

1B. Bleaney and R. P. Penrose, Nature 157, 339 (1946). 

* W. E. Good, Phys. Rev. 70, 213 (1946). 

* D. K. Coles and W. E. Good, Phys. Rev. 70, 679 (1946). 

*B. P. Dailey, R. L. Kyhl, M. W. P. Strandberg, J. H. 
pa _ and E. B. Wilson, Jr., Phys. Rev. 70, 984 

‘J. M. Jauch, Phys. Rev. 72, 715 (1947). 

1947) J. Watts and D. Williams, Phys. Rev. 72, 263 
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ents, have been computed and compared with 
the observed values. 


2. EXPERIMENTAL PROCEDURE 


The observations were made with a single 
crystal detector employing a filter as described 
by Gordy and Kessler.? The positions of the 
lines of the fine structure were measured with 
multiples of the standard frequencies broad- 
cast by WWV. The hyperfine structure was 
measured by frequency modulation of the micro- 
wave oscillator so as to produce moveable images 
of the main line, following the method used by 
Dailey, Strandberg et al.4 The signal generator 
used to produce the images of the hyperfine 
structure was also calibrated with WWV. 


3. FINE STRUCTURE 
Frequencies 


The frequencies of the new lines observed are 
given in Table I, beginning with the line for J=8. 
It has been found that these vary widely from 
those predicted by the various equations for line 
positions given in previous reports.***® An 
attempt has been made to adjust the constants 
in the equation as given by Good? in order to 
obtain a better fit. The resulting expression is: 


v(mc/sec.) = 23,787 —151.3)(J+1) 
+211.0K?+0.5503J7(J+1)? 
—1.531)(J+1)K?+1.055,K‘. 


The r.m.s. deviation predicted from observed 
frequencies for all fine structure lines so far 


7™W. Gordy and M. Kessler, Phys. Rev. 71, 640 (1947). 

®C. H. Townes, Phys. Rev. 70, 665 (1946). 

*M. W. P. Strandberg, R. Kyhl, T. Wentink, Jr., and 
R. E. Hillger, Phys. Rev. 71, 326 (1947); 71, 639 (1947). 
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TABLE I, Frequencies and relative intensities of N“H; 
absorption lines (7 =297°K). 








Relative intensities 
Calculated Observed 

main main 
main line main line 
line and line and 
only only satellites 


10.0 
30.6 
89.3 
49.9 
47.9 


satellites 


19.9 15. 
38.5 
100 
53.4 
50.2 
85.5 


w 
a) 


» (mc/sec.) 


23694.49* 
23722.63 
23870.13 
24139.41 
24532.98 
25056.02 82.8 
25715.17 32.4 
26518.91** > 
27478.00 

28604.73 

29914.66 

31424.97 
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* Frequencies of lines with J =1 through J =7 are as given by Good 


and Coles. 
** Limit of error in frequencies of lines with J=8 and higher is 
+0.10 mc/sec, except for the 16,16 line for which it is 0.30 mc/sec. 


observed is about 26 mc/sec. Although the agree- 
ment is fairly good, still higher order terms must 
be included in order to obtain agreement within 
the range of possible error in the frequencies. In 
calculating this deviation, allowance has been 
made for the shift of the lines of K =3 from their 
normal positions as reported by Strandberg et al.° 
and treated theoretically by Nielsen and Den- 
nison.!® When the observed frequencies are cor- 


TABLE II. The satellite separations and nuclear 5 ay 
coupling coefficients in the inversion spectrum of NH3;.* 








eQ(?V /d2*) 

cale. calc. 

from from 
Av 


e 
t 
t 





5 
a a 
38 


Big] 
£3 


38 


oo 
—) 


ot 


OrNNuU- 
f=} 
= 

ao 


5 


eeecosoes 
= i) 
SaaSe= 
— ee 
ono 


! 
ba be bo 
~~ 
NN 
On 
eooo 
— kd hed 


= SSONNNNN ERR 
esoscssssoeso 


i} 

= 

a 
aalauhaghaniadlanlenl had of ott d <) 


PIOD Mm Nis 
NNW eet 
IR AwDOM aS 
adh edad ed gl al el sad seals 
to - > me 
S3SSS82R23ER 

PT elelelet-tototeto 

ot oh ta ook oo ow, 
=NNORICOM 


22°09 
ooo 
S288 


tt4343 


NOU CONAUR wm | 
SESRR 


PNIAMENOBNAUR Wie | Q 


ess 
ooo 
=n 
CONS 
we 








SIMMONS AND W. GORDY 


rected for these shifts, the curves of difference 
between observed and predicted line frequencies 
are very smooth. In addition, no apparent shif; 
from a smooth curve of lines for which K =6 o 
higher multiples of 3 has been observed. 


Intensities 


The calculated and observed relative intep. 
sities of the new lines observed are also given jp 
Table I. In order to give an over-all picture of 
the complete inversion spectrum for the J=K 
lines, there have been included in the table the 
lines from J=1 to J=7 as previously reported 
by others.*"" The observed intensities of these 
lines, however, are as recorded in this laboratory, 
The effect of the hyperfine structure in reducing 
the height of the center line for values up to 
J=7 is also given. Above this value for J the 
satellite intensities are too small to detract 
appreciably from the center line intensity. 

The calculated values of intensities have been 
figured using the expression” 


CvK? —E(J, oe) 


I(J, K) - 


=————-£, k ex 
me of 


Here gy,x is the statistical weight of the lower 
state, being (2/+1) for K=1, 2, 4, 5, --+ and 
2(2J+1) for K =3, 6, 9, ---, since the effect of 
the nuclear spins of the three identical hydrogen 
atoms is to increase the weights of the state for 
which K is divisible by 3 by a factor of 2 over 
those for the other states. 


TABLE III. Comparison of nuclear quadrupole coupling 
coefficients calculated from ue satellite separations 
in the inversion spectrum of NH. 








€Q(8°V /ds*) (me /sec.) 
Dailey, Kyhl 
et al. 


Watts and 
Present work Williams* 


calc. calc. calc. calc. calc. calc. 
from from from from from from 
Av’ Av Ay’ Av Ay’ 


4.00 4.19 4.17 4.29 
4.04 4.10 4.14 4.20 
4.13 4.16 4.18 4.25 
4.00 4.13 4.15 4.23 


4.04 4.14, 4.16 4.24 





4.10 
4.13 
4.14 
4.15 


Av. J 4.13 





* All readings other than ratio columns are in mc/sec. 
** These columns are the standard deviations in the observed 
readings, of which approximately 16 were made on each satellite. 


10H. H. Nielsen and D. M. Dennison, Phys. Rev. 72, 
86 (1947). 


( vs » E. Good and D. K. Coles, Phys. Rev. 71, 383 
1947). 

%G. Herzberg, Infrared and Raman Spectra (D. Van 
Nostrand Company, Inc., New York, 1945), p. 421. 
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4. HYPERFINE STRUCTURES 
Frequencies 


The hyperfine structures of 15 lines of the 
ammonia spectrum have been measured under 
very high resolution. These observations revealed 
a discrepancy between the measured and the 
theoretically predicted positions of the lines. 

Table II lists the observed separations of the 
satellites from the main lines. Following the usual 
convention, the separation of the outer satellites 


SIMMONS 





AND W. GORDY 


Fic. 2. Comparison of cal. 
culated relative intensities of 
the hyperfine structure with 
that observed for the first 4 
lines with J/=K. 


is designated as Av’ and that of the inner satellites 
as Av. The nuclear quadrupole coupling factor, 
eQd*V/d2?, has been computed from each value 
of Av and Ay’, using the formula 
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where 
C=F(F+1)—-1U +1) -J(J+1), 


and 
F=J+I, J+J—-1, ---, |J-1|. 

These factors are listed in Table II. It is apparent 
that the values of eQ(d*V/dz?) determined from 
Ay are consistently lower than those from Av’ 
except for the 2,1 line and the 4,2 line. The same 
trend is also shown in another way, i.e., by a 
comparison of the observed and calculated ratios 
of Av to Av’. The apparent cause for the reversal 
of the trend in the 2,1 and 4,2 lines is the re- 
versal in the sign of the energy in these cases. 

Figure 1 illustrates the uniformity in the ob- 
served data as well as the departure of these data 
from theory. The dotted curves represent the 
theoretical values of Av and Ap’, calculated with 
the above formula using a quadrupole coupling 
coefficients of 4.08 mc/sec. which is the mean of 
the two values determined from Av and Ay’ of 
the 1,1 line. The solid curves indicate the experi- 
mentally determined values for the frequencies. 

Table III shows how our values for the coupling 
coefficients, determined from the first 4 lines, 
compare with those determined from the data of 
other groups. Though previous data were not 
sufficient to show up the disagreement of theory 
with experiment” mentioned above, the trend is 
noticeable in these data. 

Evidently there is an interaction of higher 
order which measurably affects the hyperfine 
structure of the ammonia molecule, and which 
has not been taken into consideration in the 
theory of the hyperfine structure. A possibility 
which may be suggested is that a nuclear octu- 
pole interaction occurs. However, it seems 
unlikely that there would be sufficient nuclear 
asymmetry in an atom with a nuclear spin of 
one to account for the effects in this way. Per- 
haps a more promising explanation is that there 
is a perturbation between energy levels of dif- 
ferent J but of the same total angular momentum 
quantum number F. Because of the wide separa- 
tion of the rotational levels, however, it appears 


4% Watts and Williams (reference 6), who made measure- 
ments on seven lines, state that their results are in agree- 
ment with Van Vieck’s theory within the limits of their 
experimental errors. Later Williams (Phys. Rev. 72, 974 
(1947)) reported that satellites near lines with J as high 
as 10 had been measured. Though he did not state his 
results he said they were in agreement with theory. 
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that this type of interaction would not be of the 
required magnitude. There may exist at the 
nitrogen nucleus a small magnetic field due to 
molecular rotation which could interact with the 
nuclear magnetic moment to cause the observed 
effects. We are attempting to test the various 
hypotheses. Further theoretical work is evidently 
required to explain satisfactorily the anomalous 
effects which have been found. 


Intensities 


In the previous publications no quantitative 
comparison has been made between calculated 
and observed intensities of the hyperfine struc- 
ture. In Fig. 2 the calculated and observed rela- 
tive intensities are shown for the first 4 lines 
with J=K. The relative intensities were calcu- 
lated by the methods employed in atomic spectra 
The formulae used are" 


(2F+1) 


o= -‘R°(F), for F-F, 
F( F+1) 


1 
Iz=—P(F), F—1), 
3 (F), Q( ) 
for F-(F—1) or (F+1)-F, 


where 


P(F) =(F+J)(F+J+1) -—I+1), 
Q(F) =I(I+1) —(F—J)(F-—J+1), 
R(F) = F(F+1)+J(J+1) —- (+1). 


No similar display of calculated and observed 
intensities for lines of higher / is feasible because 
of the small intensity of the satellites compared 
to that of the main line. For example, for the 
6,6 line the satellites are of about equal intensity 
and are 0.82 percent of the intensity of the main 
line. For the 9,9 line they are only 0.37 percent 
as strong as the main line. The photographs 
show that agreement between theoretical and 
observed intensities is good. The agreement 
between the observed intensities and those cal- 
culated by Jauch’s® formulae is not satisfactory.* 
In making these photographs care was taken to 
prevent saturation of the molecules with radi- 


“A. C. Candler, Atomic Spectra and the Vector Model 
(University Press, Cambridge, 1937), Vol. II, p. 187. 
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ation, which could easily cause falsification of 
the relative intensities. 

We wish to acknowledge helpful discussions 
with Professor L. Nordheim and the assistance 
of Mr. R. L. Carter in obtaining the photographs. 

Note added in proof: Through a private com- 
munication, Dr. J. M. Jauch has informed us of 
an error in his intensity formulae (reference 5). 
The errors involve the values of Q(J), Ay_is 
and A y, 741, which should be 
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(2J—1)(J=1)(J+1)°+ (27 +:3)(T42),p 
2J+1 


+[J(J+1)-1} 
A jo, = K*(2J —1)/3F*(J +1) 
A 5, 941 = K?(2J+3)/3J(J+1)3 





Q(J) = 


rather than the expressions given in the Original 
paper. The corrected forms give values in agree- 
ment with the results of the present paper. 
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The Hyperfine Structure of Hydrogen and Deuterium* 


Joun E. NaFE AND Epwarp B. NELSON 
Columbia University, New York, New York 


(Received December 17, 1947) 


The atomic-beam magnetic resonance method has been 
applied to measure the h.f.s. separation of the ground 
state of H and D by observing frequencies of the r-f field 
required to induce transitions among certain of the 
magnetic levels of the h.f.s. multiplets in magnetic fields 
of the order of 1 gauss. The resonance minima were of the 
theoretical width for transitions which are field inde- 
pendent in the first order. For deuterium we find »p 
= 327.384+0.003 Mc which agrees with our previously 
reported value within the precision claimed for that 
quantity. For hydrogen we find yg =1420.410+0.006 Mc 
which is less than the value previously reported by 0.06 
percent. The ratio of the measured h.f.s. separations, 
vu/vp, is 4.33867 +0.00004. 


1. INTRODUCTION 


HIS paper describes a precision measure- 
ment of the hyperfine structure separation 
of the ground state for the atoms H and D. 
The experiment depends on the application of 
the atomic-beam magnetic resonance method 
previously applied in investigations of the radio- 
frequency spectra of atoms.'~* The h.f.s. separa- 
tion, va, for hydrogen and the corresponding 
quantity, vp, for deuterium are obtained directly 
in terms of a fundamental time standard, and 
depend neither on a knowledge of the gyromag- 
* Publication assisted by the Ernest Kempton Adams 
Fund for Physical Research of Columbia University. 
1P, Kusch, S. Millman, and I. I. Rabi, Phys. Rev. 57, 
765 (1940). 


2S, Millman and P. Kusch, Phys. Rev. 58, 538 (1940). 
3 J. R. Zacharias, Phys. Rev. 61, 270 (1942). 


The h.f.s. separations, yg and vp, may be calculated 
from known values of the magnetic moment of the proton, 
Mp, and the magnetic moment of the deuteron, yy. The 
measured vq and yp are larger than the calculated values 
by 0.24 percent and 0.26 percent, respectively. The ratio 
vu/vp may be calculated from the known ratio pp/y, 
using the ordinary reduced mass correction (discussed in 
the section entitled ‘Discussion of Results” of this paper). 
This ratio is independent of a* and R.. The calculated 
ratio is found to be higher than our value by 0.017 percent. 
This discrepancy is 18 times the probable error’ in our 
measurements. 


netic ratio of the nuclear or atomic systems nor 
on a measurement of magnetic field intensity. 
None of the experimentally determined constants 
of physics enter into the measurement. 

The h.f.s. splitting of a #.S; state in consequence 
of the perturbing field at the position of the 
electron produced by the magnetic moment of 
the nucleus has been calculated by Fermi.‘ The 
separation, v, of the h.f.s. doublet terms expressed 
in absolute frequency units was found to be 


v = (84/3h)(27+1/T)uouny¥*(0), (1) 


where J is the nuclear spin in units of h, yo is the 
Bohr magneton, uy is the nuclear magnetic 
moment in absolute units, and y(0) is the 


4 E. Fermi, Zeits. f. Physik 60, 320 (1930). 
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Schroedinger wave function evaluated at r=0. 
The earliest experiments®® performed in this 
laboratory for the measurement of the nuclear 
magnetic moment of the proton, yw», and of the 
deuteron, wa, made use of Eq. (1) to compute the 
values of the moments from indirectly measured 
values of vy and yp. More recently, uw, and ua 
have been obtained from the very accurate 
measurement by Millman and Kusch.’ Since 
these latest values of the moments do not depend 
on the theory of the h.f.s. splitting they may be 
used in Eq. (1) to compute values of vq and yp 
for comparison with the experimental values 
reported in this paper. 

Preliminary results of these experiments were 
reported in a letter to the editor of this journal,® 
Further study has revealed that the precision 
claimed in this letter for the value of vg was con- 
siderably overestimated. A revised method has 
been adopted in the case of hydrogen in which 
the resonance frequency of principal importance 
for the determination of vg is quite insensitive to 
drift of the magnetic field intensity. The method 
previously employed in the case of deuterium 
has not been changed. An improvement in the 
technique used in the measurement of frequency 
has resulted in a substantial improvement in the 
precision of the values of vg and yp over those 
previously reported. 


2. GENERAL DISCUSSION 


The normal, 2.S;, state of H and D is split in the 
absence of an external magnetic field into an 


h.f.s. doublet of which one component is specified 
by a value of the total angular momentum 
F=I++}3 and the other by F=I—}, where./ is 
the nuclear spin. Each component of the h.f.s. 
doublet is split further in the presence of an 
external magnetic field into 2F+1 magnetic 
levels. These are usually designated by the 
quantum numbers F and m, appropriate for the 
region of very weak field (uH<AW). The 
quantum number m,, the projection of F along 
the direction of the magnetic field, may take on 
any of the values F, F—1, ---, —F. At higher 
magnetic field intensities the quantum numbers 
F, my are no longer appropriate because of the 
partial decoupling between J and J. The pro- 
jection, m, of the total angular momentum re- 
mains quantized, however, and the m associated 
with a given level is numerically the same as the 
my value specifying the level is very weak field. 
The energies of the magnetic levels are given, in 
any magnetic field, by the Breit-Rabi® formulae, 





Wi+45 = ————— + gimoHm 
2(27+1) 
AW 4mx ; 
pega « 1+ +s*) ’ (2) 
2 (27+1) 


where AW is the h.f.s. separation in energy units, 
gr is the nuclear gyromagnetic ratio, yo is the 
Bohr magneton, and H is the magnetic field in- 
tensity. The quantity x appearing in this equa- 
tion is proportional to the magnetic field intensity 


TABLE I. The transitions between magnetic levels arising from the h.f.s. doublet of H and D which are observable with 
the atomic beam apparatus used in these experiments, and the expressions for the transition frequencies. 








Transiti Line 





(F, m—F’, m’) designation Frequency 
(1, 1<90, 0) m1 va {$(1+x)+4(1+2*)§+-27(uoH/AW)} 
H (1, 00, 0) v1 vy(1+<x?)t 
(1, —1«1, 0) ™2 val —4(1—x)+4(1+2*)§+¢7(uoH/AW)} 
(3, 34, 4) m' - 4(1+-x)+4(1+9x+2")§+-¢7(uoH/AW)} 
(3, 3<4, 4) vp(1+43x%+x2)t 
D (( $<}, —4)\* er {ONT ET eT ete ter ami} 
(3, —3<>4, 4)f F vp { 4(1+§x-+2x*)t + 4(1 — §x+2*)t—g1(uoH/AW)} 
(3, — $<}, —4) o2 vp(1— 3x+2?)8 
(3, —$<3, —§) 73" vp {| — 4(1—x) +4(1— 9x +2*)8+-27(uoH/AW)} 











* Unresolved doublet. 


*I. I. Rabi, J. M. B. Kellogg, and J. R. Zacharias, Phys. Rev. 46, 157, 163 (1934). 
° J. M. B. Kellogg, I. I. Rabi, and J. R. Zacharias, Phys. Rev. 50, 472 (1936). 

7S. Millman and P. Kusch, Phys. Rev. 60, 91 (1941). 
8]. E. Nafe, E. B. Nelson, and I. I. Rabi, Phys. Rev. 71, 914 (1947). 
*G. Breit and I. I. Rabi, Phys. Rev. 38, 2082 (1931). 
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and is given by 


x 


= (gy —g1) moll 
AW 


(3) 


where gy is the electronic g factor. 

The field dependence of the magnetic levels 
arising from the h.f.s. doublet is shown for 
H(I=}4) in Fig. 1a and for D(J=1) in Fig. 1b. 
In the presence of an oscillating magnetic field 
of appropriate strength, frequency, and polariza- 
tion with respect to the fixed magnetic field, the 
atom may undergo a transition from one to 
another of the magnetic levels consistent with the 
selection rules, AF=+1 or 0, Am==+1 or 0. 
Transitions in which m is unchanged (ce transi- 
tions) can be induced if the r-f field has a com- 
ponent parallel to the direction of the steady field. 
Transitions in which m changes by +1 (x-transi- 
tions) can be induced if the r-f field has a com- 
ponent perpendicular to the direction of the 
steady field. 

The transitions among the magnetic levels of 
H and D which have been observed in this 
experiment, together with the equations for the 
frequencies of these lines, are listed in Table I. 
The states involved in a given transition are 
indicated with the notation (F, m<>F’, m’) where 
F,m and F’,m’ are the quantum numbers 
which describe the weak field levels from which 
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the levels in question may be derived by an 
adiabatic transformation. The frequencies of 


. these transitions are designated by the letters , 


or g, to indicate the polarization, with numerica| 
subscripts attached in order of decreasing fre. 
quency of the lines. These frequencies plotted 
against x are shown for H in Fig. 2a and for D 
in Fig. 2b. The magnetic field intensity corre. 
sponding to x=1 is about 507 gauss for H and 
about 117 gauss for D. 

The lines shown in Fig. 2 which approach py, 
or yp in frequency as the magnetic field ap. 
proaches zero become, in very weak field, the 
Zeeman components of the multiplet Fi>F—~1, 
The Zeeman components (1, —1<0, 0) for H and 
(¢, —3<+}, —4) for D cannot be observed with 
the present apparatus. These components are 
omitted from Fig. 2. The lines (1, 00, 0) for H 
and (3, 33, ~§), (3, —}o}, 3) for D each 
become independent of the magnetic field near 
zero field. These are the central components of 
the two Zeeman patterns. Because these lines are 
field independent in the first-order, observations 
of the frequencies of these lines are particularly 
useful for the precise determination of vy and yp. 


3. METHOD 


The value of vq has been computed from the 
results obtained by two different experimental 








Fic. 1. The magnetic field dependence of the magnetic levels arising from the components 
of an h.f.s. doublet (a) for the case in which J = 3, J = } (hydrogen) and (b) for the case in which 
J =}, I=1 (deuterium). Each level is labeled by the quantum numbers F and m appropriate 


in the region of very weak magnetic field. 
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ures. The first method utilized the fact 
that the difference in frequency of the lines 
(1,1<90,0) and (1,0¢+1,—1), at the same 
yalue of the magnetic field, gives vq directly. 
This method has the disadvantage that both 
transition frequencies depend nearly linearly on 
the magnetic field intensity. The observed lines 
are broadened because of inhomogeneities in 
the field. Careful monitoring of the current in 
the magnet which produces the uniform field is 
necessary so that the drift of the field intensity 
may be minimized. 

Alternatively, va may be obtained from the 
measurement in very weak field of the fre- 
quencies of the lines (1, 00, 0) and (1, 1<>0, 0). 
The first of these lines is the center component 
of the Zeeman pattern. Because the frequency of 
this line depends on field only in the second 
order, the line may be expected to be broadened 
very little by field inhomogeneities. The ob- 
served frequency should be quite insensitive to 
drift of the field. This is an important considera- 
tion in our experiments where the time required 
to map the lines may be several hours. The h.f.s. 
separation may be computed by direct use of the 
formulae of Table I. It is convenient, however, 
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to use the approximation formula 


2(41—01)* 
va =o1-———, (4) 
o1 


where z; and o; are the observed transition fre- 
quencies defined in Table I. At x=0.01 for H, 
for example, +; and o; differ by about 7 Mc out 
of 1420. The term to be subtracted from «; to 
obtain vg, according to Eq. (4), is about 0.070 Mc 
and the first neglected term about 0.001 Mc. 

In the case of D the frequencies of the line 
(3, 343, 3) and of the unresolved doublet line 
(3, 343, —4); (3, — 344, 3) may be combined 
to find vp in substantially the same way that the 
components of the Zeeman pattern may be used 
to compute vg. The doublet, or central compo- 
nent of the Zeeman pattern, is nearly field inde- 
pendent near zero field. Provided x is sufficiently 
small 

(x,'—2')? 
mon! -———, (S) 
Te 
where 7,’ and m,’ refer to the frequencies of 
transitions listed in Table I. 
The atomic-beam magnetic resonance method! 


was used to detect the occurrence of the transi- 








(b) 


Fic. 2. The magnetic field dependence of the ey ony of transitions between magnetic 


levels arising from the components of the h.f.s. dou 


let for (a) hydrogen and (b) deuterium. 


The frequencies of transitions between levels which in high field have the same value of m, 
have been omitted since these transitions are not observable with the apparatus used in 


these experiments. 
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tions described above. In this method a colli- 
mated beam of atoms in transit from the source 
to the detector traverses three magnetic fields. 
The fields of the first, or A magnet, and the last, 
or B magnet, are inhomogeneous. The directions 
of these fields are parallel but their gradients are 
oppositely directed. An atom with a given mag- 
netic moment is acted upon by forces which are 
oppositely directed in the A and B fields. These 
fields may be so adjusted that there exist tra- 
jectories, leading from the source to the detector, 
for atoms of all speeds and in all magnetic levels. 
For focusing to be possible, an atom must remain 
in the same magnetic level while traversing the 
magnetic fields. Between the A and B magnets 
the beam traverses the gap of the third, or C 
magnet, in which the magnetic field is uniform 
and parallel to the A and B fields. An oscillating 
magnetic field is superimposed on the uniform 
field. At resonance, absorption or stimulated 
emission occurs for some of the atoms. Having 
undergone a transition between magnetic levels, 
the effective magnetic moment of these atoms in 
the B field is different from that required for 
focusing. If the change in the moment is suf- 
ficiently large (of the order of one Bohr mag- 
neton), those atoms which have undergone a 
transition are defocused and the intensity of the 
beam at the detector is reduced. 
A primary consideration in the design of this 
apparatus has been the production of an atomic 
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beam of high intensity at the detector. This 
requires that the source-detector distance be 
small and that a high beam be used. (The length 
of the path of the beam in this experiment jg 
unusually short, 33 cm). Both of these require. 
ments lead to a reduction in the deflection of the 
beam for this is proportional to the gradient of 
the magnetic field and roughly proportional to 
the square of the length of the magnets. Certain 
components of the Zeeman pattern of the mul. 
tiplet (F«+F—1) in both H and D could not be 
observed because the change in the effective 
atomic moment of the atom (of the order of a 
nuclear magneton) was insufficient to cause a 
measurable defocusing of the beam. 


4. APPARATUS 


The apparatus used in this experiment is 
similar to that described by Kusch, Millman, 


_and Rabi! for the measurement of the h.f.s. of 


the alkali atoms, but modified in the manner 
described by Kellogg, Rabi, Ramsey, and 
Zacharias’® to permit the study of gas beams, 
The vacuum envelope of the apparatus is an 
8-inch brass tube which is divided into three 
sections, each section being pumped separately, 
so that the magnet chamber is isolated from the 
higher pressure source chamber. A schematic 
drawing of the apparatus is given in Fig. 3. When 
hydrogen was admitted to the system through 
the source slit at a rate equivalent to 1.8 cc at 
















































































10 J. M. B. Kellogg, I. I. Rabi, N. F. Ramsey, Jr., and J. R. Zacharias, Phys. Rev. 58, 728 (1939). 
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N.T.P. per minute, the pressures in mm of Hg 
in the source, intermediate, and magnet chambers 
were about 2X10‘, 2xX10-5, and 1X10~*, re- 
spectively. The diffusion pumps were equipped 
with dry-ice cooled traps; liquid-nitrogen cooled 
traps were not used. 

The vertical clearance in the deflecting mag- 
nets is 1.0 cm; the gap width is 2.3 mm. A beam 
height of 6 mm was used. The ratio of gradient 
to field, averaged over the height of the beam, 
was about unity. A current of 35 amperes through 
the 11 turn, water-cooled magnet winding 
deflects the reoriented atoms sufficiently to com- 
pletely defocus the beam. The magnet which 
produces the homogeneous field has faces at the 
air gap which are 9.0 cm long and 4.3 cm high. 
These faces were surface ground and lapped as 
was the 0.25-inch spacer. The intensity of the 
homogeneous field was determined in each ex- 
periment from the frequency separation of the 
Zeeman components. 

Atomic hydrogen (or deuterium) was produced 
in a 5-meter Wood’s discharge tube. Moist 
hydrogen (or deuterium) was admitted through 
capillaries at the rate of about 1.8 cc at N.T.P./ 
min to the ends of the discharge tube from a 
manifold in which the pressure of the gas was 
approximately atmospheric. The pressure in the 
discharge tube was about } mm of Hg. Measured 
values of beam intensity were corrected for the 
drift caused by the slow decrease in time of the 
manifold pressure. The discharge was excited by 
a 13,000 volt, 60 cycle transformer, using a 
resistive load in the primary to stabilize the dis- 
charge. The source is similar to that described by 
K.-R.-Z.° The source slit is 0.04 mm wide and 6 
mm high and is formed by microscope cover 
glasses, waxed over the opening through the 
water jacket into the discharge tube. The atomic 
portion of the beam caused about 75 percent of 
the observed deflection of the galvanometer. This 
was demonstrated by increasing the current in 
one of the deflecting magnets until no further 
reduction in beam intensity was observed. 

The Stern-Pirani detector used by us has been 
described by K.-R.-R.-Z. The slits on the 
detector were formed by pressing the 4.5-mm 
jaws against 0.015-mm aluminum foil, forming 
a channel 0.015 mm wide, 3 mm high, and 4.5 mm 
long. The “‘fill-up’’ time of the detector is such 


that the galvanometer spot deflects to within 
1/e of its final value in about 20 sec. A Leeds and 
Northrup Type H.S. galvanometer with a sen- 
sitivity of 0.05 microvolt/mm at 1 meter was 
used to detect the off-balance voltage of the 
Pirani gauge. The scale was placed 3 meters from 
the galvanometer. The heating current in the 
Pirani gauge was adjusted so that a typical de- 
flection of the galvanometer caused by the beam 
was about 30 cm. A beam of hydrogen molecules 
with an intensity at the detector of about 310" 
molecules/cm? sec. will produce a galvanometer 
deflection of about 1 cm. Readings were repro- 
ducible to within +2 mm. 

Radiofrequency magnetic fields were produced 
in the region of the homogeneous field by sending 
currents through two types of loops. The first 
one used produced an r-f field parallel to the 
beam (perpendicular to the homogeneous field) 
and induced z-transitiéns only. This loop was 
made of vertical sheets of copper, shorted below 
the line of the beam, and tapered from a coaxial 
line to a length of 6 cm at the line of the beam. 
In the second case, two rods, 3 cm long and lying 
parallel to the beam, were shorted at one end by 
a sheet of copper slotted to permit the passage 
of the beam. The plane of the rods was inclined 
at 45° to the direction of the homogeneous field. 
Radiofrequency current flowing in this loop 
produced a magnetic field having components 
parallel and perpendicular to the uniform field, 
thus both z- and o-transitions could be induced. 
The transmission line from the oscillator was 
shorted by these loops. This line was not tuned. 
The current in the loop was varied either by 
changing the B supply voltage on the oscillator 
or by attenuating the output. 

A coaxial line, tuned plate, tuned filament 
oscillator, driven by a 316-A tube was used for 
the frequency range 225-350 Mc. These fre- 
quencies were required in the measurements on 
deuterium and in the intermediate field measure- 
ments on hydrogen. Fine tuning was effected by 
changing the capacity across the end of the 
grid-plate line. Frequencies in the range 1400- 
1800 Mc, required in the experiments on hydro- 
gen, were obtained from a grounded grid oscil- 
lator (APR-20) using a 2C40 tube and coaxial 
tuning elements. The stability of these oscillators 
is discussed in connection with the results. 
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Fic. 4. The observed components of the multiplet 
AF=+1 in hydrogen. In order of increasing frequency 
these are the lines o; and m; of Table I. 


Frequencies were measured by heterodyning 
the output of the oscillator with harmonics of the 
output of a crystal-controlled, frequency multi- 
plier. A 1N23 crystal was used as a simultaneous 
generator of harmonics of the standard frequency 
and mixer of these harmonics with the signal of 
unknown frequency. A General Radio frequency 
meter, Type 620-A, was used to measure the 
heterodyne frequency. These frequency meters 
are guaranteed to +0.01 percent. We have 
checked this meter against two other meters of 
the same type and found them to agree within 
the stated limit of accuracy. The frequency of 
the crystal, which furnishes calibration points 
for the heterodyne oscillator of the frequency 
meter, was checked against W.W.V. and found 
to deviate from its nominal value, 1 Mc, by only 
+0.0012 percent. Two crystal-controlled fre- 
quency multipliers were used. The first multi- 
plied from 1 Mc to 100 Mc and the second from 
1 Mc to 240 Mc. The final stage of the second 
multiplier is a push-pull tripler using an 832 tube 
to drive a parallel line. For each multiplier the 
frequency of the 5 Mc stage was compared fre- 
quently with that broadcast at 5 Mc by the 
Bureau of Standards, and the frequency of the 
1-Mc oscillator adjusted so that the error in the 
100-Mc or 240-Mc standard frequency was less 
than 1 part in 10°. 

Frequency measurements for the majority of 
the data on deuterium were made by comparing 
the frequency of the oscillator with the third 
harmonic (300 Mc) of the 100-Mc standard. The 
heterodyne frequencies were in the neighborhood 
of 30 Mc and could be measured to +0.002 Mc; 
thus, the frequency of the oscillator near 330 Mc 
could be measured to +0.002 Mc. With the 
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240-Mc frequency standard, frequencies coyjq 
be measured to +0.0005 Mc, by heterodyning 
with the 4th harmonic (320 Mc) of the 80-M¢ 
stage. 

In the first measurements on hydrogen, the 
output of the 100-Mc frequency multiplier was 
too weak to permit the use of the higher har. 
monics necessary for measuring frequencies near 
1420 Mc. A signal near 310 Mc from a Signal 
Corps test oscillator (TS-47/APR) was used to 
give strong harmonics in the range 1200-1809 
Mc. The frequency of this oscillator was mea- 
sured in the manner described above. A measure- 
ment of frequency near 1420 Mc consisted in a 
measurement of the frequency of the test oscil- 
lator, which was accurate to +0.001 Mc, and 
then the measurement of the frequency of the 
heterodyne signal between harmonics of the test 
oscillator frequency and the frequency in ques- 
tion. The drift in the frequency of the test 
oscillator was observed to be regular and less 
than 1 part in 10° for the time required to map 
an entire resonance curve and, therefore, caused 
no significant error in the final measurement of 
frequency. The accuracy of the final result was 
about +0.010 Mc. 

The higher power, 240-Mc frequency standard 
was constructed to avoid the use of an inter- 
mediate frequency oscillator. As standard fre- 
quencies from this multiplier are obtained at 
1440, 1680, --- Mc, frequencies in the neighbor- 
hood of the h.f.s. of hydrogen, 1420.41 Mc, can 
be measured to 1 part in 10°, an accuracy which 
exceeds the stability of the oscillator. It is to be 
noted that in our last and most reliable measure- 
ments on hydrogen the oscillator was stable to 
+0.003 Mc. 


5. EXPERIMENTAL PROCEDURE 


Transitions between the magnetic levels of the 
h.f.s. doublet in either H or D were located 
initially by fixing the frequency of the r-f field 
and then varying the C magnet current. In some 
cases it was necessary to reverse the current in 
the C magnet, relative to that in the A and B 
magnets, for their stray field in the vicinity of 
the r-f loop was about 5 gauss. After the transi- 
tions had been located, the magnet currents 
were held constant and the frequency varied to 
map the lines. As vq and vp were determined 
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mainly from the frequency of the field inde- 

ndent Zeeman components, a high degree of 
stability of the C magnet current was not 
required. 

Drift of the galvanometer spot caused by 
thermal effects in the circuit, which amounted 
to about 1 cm/min., was averaged out by taking 
successive readings with the beam shutter open 
and closed. Readings were taken at intervals of 
30 sec. The total time required to map a line was 
about 45 min. The field independent Zeeman 
component was mapped repeatedly in each run; 
the field dependent lines were mapped only often 
enough to determine the intensity of the mag- 
netic field. 

6. RESULTS 


The h.f.s. separations, vq and yp, have been 
measured in magnetic fields of a few gauss and 
the measurements of vq have been repeated in 
fields of about 150 gauss. The low field measure- 
ments are the more reliable and the results are 


va = 1420.410+0.006 Mc, 
vp= 327.384+0.003 Mc. 


The intermediate field measurements of vy agree 
with the low field results with a precision which 
exceeds the accuracy of the measurements. While 
the manuscript of this paper was in preparation 
results in good agreement with ours were reported 


by Nagle, Julian, and Zacharias." A detailed 
discussion of results is given in this section. 


Hydrogen 


A weak field Zeeman pattern of the line 
AF=+1 in hydrogen, measured in a field of 
2.18 gauss, is plotted in Fig. 4. The pattern 
is complete with the exception of the line 
(1, —1+0,0) for which the change in the 
effective atomic moment is too small to cause a 
measurable defocusing of the beam. It is to be 
noted that the half-width of the o-line (1, 00, 0) 
agrees with the value calculated from the uncer- 
tainty principle ; 

AvAt~1, (6) 


where Ay is roughly the half-width of the line 
in frequency units and At=//v is the time re- 
quired for the beam to traverse the r-f field of 
length /. We have assumed a temperature of 
300°K for the source and have used the most 
probable velocity,” v, of the atom in the source. 
The inhomogeneity of the magnetic field, as esti- 
mated from the width of the z-line (1, 1<0, 0), 
would contribute only 6 kc to the width of the 
(1, 0++0, 0) line, even in the worst case. The 
frequency of the o-line is almost exactly vg (Eq. 
(4)). The magnetic field is inhomogeneous to a 
degree indicated by the width of the x-line. The 
uncertainty of the correction applied to the 


TABLE II. Results of weak and intermediate field measurements of the h.f.s. of hydrogen. 








(1, 1-0, 0) (1, O-+0, 0) 
(Mc) (Mc) (Mc) 


(1,0++1,—1) Field 4-Width Stability of 


(gauss) (Mc) freq. (Mc) Vy (Mc) Mean YH (Mc) 





1420.424 
1420.420 
1420.425 
1420.417 


1420.566 


Section 1 


Weak field 1423.48 


1422.18 
1431.05 


1671.93 
1671.79 
1671.77 
1661.12 
1661.00 


Section 2 
Intermediate field 


240.68 
240.52 


1420.411 
1420.407 
1420.412 
1420.413 


1420.409 


2.18 0.065 
2.18 0.060 
2.18 0.065 


1.26 0.110 


+0.003 
+0.003 
+0.003 


+0.010 
+0.010 


7.59 0.080 
1420.410+0.002 


156.2 
156.2 
156.2 
156.2 
156.2 


149.5 
149.5 
149.5 
149.5 


+0.005 
+0.005 
+0.005 
+0.005 
+0.005 


+0.010 
+0.010 
+0.010 
+0.010 


1420.45 +0.07 
1420.41+0.04 
1420.44+0.01 


tt ee 
Coruan aor ow 


1420.38+0.06 
1420.40+0.08 


Sees sssss 


1420.42 +0.03 








"1D, E. Nagle, R. S. Julian, and J. R. Zacharias, Phys. Rev. 72, 971 (1947). 
#H. C. Torrey, Phys. Rev. 59, 293 (1941). 
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frequency of the o-line to obtain vq on this 
account was less than 0.001 Mc. 

The results of three sets of measurements of 
va are given in Section 1 of Table II. The fre- 
quencies of the z- and o-transitions are given in 
columns 1 and 2, respectively, and the magnetic 
field in column 4. The observed half-width of the 
a-line is in column 5. An estimate of the combined 
accuracy of the measurement of the frequency 
and the stability of the oscillator is given in 
column 6 and vy in column 7. The average of 
these results is vy =1420.410+0.002 Mc. The 
average deviation (0.002 Mc) of the 5 measure- 
ments from their mean is less than the average 
uncertainty in the frequency of any individual 
point, and is about 3 percent of the average 
half-width of the o-lines. The accuracy of the 
determination of vq in any individual measure- 
ment is limited by the half-width of the line and 
not by the stability of the oscillator or the 
accuracy of the measurement of the frequency. 
As the reproducibility of the results may be 
fortuitous, we estimate the probable error to be 
10 percent of the half-width of the o-lines. The 
final result of the weak field measurements is 


va = 1420.410+0.006 Mc. 


. The results of the weak field measurements of 
va have been confirmed by measurements in 
fields of intermediate strength (about 150 gauss). 
The results of two sets of measurements are given 
in Section 2 of Table II. The line (1, 1<+0, 0) in 
column 1 and the line (1, 0e+1, —1) in column 3 
were mapped in succession in order that cor- 
rection for the drift of the field might be made. 
The average of these results, vg = 1420.42+0.03 
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Fic. 5. The observed components of the multiplet 
AF==+1 in deuterium. In order of increasing frequency 
these_are the lines a2’, r2’, a1’, and 2,’ of Table I. 
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Mc, agrees very well with the results obtained 
in weak fields. The average deviation (0.03 Me) 
of these values from the mean is less than the 
maximum uncertainty in 4 of the 5 values. The 
lack of precision is caused by the excessive half. 
width of these field dependent lines and the drift 
of the magnetic field which shifted the lines by 
about 0.10 Mc. The agreement between yg ob. 
tained in weak and intermediate strength fields 
is 0.001 percent and exceeds the accuracy of the 
intermediate field measurements. 


Deuterium 


A weak field Zeeman pattern of the multiplet 
AF==1 in deuterium, measured in a field of 
1.12 gauss, is given in Fig. 5. The pattern js 
complete with the exception of the (3, $<}, }) 
line for which the change in the effective atomic 
moment is too small to cause a measurable de- 
focusing of the beam. The frequencies of the 
field independent unresolved doublet line, (3, } 
«4, —4); (3, —}+9}, 4), and the field dependent 
line, (3, <3, $), are used in Eq. (5) to obtain 
vp. The width of the unresolved doublet line 
agrees well with the calculated uncertainty 
width, particularly in the cases where the oscil- 
lator output was attenuated. The half-width of 
the (3, $<+}, 3) line caused no significant error in 
the value of the second-order correction in Eq. 
(5). 

Two series of measurements of yp have been 
made. The length of the r-f field and the method 
of measuring frequency were different in each 
case. The first series of measurements were made 
with the 6-cm r-f loop which induced 71-transi- 
tions only. The expected minimum half-width of 
the lines is about 0.028 Mc. The frequency was 
measured by heterodyning the signal with har- 
monics of the 100-Mc crystal-controlled standard 
and could be measured to’ +0.002 Mc. Agreement 
within the stated accuracy was obtained when 
the frequency was checked against various har- 
monics of the 100-Mc standard. The results of 
these measurements are given in Section 1 of 
Table III. The frequencies of the field dependent 
m-line (#, 3<>},4) and the field independent 
doublet, (3, $03, — 4); ($, —4<3,4), are given in 
columns 1 and 2. The value of the magnetic field 
is entered in column 3. The observed half-width 
of the field independent line is in column 4. The 
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HYPERFINE STRUCTURE OF HYDROGEN 


TABLE III. Results of weak field measurements of the h.f.s. of deuterium. 














(3.4->4, 4) (j, +h++}, 4) Field 4-Width Stability of 
(Mc) (Mc) (gauss) (Mc) freq. (Mc) Vp (Mc) Mean yp (Mc) 

Section! -:329.4540.07 —-327.401 1.10 0.08  ~40.002 32738 
327.399 1.10 0.080 ~+£0.002 327.386 
327.391 0.884 0.065 ~+40.002 327.383 
329.0340.05 327.392 = 0.884. «(0.036 «2S 40.002 ~—S_ 327.384 
327.390 0.884 0.062 ~+0.002 327.382 

327.3844:+0.003 
Section 2 327.399 1.12 0.044 <+0.002 327.385 
329.474-0.05 327.397 = 1.12 0.046 <+0.002 327.384 
327.396 = 1.12 0.044 <+0.002 327.383 
328.35 327.388 0.514 —0,050 <+0.002 327,385 


327.3842+0.001 











estimate of the stability of the oscillator and 
the accuracy of the measurement of frequency, 
combined, is given in column 5 and yp in col- 
umn 6. The average of these measurements is 
vp = 327.384(6)+0.003 Mc. The average devia- 
tion (0.003 Mc) of the 5 measurements from the 
mean is comparable to the accuracy with which 
the frequency was measured and is about 4 per- 
cent of the average half-width of the doublet line. 

The second series of measurements was made 
with the 3-cm r-f loop which induced both z- and 
g-transitions. In this series frequency could be 
measured to +0.0005 Mc. The frequency of the 
oscillator was measured continuously, while the 
intensity of the beam was being measured, and 
its stability at every point was better than 
+0.002 Mc. The oscillator output was attenu- 
ated and as a result the lines were narrowed and 
deepened. The expected minimum half-width of 
the lines is about 0.056 Mc. The results of these 
measurements are given in Section 2 of Table III. 
The value of yp is 327.384(2)+0.001 Mc. The 
average deviation (0.001 Mc) of the 4 measure- 
ments from the mean is about 2 percent of the 
average half-width of the field independent line 
and is less than the average stability of the 
oscillator. 

The accuracy of the determination of yp in any 
individual measurement was limited by the half- 
width of the doublet line and not by the stability 
of the oscillator, the accuracy of the measure- 
ment of frequency or the drift of the magnetic 
field. The mean of the 9 measurements of yp is 


vp = 327.384+0.003 








Mc, where the probable error has been estimated 
to be 5 percent of the mean half-width of the 
doublet line. 


7. DISCUSSION OF RESULTS 


The expression for the h.f.s. splitting of the 
2S, state given by Eq. (1) may be rewritten by 
replacing the factors ¥°(0) and yo by equivalent 
combinations of physical constants. The ex- 
pression for v becomes 


v=4/3[(22+1)/I](m,/mo)*(mo/M)pya*cR., (7) 


where yu is the nuclear magnetic moment in units 
of the nuclear magneton, m/M is the ratio of 
the electron to proton mass, m, is the reduced 
mass of the electron, and mp the rest mass of the 
electron, R= (2x*mpe*)/h*c is the Rydberg con- 
stant for infinite mass, and a=e*/hc is the fine 
structure constant. This equation has been used 
to compute the theoretical values of vp and vx 
shown in Table IV. Birge’s" values of the natural 
constants were used in the computations. The 
proton moment has been measured by Millman 
and Kusch’ and the deuteron moment obtained 
from this value and the ratio, u,/ue, measured 
by Bloch, Levinthal, and Packard.* The lack of 


TABLE IV. H.f.s. separation of the’ground state of H and D. 








Computed Experimental 
VH 1416.97+0.54 Mc 1420.410+0.006 Mc 
vD 326.5340.12 Mc 327.384+0,.003 Mc 


vH/¥D 4.339385 +0.00003 4.33867 +0.00004 











3 R, T. Birge, Rev. Mod. Phys. 13, 233 (1941). 
“4 F, Bloch, E. C. Levinthal, and M. E. Packard, Phys. 
Rev. 72, 1125 (1947). 
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precision in the computed values of vq and yp 
is due to the uncertainty in the values of a? and yu. 
The following values were used: 

o? = 5.3256+0.0013 x 10-5 


up = 2.7896 +0.0008 
wa=0.85644+0.00025 


mo _ 
z= 1836.6+0.6 


(+0.024 percent) 
(+0.029 percent) 
(+0.029 percent) 


(+0.031 percent). 


The measured gyromagnetic ratios from which 
the values of the nuclear magnetic moments are 
obtained depend directly on the ratio of the 
quantities e/moc and e/Mc, and therefore on 
the ratio M/my. Thus the uncertainty in mo/M 
contributes no significant error to vy or vp 
computed from Eq. (7) because the inverse of 
this ratio is contained in the values of un, and 
ba.” 

The calculated values of vq and yp are less 
than the experimental values by 0.242 percent, 
for H and 0.259 percent, for D. This discrepancy 
is 5 times the sum of the published probable 
errors in the values of a? and up (or ya). 

The discrepancy in the absolute values of vq 
and yp may be attributed to a systematic error 
in the values of the natural constants, a? and R., 
although the claimed probable error is very much 
smaller. 

Note added in proof: The recent discovery by Kusch and 
Foley * that the magnetic moment of the electron is not 
wo but we=po(1+0.00118) explains the major part of this 
discrepancy with the theory of the absolute values of vz 
and yp, since both moments in Eq. (1) must be multiplied 
by this factor. This is in accordance with the ideas of 
Breit!” and Schwinger.'® 


On the other hand, the theory of the hyper- 
fine structure used to derive Eq. (1) did not 
take into account positron theory (pair pro- 
duction) or shifts in the position of energy levels 
such as may serve to explain the experiments of 
Lamb and Retherford,”” nor did it take account 
of the effects of a possible interaction of the elec- 
tron in the nucleus arising from the internal 
constitution of the nucleus or the elementary 
particles (meson theory). Another omission is the 

1% P, Kusch and H. M. Foley, Phys. Rev. 72, 1256 ets 

16H. M. Foley and P. Kusch, Phys. Rev. 73, 412 (1948 

1 G,. Breit, Phys. Rev. 72, 984 (1947). 

% J. Schwinger, Phys. Rev. 73, 416 (1948). 

” W. E. Lamb, Jr. and R. C. Retherford, Phys. Rev. 


72, 241 (1947). 
”H. A. Bethe, Phys. Rev. 72, 339 (1947). 
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utilization of an exact relativistic Hamiltonian 
for the two-body problem. The justification for 
the term (m,/mo)* comes from the analogy with 
the occurrence of the reduced mass in the 
Rydberg for hydrogen, deuterium, and singly 
ionized helium. However, Halpern™ has shown 
that an argument can be given for the occurrence 
of the reduced mass ratio to the }-power. A more 
rigorous justification of our assumption is given 
by Breit and Meyerott.” 

The ratio va/vp of the measured h.f.s. separa- 
tions may be compared with the expected ratio 
found from Eq. (1) as modified by the intro- 
duction of the correct reduced mass dependence, 
The expected ratio is 


va/p =4/3(mu/mp)*(up/ua), (8) 


where my and mp are the reduced masses of an 
electron in H and D, respectively. 

The ratio of the moments is known much more 
accurately than either », or ua from the recent 
work of Bloch, Levinthal, and Packard™ and 
Roberts* which is more accurate than the earlier 
work of Kellogg, Rabi, Ramsey, and Zacharias." 
From Bloch’s values yp/pa=3.257195 +0.00002 
the computed vg/rvp = 4.339385 +0.00003, which 
is to be compared with the experimental value 
v—/¥p = 4.33867 +0.00004. The latter is lower by 
0.017 percent. The discrepancy exceeds the 
probable error of the measured h.f.s. ratio by a 
factor of 18. The close agreement may be con- 
sidered to be an excellent justification for the 
gross and even many of the finer elements of the 
present theory of the h.f.s. The discrepancy in the 
two ratios although small seems to be well 
established and may be of important theoretical 
significance. 

The authors wish to thank Professor I. I. Rabi, 
under whose direction the work was carried out, 
for his advice in the pursuit of the problem. We 
also wish to thank the other members of the 
molecular beam laboratory and members of the 
Columbia University Radiation Laboratory for 
assistance in technical matters relative to the 
experiment. 


#10. Halpern, Phys. Rev. 72, 245 (1947). 
( 47) Breit and E. R. Meyerott, Phys. Rev. 72, 1023 
1947). 
% A. Roberts, Phys. Rev. 72, 979 (1947). 
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Distribution of He* between Liquid and Vapor He‘ 


Henry A. FAIRBANK AND C. T. LANE 
Sloane Physics Laboratory, Yale University,* New Haven, Connecticut 


AND 


L. T. ALpRIcH AND ALFRED O. NIER 
Department of Physics, University of Minnesota,* Minneapolis, Minnesota 
(Received December 16, 1947) 


The relative abundances of He’ in the liquid and vapor phases of atmospheric helium have 
been studied as a function of temperature above and below the A-point. The relative abundance 
of He*/He* in the vapor (C,) was determined by means of the mass spectrometer and the cor- 
responding quantity for the liquid (Cz) computed from C, and the mass balance and com- 
position balance equations. From 5.2°K to the A-point the ratio C,/Cz increases as the tem- 
perature decreases, whereas below the A-point this ratio sharply decreases to zero, showing 
that the vapor in equilibrium with superfluid helium contains no measurable amount of He’. 
On the basis of these results a simple method of concentrating He? is suggested. 





INTRODUCTION 


HE helium isotope of mass 3 exists in the 

helium gas present in the earth’s atmos- 
phere to an extent of approximately 1 part per 
million and this is the richest natural source of 
He*® known at present. The He* in the well 
helium from Texas is about 8 times less abun- 
dant.'? The thermodynamic properties of He* 
are at present unknown and it is impossible to 
predict theoretically what they might be. It is 
possible that He* might have a normal boiling 
point below that of He* and indeed it might 
exist as a gas down to absolute zero. 

There are two modifications of liquid He‘, the 
so-called He I existing between 5.2°K and 2.19°K 
and He I] existing at temperature below 2.19°K. 
In general the properties of He | are ‘‘normal,”’ 
that is, classical laws are obeyed whereas He II 
is a decidedly “‘quantum” liquid. In recent years 
considerable success has been achieved by treat- 
ing He II as a liquid obeying Bose-Einstein 
statistics, modified to take into account atomic 
interaction not present in an ideal gas, an idea 
first put forward by F. London. In the case of 
He’ this idea would not be admissable since these 
atoms must obey Fermi statistics. 

Liquified atmospheric helium consists of a 

*The work at Yale University was assisted by The 
Office of Naval Research under Contract N6ori-44 and 
that at the University of Minnesota by grants from the 
Research Corporation and the Graduate School. 

1L. W. Alvarez and R. Cornog, Phys. Rev. 56, 613 


(1939) ; 56, 379 (1939). 
* L. T. Aldrich and A. O. Nier, Phys. Rev. 70, 983 (1946). 
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very dilute solution of He*® in He‘ and in this 
paper we have studied some of the properties of 
this solution, especially in the He II region. 
Previously a similar study had been made by us 
in the He I region.* 

In carrying out this work we had a twofold 
purpose in miind. First, simply as a study of a 
solution whose nature is unique insofar that the 
solvent is a quantum liquid. Secondly, as a 
means of ascertaining the possibility of sepa- 
rating He* from Het by cryogenic techniques. 
In this latter connection, Daunt and collabo- 
rators have investigated the separation of He* 
from He‘ by the use of a superleak* ® and among 
other things, have shown that the creeping film 
(Rollin film) of liquid present with He II does 
not carry He* atoms. They have also reported 
some measurements on the vapor concentration 
below the A-point, the results indicating that 
the abundance ratio is equal to or less than that 
for the unrefrigerated gas. 


APPARATUS AND EXPERIMENTAL PROCEDURE 


Three sets of data, referred to henceforth as 
Runs I, II, and III, have been taken. Run I was 
restricted to the helium I region and has been 
briefly reported in a previous communication.* 
The latter two sets of data include many 

3H. A. Fairbank, C. T. Lane, L. T. Aldrich, and A. O. 
Nier, Phys. Rev. 71, 911 (1947). 

‘J. G. Daunt, R. E. Probst, H. L. Johnston, L. T. 
Aldrich, and A. O. Nier, Phys. Rev. 72, 502 (1947). 


5J. G. Daunt, R. E. Probst, and H. L. Johnston, J. 
Chem. Phys. 15, 759 (1947). 
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Fic. 1. Schematic diagram of the experimental 
arrangement. 


temperature points in the helium II region where 
the effect of the creeping film may easily confuse 
the vapor-liquid equilibrium sufficiently to in- 
validate the concentration measurements unless 
the apparatus and method of sampling are care- 
fully designed to minimize this complication. 
For this reason a rather detailed description of 
the apparatus and method of sampling will be 
given. Figure 1 is a schematic diagram of the 
basic apparatus. The glass Dewar D contains a 
bath of liquid well helium in which a small glass 
bulb B is immersed. This bulb is cylindrical in 
shape; approximately 31-mm diameter X20 mm 
long. Bulb B is connected via a capillary tube to 
a capillary glass manifold N. The section from 
J to K is of copper instead of glass for flexibility 
and convenience. Attached to the manifold N 

















Fic. 2. The sample bulb and radiation shield. 
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are several break-seal tubes (S;, S2, etc.) for 
collecting the gas samples, a large two-liter 
mercury Toepler pump T to allow easy transfer 
of an accurately known mass of helium gas to 
bulb B where it can be condensed, and a differ. 
ential manometer M for measuring the difference 
in the vapor pressure of the liquids and, hence, 
the difference in temperature inside and outside 
bulb B. Attached at 0 is an absolute oil ma. 
nometer to measure the vapor pressure of the 
outer bath of helium, the corresponding absolute 
temperature being computed from the Leiden 
1937 tables. 

The procedure used in Run II is typical. A 
charge of 2 liters of Air Reduction Company 
atmospheric helium was transferred to the 
Toepler pump T by standard methods before the 
run. After filling Dewar D with liquified well 
helium, the atmospheric helium was condensed 
in B, which has a volume of 12.85 cm*. With all 
the stopcocks shown in Fig. 1 closed except V-1, 
the liquid in B was allowed to establish equi- 
librium with the vapor for a period of 30 minutes 
at a temperature of 2.24°K. The break-seal 
sample tubes had been previously evacuted and 
at the end of this time the stopcock to one of 
them (.S;) was opened and a sample of the vapor 
withdrawn. The sampling time for this and 
subsequent samples was one minute. Because 
the connecting capillary tube between bulb B 
and the manifold N has a small but finite volume, 
it is possible that as much as half of this first 
sample came from the connecting lines instead 
of B. We therefore took a second sample at this 
temperature, which must have come substantially 
from the vapor above the liquid in bulb B. In 
this and subsequent samples in Runs I] and III 
the volumes of the break-seal tubes were adjusted 
to give a sample size of about 7 standard cc. In 
every case the mass of vapor in bulb B was 
several times the mass of the sample extracted 
so that little of the sample obtained is evaporated 
from the liquid during the short withdrawal time. 

Subsequent samples at lower temperatures 
were obtained in the same manner as the one 
above. However, for the samples below the 
\-point the equilibrium time at each temperature 
was cut to 15 minutes and in Run II only one 
sample was taken at each of the other tempera- 
tures while in Run III “flushing” samples were 
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taken at each temperature. Of course, as the 
temperature decreases, the density of the gas 
decreases and the mass of the gas in the sampling 
tubing becomes smaller relative to the sample, 
so little error is introduced from this source. 

The effect of the evaporating creeping film in 
diluting the vapor in He® is probably the most 
serious potential source of error. Presumably, 
the film will creep up the sides of the capillary 
from the liquid in bulb B to a level at which the 
temperature exceeds 2.19°K. The evaporated 
film, depleted in He*, then diffuses back into 
bulb B to disturb the normal isotope equilibrium 
between vapor and liquid. Since the rate of 
creep is proportional to the minimum perimeter 
of the surface along which it travels, the effect 
of the creeping film can be minimized by making 
the connecting capillary C small. In these experi- 
ments the inside diameter of this glass capillary 
was 1.5 mm. There is, of course, the possibility 
that sufficient heat energy could be absorbed by 
radiation in the walls of bulb B itself to evaporate 
the film before it reached the capillary and in 
this case the rate of creep would not be limited 
by the small perimeter of the capillary but by the 
manyfold larger perimeter of the bulb B. This 
did not appear probable, but inasmuch as no 
special precautions were taken in Run II to 
shield the bulb from the radiation through the 
unsilvered slits in the jacketing Dewars and 
from the top of the flask, a third run was taken. 
Figure 2 shows a scale drawing of bulb B used 
in Run III. It is identical to that used in the 
previous run except for the addition of the 
aluminum foil radiation shield (R) placed around 
the sides and over the top of the bulb. In this 
run the sampling method was identical to that 
in Run II except that two samples were taken 
at every temperature in order to insure that the 
second one came substantially from the vapor in 
bulb B. 


RESULTS AND DISCUSSION 


The ratio of He* to He‘ in the vapor, drawn 
off at the various temperatures, was determined 
with the mass spectrometer. The corresponding 
quantity for the liquid, in equilibrium with this 
vapor, was computed from the balance of mass 
and balance of composition equations. It may 
be shown readily that 
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Fic. 3. The ratio of the relative abundances of He’ in 
the vapor to that in the liquid as a function of temperature. 
White circles are the results previously reported (reference 
3). Squares are the results of Run 1 and black circles 
those of Run III. The verticak broken line passes through 
the A-point. 


C.—Co pL(po— Pv) 
Co—Cr polpr—po) 
wherein 


C, = He*/He‘ in vapor, 

C,=He*/He? in liquid, 

Cy=He*®/He* in the sample of gas used to 
produce the liquid and vapor phases, 

p.=density of liquid, 

p, =dénsity of vapor, 

po=mass of gas used divided by the volume of 
the sample bulb. 


Since all quantities except C, in the above 
expression are known or were measured, the 
concentration in the liquid could be determined 
at each temperature. Since the total amount of 
gas used in each run was around 2000 cm’ 
(S.T.P.) and each sample of vapor withdrawn of 
the order of 6-7 cm’ (S.T.P.), it was necessary to 
correct Cp and pp at each temperature for deple- 
tion due to previous sampling and flushing, and 
this was done. Below 2.19°K the vapor densities 
(p») were not available and in consequence these 
were computed from Clapeyron’s equation using 
known data for the vapor pressure, latent heat 
and liquid densities in this region. 

In Table I are given the results of Runs I! 
and III; and in Fig. 3 the ratio C,/Cz is plotted 
as a function of temperature. For completeness, 
this graph also includes the results of our previ- 
ous work (reference 3). One of the points has 
been omitted from the graph, that at 2.24°K in 














TABLE I. Concentrations of He? relative to He‘. 








Volume 
of He in 
experi- 
mental 
bulb 


cm 
Sample _ S.T.P. Run 





Xa 
$° 
| | Xo 
ot 
1 |X 
'1§ 
~ 
(is 
! 2) 
Lv] 
bo 
\=) 
~s ° 
> 


0 1890 
1* 1883 
1876 
1870 
1864 
1858 
« 1852 
1846 


— 
Sse 
Ssae 


— eee DO ON 
Coos] 
man 


AAA 
Seoocoesorh. 
SRRGLeO 
~I 
Sesessss 
02 Go CO CO 
—— 
AAA 
Seooors 
SOON WC 
Aaa 
S28 





i) 
Oo 
rNNNNHH&AWN — ee DO DO bo ho 


2010 
2003 
1990 
1977 
1964 
1951 
1938 
1924 


tO Nb | 00 00 D0 00 60 00 Bo ‘oo 


Dv rH 


Ht tt tere | SOSSSSOS 
i Co Dinin 


. 
ee et et ee 


AAA 
#RWWWWWW Ww] MMH NN WYN bo 


NAME WHR Ol] SAU Who 


Soreuwrs 
el eel cl cl al cel a 
— te i) 
Annaea | 
SOP NUwhd 
CoD: Nin 

SRSaLKSs 


A 
So = 
mn 
A 
om 
n= 








* This point not included in Fig. 3 for reasons given in the text. 


Run II. Points taken close to the same tempera- 
ture in Runs | and III failed to substantiate the 
very large value of C,/C, found in Run II but 
agreed well with each other. Hence we have 
discarded this point as being an error of observa- 
tion. 

We have regarded the ratio C,/C, as the most 
significant function to plot since we suppose that 
with such a highly dilute solution as we have 
here this ratio should be a constant at a given 
temperature (Henry’s law). In the He I region 
the variation of the Henry constant with temper- 
ature is normal. Helium dissolved in liquid 
nitrogen shows a somewhat similar behavior. 

In the He II region, however, the behavior has 
no counterpart in any other dilute solution 
known to us, and appears to be another mani- 
festation of the quantum nature of He II. 

In this connection, however, as has been 
emphasized, it is important to be sure that the 
effect is a true one and not merely another 
demonstration of the fact, as has already been 
established by Daunt and collaborators,‘ that 
the creeping film transports no He*. Many of 
the properties of the Rollin film are now well 
known, especially the rate at which liquid is 
transported in the film.® In our set-up, as has 
been mentioned, special precautions were taken 
to ensure that the film evaporated in the glass 


*J. G. Daunt and K. Mendelssohn, Proc. Roy. Soc. 
A170, 423 (1939); zbid. 170, 439 (1939). 
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capillary and not in the sample bulb itself. 
Since we had a closed system, the resulting pure 
He‘ from the evaporating film has necessarily to 
flow back down the capillary and recondense jn 
the bulb, the heat of condensation being carried 
away by the outer bath. A simple computation, 
based on the data for the volume flow rate of 
the Rollin film (reference 6), shows that it is not 
possible to account for the present results on the 
basis of a film effect. For instance, in the case 
of Sample 4, Run III, the times of operations 
were as follows. Approximately 6 minutes were 
taken to reduce the temperature from above the 
A-point to 2.15°K. The bulb B remained at this 
temperature for 15 minutes. A flushing sample 
was then taken, requiring 1 minute. The meas- 
ured sample was taken 2 minutes later requiring 
also 1-minute extraction time. The total elapsed 
time is accordingly 25 minutes. The rate of 
creep at 2.15°K is 0.115 cm* (S.T.P.) per minute,* 
in the 1.5-mm capillary tube. Hence, in 25 
minutes, a maximum of 2.9 cm?’ (S.T.P.) of 
helium could have evaporated via the film. If 
we now make the drastic and unlikely assump- 
tions that all of this helium is recovered in the 
samples, that it is all He*, and further that the 
“true” concentration is the same as that just 
above the A-point (5.8 10-*), then the concen- 
tration measured at 2.15°K in the two 6.7-cm' 
(S.T.P.) samples should have been 4.5X10-, 
and this, in view of the above assumptions, is 
most certainly a lower limit. Actually, the meas- 
ured concentration on the second sample was 
3.2 10-§+10 percent. 

The results suggest a rather simple way of 
concentrating He*. It would merely be necessary 
to evaporate a quantity of liquid helium at a 
temperature well below the A-point until only a 
few drops of the liquid remained. These re- 
maining drops would then contain all the He’ 
present in the original sample. Since the density 
of liquid helium is around 800 times that of the 
gas (S.T.P.) quite sizeable samples of enriched 
gas should be obtainable, starting with quite 
modest amounts of liquid. 

Finally, we should like to thank Dr. L. 
Onsager for a number of valuable discussions, 
and we are indebted also to Mr. Charles Reynolds 
for material assistance in the low temperature 
phase of this work. 
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Slow Neutron Velocity Spectrometer Studies of H, D, F, Mg, S, Si, and Quartz* 


L. J. RAINWATER, W. W. Havens, Jr., J. R. Dunninc, anp C. S. Wu 
Columbia University, New York, New York 


(Received December 19, 1947) 


The neutron proton cross section has been measured 
using a paraffin sample. The observed free proton cross 
section is (20.6+1). The cross section-curve below 0.05 ev 
is well matched by a theoretical curve and approaches 4 
times the free proton cross section at very low energies. 
The thermal cross section of D;O is well matched by the 
curve ¢p,0 = (10+0.72E+). The free cross section of D is 
(3.340.2). The thermal cross section of fluorine in a 
fluorocarbon oil is well matched by the curve or=(3.3 
+0.11E-4). The cross section of the free fluorine is (3.3 
+0.5). The cross section of Mg is essentially constant at 


(3.40.1) ev. No resonances are observed in Mg. Micro- 
crystalline interference effects are noticed in the low 
energy region. The thermal cross section of sulfur is well 
matched by the curve o=(1+0.098E~+). No resonances 
are observed in S. The cross section of Si is essentially 
constant at (2.25+0.1). No resonances are observed in Si. 
Microcrystalline interference effects are noticed in the low 
energy region. The effective neutron cross section of an 
optical quartz crystal decreases from the additive cross 
section of (9.2+0.2) at ~10 ev to 1.25 at 0.025 ev which 
is taken to be the residual incoherent cross section. 





1. INTRODUCTION 


is several previous papers’? the results of 
many measurements with the Columbia Uni- 
versity slow neutron velocity spectrometer have 
been described. In order to make available in 
published form as complete information as pos- 
sible on slow neutron cross sections we have been 
urged by several physicists to publish all of the 
results thus far obtained with the Columbia 
neutron velocity spectrometer. Therefore, all 
results acquired over the past few years have 
been re-examined and the material to be pre- 
sented divided into three categories. 

(a) Materials investigated with the old system! 
which are unlikely to be re-investigated in the 
near future. 

(b) Those materials which have been partially 
investigated with the new system,? and for which 
the investigation will probably not be completed 
for some time because of the large number of 
experiments that are scheduled to be performed 
with the cyclotron and velocity spectrometer 
apparatus. 

(c) Those materials that were almost com- 
pleted and should be published in the immediate 
future as part of the regular series of papers of the 
Columbia velocity spectrometer group.” 

* Publication assisted by the Ernest Kempton Adams 
Fund for Physical Research of Columbia University. 

1L. J. Rainwater and W. W. Havens, Jr., Phys. Rev. 70, 
136, 154 (1946). 


? Rainwater, Havens, Wu, and Dunning, Phys. Rev. 71, 
65 (1947); Havens, Wu, Rainwater, and Meaker, Phys. 


Rev. 71, 165 (1947); Wu, Rainwater, and Havens, Phys. 
Rev. 71, 174 (1947). 
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The results presented in this paper fall in the 
first category except for the quartz crystal which 
has been remeasured for better accuracy. The 
results presented in this paper are also charac- 
terized by the fact that only elements of low 
atomic weights are involved. 

In presenting the results of measurements on 
H, D, F, Mg, Si, and quartz the conventions 
previously adopted? are used. In particular, the 
following points should be emphasized: (a) Cross 
sections are given in units of 10-*4 cm?/atom, and 
energies in electron volts. (b) The total cross 
section is always measured. (c) The slow neutron 
flux at the sample position is collimated to 
~23-in. diameter and the detector subtends 
<3X10~‘ of the 42 solid angle viewed from the 
sample position; therefore, no ‘‘geometry”’ cor- 
rections are made. (d) The timing resolution 
function is nearly triangular in shape with a 
width at the base between 2 and 3 times the 
spacing between the adjacent measured points. 


2. HYDROGEN IN PARAFFIN 


The importance of the data that can be ob- 
tained in the study of the neutron transmission 
of a sample of hydrogenous material as a function 
of the energy of the incident neutron is essen- 
tially twofold. The value of the slow neutron 
cross section of the free proton can be measured. 
The effect of the chemical binding of the hydro- 
gen atom in a molecule on the proton cross 
section can also be studied. 

The neutron cross section of the free proton is 
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of particular interest since the magnitude of this tions and will increase as the energy of the In 
value gives information about the excited state neutron decreases. The exact effect of the binding Co! 
of the deuteron and the fundamental nuclear on the cross section is difficult to calculate at any oa’ 
forces.* The calculation of the slow neutron, given energy but the proton may be considered fou 
proton cross section on the basis of the known free for neutron energies above a few electron usil 
stable triplet state of the deuteron gives much volts‘ and completely bound in the limit of zero oHe 
too small a value. Theoretical attempts toexplain neutron energy. det 
the large observed value led to the postulation In Fig. 1 the results of slow neutron trans- 490 
of a virtual singlet level within 70 kev of zero mission measurements of a sample containing wit 
binding energy giving strong evidence for the 0.527 g/cm? of paraffin ina0.418 g/cm? aluminum wh 
spin dependence of nuclear forces. container are presented. The composition of the low 
In the region of thermal energies the H cross paraffin was assumed to be CoH, with the reg 
section in paraffin should increase withdecreasing carbon cross section remaining constant at 4.8. pre 
neutron energy because of the chemical binding Between 2.5 and 10 ev the cross section is res 
of the H atom in the lattice.‘ The effective scat- essentially constant. Since this is in the energy ex. 
tering cross section is proportional to the square region where the proton can be considered free, ] 
of the reduced mass of the colliding particles. the neutron cross section of the free proton can sec 
When there is a collision between a neutron and_ be given as (20.61), considering all possible the 
a free proton the reduced mass is equal to one- sources of error. Above 10 ev the cross section be 
half the neutron mass, but when the proton is decreases. This decrease is caused by the resolu- 78 
completely bound, and the energy of the neutron tion width of the apparatus which permits some abc 
is too small to free the hydrogen or excite the fast neutrons to be counted in this region, and sho 
molecule, then the hydrogen has infinite mass _ since the neutron cross section decreases rapidly the 
effectively and the reduced mass is equal to the above 10 kev, the decrease is to be expected. Th 
neutron mass. Thus the scattering cross section The value of 20.6 for the free proton is in car 
for a completely bound proton should be 4 times excellent agreement with all of the measure- onl 
that of the free proton. The effective binding of ments which have been made with good experi- uni 
the H atom in the paraffin molecule depends on mental techniques. Cohen, Goldsmith, and 4 ii 
the ability of the neutron to excite lattice vibra- Schwinger’ found og = (20+2) using Rh (1.3 ev), the 
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3H. A. Bethe and R. F. Bacher, Rev. Mod. Phys. 8, 82, 117 (1936). 121 
4H. A. Bethe, Rev. Mod. Phys. 9, 69, 117 (1937). 19 
5 Cohen, Goldsmith, and Schwinger, Phys. Rev. 55, 106 (1939). ( + 


6 Borst, Ulrich, Osborne, and Hasbrouck, Phys. Rev. 70, 557 (1946). 
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In (1.44 ev), and Ag (5.1)? resonance detection. 
Cohen, Goldsmith, and Hornbostel* obtained 
oun =20 using an I (~40 ev)? detector. Hanstein® 
found on = (21+1) using In (1.44 ev) and on = 20 
using I resonance detectors. Marshall’® obtained 
ono = 44.4. (oH =20.3) using an In resonance 
detector. Frisch"! measured oy at 35, 95, 265 and 
490 kev, and obtained results in good agreement 
with a theoretical curve of Bohm and Richman” 
which had been adjusted to give og=20.8 at 
low energies. These values all lie within the 
region 20 to 21, in good agreement with the 
present value but much higher than earlier 
results" which were obtained under poorer 
experimental conditions. 

In Fig. 1 the increase in the proton cross 
section with decreasing neutron energy due to 
the binding of the proton in the molecule can 
be seen, At 0.003 ev the proton cross section is 
78 which is very near the expected value of 
about 83 for the completely bound proton. It 
should be pointed out that at very low energies 
the carbon nuclei are also effectively bound. 
This should give a 17 percent increase in the 
carbon cross section; however, this increase is 
only 0.8 unit, representing a shift of only 0.4 
unit in the measured value of oy. This factor of 
4 increase in oy has also been verified by using 
the very slow filtered neutron from piles.'*" 
Bethe‘ has calculated the effective cross section 
of the proton when bound in paraffin for energies 
well below the vibrational energy perpendicular 
to the C—H bound (~0.1 ev). A plot of this 
calculation below 0.05 ev is the solid curve given 
in the Fig. 1. The agreement between the theo- 
retical curve and the experimental data is sur- 
prisingly good. 

Many previous measurements* *!* of og have 
been made in the thermal region using the entire 
energy distribution from paraffin sources at 

7B. D. McDaniel, Phys. Rev. 70, 832 (1946). 
as Goldsmith, and Hornbostel, Phys. Rev. 57, 352 

*H., B. Hanstein, Phys. Rev. 59, 489 (1941). 

#0]. Marshall, Phys. Rev. 70, 107 (A) (1946). 

4D. H. Frisch, Phys. Rev. 70, 589 (1946). 

2 D. Bohm and C. Richman, Phys. Rev. 71, 567 (1947). 

#% E, Amaldi and E. Fermi, Ricerca Scient. 7, 310 (1936). 

“L. Simons, Phys. Rev. 55, 792 (1939). 

%® Amaldi, Bocciarelli, and Trabacchi, Ricerca Scient. 11, 
121 (1940). 

%€ Anderson, Fermi, and Marshall, Phys. Rev. 70, 815 


(1946). 
17 E. Fermi and L. Marshall, Phys. Rev. 71, 666 (1947). 
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Fic. 2. The slow neutron transmission of a 5.54 g/cm? 
sample of D,O. The cross section curve given by 
o« =(10+0.72E-4) is the best line drawn through the experi- 
mental data. The 1/» term is probably caused by molecular 
binding effects. 


room temperature and at lower temperatures, 
but since the neutron spectrum was only ap- 
proximately known, direct comparison with the 
results given here are not possible. However, it 
is possible to reverse the procedure and obtain 
the “‘effective’’ energy of the thermal neutrons 
used by comparing the value of the cross section 
obtained and the results given in Fig. 1. 
Carroll’s® value of on =(49.8+0.2) for paraffin 
is typical of the best measurements and cor- 
responds to a neutron energy of 0.041 ev rather 
than the assumed temperature of 0.025 ev. This 
conclusion concerning the effective energy of 
room temperature neutron distribution agrees 
with a similar comparison of previously measured 
values of the boron cross section with values 
obtained from velocity spectrometer measure- 
ments.! 1% 20 

The capture cross section of H is between 0.3 
and 0.4 for 0.025 ev neutrons. Schulz and Gold- 
haber* give (1954+24) as the ratio of the boron 


18See, for example, Dunning, Pegram, Fink, and 
Mitchell, Phys. Rev. 48, 265 ( 1935); H. Carroll, Phys. Rev. 
60, 702 (1941); Goldhaber and Briggs, Proc. Roy. Soc. 
A162, 127 (1937); G. A. Fink, Phys. Rev. 50, 738 (1936); 
Powers, Goldsmith, Beyer, and Dunning, Phys. Rev. 53, 
947 (1938). 

19 Bacher, Baker, and McDaniel, Phys. Rev. 69, 443 (1946). 

20Sutton, McDaniel, Anderson, and Lavatelli, Phys. 
Rev. 71, 272 (1947). 

tL. G. Schulz and M. Goldhaber, Phys. Rev. 67, 202 
teas’ Manley, Haworth, and Luebke, Phys. Rev. 61, 152 
1942). 
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Fic. 3. The slow neutron transmission of 8.84 g/cm? of 
a fluorocarbon oil (CF1.9),. The cross section of carbon has 
been assumed constant at 4.8 and subtracted from the 
total cross section of the oil to give the effective fluorine 
cross section. 


to H capture cross sections corresponding to 
Cabs = 0.37 at 0.025 ev, or to about 0.03 in the 
region where the free proton cross section was 
measured. 

Further study of hydrogenous material in the 
energy region where chemical binding is unim- 
portant should give more exact values of the 
cross sections of the free proton, and velocity 
spectrometer studies of the neutron cross section 
of the simpler hydrogenous molecules, such as 
methane, ethane, propane, etc., should throw 
more light on the different chemical binding of 
hydrogen in the molecules which were first sys- 
tematically investigated by Carroll.” 


3. DEUTERIUM IN D:0O 


The slow neutron transmission of a sample 
containing 5.54 g/cm? of D,O has been inves- 
tigated. The D,O was in an aluminum sample 
holder and an identical empty container was used 
for the “sample out’’ measurements to cancel 
effects due to the container. The D,O sample was 
obtained from the metallurgical laboratory of 
the University of Chicago and was of the highest 
purity obtainable. The results of the measure- 
ments are shown in Fig. 2. 

The rise in transmission near zero time of 
flight is due to the effect of the very fast neutrons 
as explained above for hydrogen. In the region 
near 5 ev, the curve is relatively flat correspond- 
ing to a cross section of 10.5. Since the effect of 
chemical binding should be negligible in this 
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region, the value oD:0 = (10.5+0.3) may be taken 
as the (2ep+¢0) “free” cross section. At lower 
energies, binding effects should give an increase 
in the cross section for a maximum factor of 
(3/2)? for the D atoms and (17/16)? for the 0 
atoms. Using the relative D and O cross sections 
chosen below, this would give a maximum value 
of «D290 = 19.5, which is very near the maximum 
measured value. This does not consider the effect 
of the thermal motion the D,O molecules which 
will tend to increase the measured cross section 
for very slow neutrons. Considering all of the 
complicating effects, it was rather unexpected 
that the experimental points could be so closely 
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Fic. 4. The slow neutron transmission of 15.3 g/cm? of 
magnesium. The rise in transmission at very long time of 
flight is caused by the microcrystalline interference effects. 


matched over the entire region by the 1/v type 
relation oD20 = (10+0.72E-4). 

It is well known from the use of D,O as a pile 
moderator material that both D and O have 
unusually small capture cross sections. Frisch, 
Halban, and Koch” gives o4,.<0.03 for D and 
<0.01 for O in agreement with the results 
obtained for O by Muelhause and Goldhaber.” 
The 1/v effect observed is thus not due to capture. 

The results of Fig. 2 may be compared with 
previously published values for the thermal 
region (~0.042 ev) and the resonance region 
(>1 ev). Hanstein® obtained op,.0=10.6 for 
indium resonance neutrons and 15.4 for thermal 
neutrons. Carroll'® found op.0= 10.3 for indium 
resonance neutrons. Beyer and Whitaker‘ ob- 
tained op20 = 16 for thermal neutrons. The values 
for the resonance region are in good agreement 


#2 Frisch, Holban, and Koch, Nature 140, 895 (1937). 
( 046) O. Muelhause and M. Goldhaber, Phys. Rev. 70, 85 
1946). 
* H. G. Beyer and M. D. Whitaker, Phys. Rev. 57, 976 
(1940). 
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with the value 10.5 from Fig. 2, but the thermal 
values are consistently higher than the value of 
~14 for 0.04 ev in Fig. 2. 

Previous measurements***5 of the oxygen 
cross section in the thermal region have given 
oo~4.1. However, the cross section of O2 gas 
has recently been measured in this laboratory to 
be 3.7 in the resonance region and this value is 
subtracted from op2,0=10.5, a value of 


op = (3.30.2) 


is obtained for the free deuteron cross section. 
The increased cross section of D,O at lower 
energies is mainly due to the deuterium but is 
partly due to the oxygen. For this reason only 
the D,O cross section is given in this region. 


4. FLUORINE 


The slow neutron transmission of a sample 
containing 8.84 g/cm? of a fluorocarbon oil has 
been investigated to determine the cross section 
of fluorine. A chemical analysis of the oil showed 
that there were 1.9 atoms of fluorine per carbon 
atom and that the sample contained negligible 
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Fic. 5. The slow neutron transmission of 16.4 g/cm? of 
sulfur. This curve shows the usual 1/v type cross section 
o=(1.0+0.098E-4). 


hydrogen (<0.02 percent by weight). The results 
of these transmission measurements are pre- 
sented in Fig. 3. 

In determining the cross section of fluorine the 
formula for the oil was assumed to be (CF;.9)» 
and the cross section of carbon was assumed to 
be constant and equal to 4.8. 

The transmission of the sample is relatively 
constant above 0.25 ev and corresponds to a 


*H. Carroll and J. A. Dunning, Phys. Rev. 54, 541 
(1938). 
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fluorine cross section of (3.3+0.15). This may 
be taken as the “free” fluorine cross section 
since binding effects should be negligible in this 
region. The cross section curve has a small slope 
and is well matched over the entire energy region 
studied by the formula o;=(3.3+0.11E-). The 
slope of this curve cannot be attributed to 
capture for both the capture cross sections of 
fluorine and carbon are too small. For fluorine 
Volz™ found ocape = 0.05 from absorption measure- 
ments. Muelhause and Goldhaber®* found oa». 
~10-? and Manley, Hayworth, and Luebke?’ 
gave o»,=0.01. For carbon, Anderson et al.** 
Live Gcapt = 0.0049. This 1/v increase in the cross 
section might be accounted for by the binding 
of fluorine in a molecule. If the C and F atoms 
were completely bound, a value of 14 percent 
higher than the “‘free’’ cross sections would be 
expected. The maximum measured value of 
(o7+0.5260.) =6.5 is 12 percent larger than the 
free value of 5.8 at a neutron energy of about 
0.019 ev. Slow neutron capture in the 100 percent 
abundant F'® isotope” produces F*®* which is 
B-active with a 12 sec. half-life. 

The results given in Fig. 3 can be compared 
with previous measurements of the total and 
scattering cross sections for fluorine. Dunning 
et al.® found o%:=2.5 using thermal neutrons. 
Goldhaber and Briggs" found ¢gcate=4.1. Mar- 
shall’ gives oto:=3.7 using In resonance neu- 
trons. This last value should be reliable and 
directly comparable with Fig. 3. The fact that 
it is slightly larger than the value 3.3 suggests 
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Fic. 6. The slow neutron transmission of 19.43 g/cm? of 
powdered silicon from 0.015 to 10 ev. The cross section is 
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% Volz, Zeits. f. Physik 121, 201 (1943). 
( a” Hayworth, and Luebke, Phys. Rev. 59, 109 
1941), 

28 Anderson, Fermi, Wattenberg, Weil, and Zinn, Phys. 
Rev. 72, 16 (1947). 

” G. T. Seaborg, Rev. Mod. Phys. 16, 1 (1944). 

















that the C;Fis sample used may not have been 
completely hydrogen free. It is also interesting 
to note that Fields, Russell, Sachs, and Watten- 
burg*® obtain total cross sections of 3.5, 5.7, 6.9, 
4.6, and 4.1 at 24 kev, 130 kev, 220 kev, 620 kev, 
and 830 kev, respectively. This suggests that 
there is a broad resonance between 130 and 220 
kev. Goloborodko and Leipunski*® also find 
Cror = 6.41.3 at 210 kev. 


5. MAGNESIUM 


The slow neutron transmission of magnesium 
has been investigated in a metallic sample con- 
taining 15.3 g/cm’. The sample was cast from 
C.P. magnesium in an inert atmosphere to 
remove traces of hydrogen. The results of the 
transmission measurements are shown in Fig. 4. 

There are no pronounced dips in transmission 
in the high energy region even though much 
better resolution was used in this region. This 
indicates that there are no strong neutron reso- 
nances in the region studied. Since Mg has such 
a low atomic weight, it should have broad, 
strong, widely spaced levels, and thus it is not 
surprising that none were found in the region of 
a few volts energy. The curve in Fig. 4 gives an 
essentially constant value of «= (3.4+0.1) in the 
region above 0.25 ev which may be taken as the 
“free’”” magnesium cross section. The rise in 
transmission near zero time of flight is due to the 
overlap of some very fast neutrons for which the 
Mg cross section is lower. The rise in trans- 
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1939). 





738 RAINWATER, HAVENS, DUNNING, AND WU 





mission for larger timings is due to the inter. 
ference effects associated with the microcrystal. 
line structure of the sample. 

Normal magnesium consists of 77.4 percent 
Mg™, 11.5 percent Mg”, and 11.1 percent Mg*, 
Slow neutron capture produces stable isotopes* 
in the first two cases, and §-active Mg?’ of 10.2 
min. half-life in the case of Mg?*. Sinma and 
Yamasaki® obtained 0.028 for the thermal 
neutron capture cross section of Mg for the 
production of Mg?’. Goldhaber and O’Neal#* fing 
0.03 as the capture cross section of Mg (thermal 
neutrons) for the production of Mg?’ or 0.3 for 
the Mg”* isotopic cross section. Volz™* gives 0.31 
for the total Mg thermal absorption cross section 
and Ramm* obtained 0.22 for the same quantity. 
The value of o=3.4 at higher energies in Fig. 4 
is due only to scattering, since the 1/v dependence 
of the capture cross section causes it to be neg- 
ligible in that region. The results given in Fig. 4 
can be compared with previous measurements 
of the Mg total and scattering cross sections. 
Dunning e¢ al. obtained o%4=3.5 in the thermal 
region. Mitchell, Murphy, and Whitaker*® ob- 
tained ¢scatt = 4.2 at thermal energies. A measure- 
ment at 210 kev by Goloborodko and Leipunski* 
GIVES Oscatt = 4.4, 4.9, 5.7, 8.7, 4.2, and 3.4 at 24, 
130, 140, 220, 620, and 830-kev neutron energies. 
This indicates the presence of a broad level near 
220 kev. McPhail** has shown that Mg** has a 
scattering level at Ey=2.54 Mev with I)=0.15 
Mev. 


6. SULFUR 


The slow neutron transmission of sulfur has 
been investigated using 16.40 g/cm? of sulfur ina 
container with thin aluminum ends. The sample 
was made of C.P. powdered sulfur which was 
dried at 120°C and pressed into the container. 
An empty container was used in the sample 
position during the ‘“‘out’”’ runs to eliminate the 
effect of the container walls. The results of the 
transmission measurements are shown in Fig. 5. 

There are no pronounced dips in the high 


# K. Sinma and F. Yamasaki, Phys. Rev. 59, 402 (1941). 
( 33 . Goldhaber and R. D. O’Neal, Phys. Rev. 59, 109 
1941). 

* Ramm, Naturwiss. 30, 755 (1942). 
( % _— Murphy, and Whitaker, Phys. Rev. 50, 133 
1936). 

36M. R. MacPhail, Phys. Rev. 57, 669 (1940). 
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energy region even though better resolution was 
used in this region. The curve is well matched by 
the 1/v relation 


o=[(1.0+0.1)+(0.098+0.01)E-*]. 


The first term may probably be considered to 
represent the scattering cross section, and the 
second term the 1/v capture cross section. This 
represents the smallest slow neutron cross section 
known and is of interest for this reason. 

Normal sulfur consists® of 95.1 percent S®, 
0.74 percent S**, 4.2 percent S*4, and 0.016 per- 
cent S**. Neglecting the S**, the capture of slow 
neutrons leads to a radioactive product only in 
the case of the 4.2 percent S** which gives 
B-active S** of 87.1-day half-life. Since S con- 
tains mainly the S® isotope, the small scattering 
cross section must be explained on the basis of 
a partial cancellation of the cross section due to 
the destructive interference of the potential and 
resonance scattering amplitudes. On the basis of 
the theory of Feshbach, Peaslee, and Weisskopf,*’ 
this would indicate that there is a resonance level 
“near” zero neutron energy. This means ‘“‘near”’ 
relative to the level spacing which is probably 
quite large since sulfur is of such low atomic 
weight. 

The results shown in Fig. 5 may be compared 
with previously published values for thermal 
neutrons. Dunning ef al." obtained ot+=1.4. 


wn Peaslee, and Weisskopf, Phys. Rev. 71, 145 
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Volz** obtained o,,=0.62. Coltman** obtained 
Obs = (0.44+0.03). Whitaker and Bright*® ob- 
tained oor =9.0 and Gscate = 8.5 for CS:. Subtract- 
ing 4.8 for S, leaves oto¢ = 2.2 and Gecatt = 1.8 for S. 
Mitchell, Murphy, and Whitaker** obtained 
Oscatt = 0.9. Kimura*® found gscate = 1.1 for thermal 
neutrons and 1.05 for In resonance neutrons. 
Goldhaber and Briggs'* obtained ¢scare=1.1 
Whitaker and Beyer™*“ found o+=2.0. The 
results shown in Fig. 5 give oto: =1.5, Gscatt = 1.0, 
and ¢ap,=0.5 at 0.042 ev. 

The results of Fields, Russell, Sachs, and Wat- 
tenberg,*® using photo-neutrons, are in good 
agreement with Fig. 5 at their lowest energy and 
show that the position of what is probably the 
nearest resonance is near 150 kev. They obtain 
Srot = 1.0, 4.2, 4.5, 2.9, and 2.2 for 24, 130, 140, 
222, and 830-kev neutron energies. Zinn, Seely, 
Cohen® obtain o¢o4 = 3.12+0.10 for 2.88-Mev fast 
neutrons. 


7. SILICON 


The slow neutron transmission of silicon has 
been investigated using a 19.43 g/cm? sample of 
powdered silicon packed in an aluminum con- 
tainer of 0.418 g/cm? wall thickness. The results 


38 J. W. Coltman, Phys. Rev. 59, 917 (1941). 
(1941). D. Whitaker and W. C. Bright, Phys. Rev. 60, 155 
© Kimura, Phys. and Math. Soc. Japan Proc. 22, 391 


(1940). 
(1939); D. Whitaker and H. G. Beyer, Phys. Rev. 55, 1124 
# Zinn, Seely, and Cohen, Phys. Rev. 56, 260 (1939). 



















of these transmission measurements are pre- 
sented in Figs. 6 and 7. 

There are no pronounced dips in transmission 
in the high energy region even though the 
measurements at the higher energies used much 
better timing resolution. This indicates that 
there are no strong neutron resonances in the 
energy region investigated. Small irregularities in 
the transmission in the thermal energy region are 
probably due to interference effects. The value 
of the cross section above thermal energies is 
(2.25+0.1), from Fig. 7. This represents the free 
silicon cross section since binding and inter- 
ference effect should be negligible. A completely 
bound Si atom would have a 7 percent larger 
cross section than a free Si atom. 

Normal silicon consists” of 89.6 percent Si*’, 
6.2 percent Si, and 4.2 percent Si**. Capture of 
a neutron produces a radioactive product only in 
the case of 4.2 percent Si*® to give B-active Si*! 
of 170-min. half-life. Volz* gives a4, <0.06 for Si 
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Fic. 9. The slow neutron cross section of quartz as 
measured with a 4.57 g/cm? sample. The cross section 
decreases from the free value of 9.2 to about 1.25 at 0.025 ev 
and then remains approximately constant. 
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using thermal neutrons. Sinma and Yamasaki® 
obtained o,=0.063 for the production of the 
Si* activity by thermal neutrons. Goldhaber 
and O’Neal*® similarly obtained oabs<0.03 for 
the production of Si*. Although Fig. 6 shows a 
small increase in cross section in the thermal 
region, the absorption is too low to be reliably 
indicated by utilizing the 1/v slope of the trans. 
mission curve since binding and interference 
effects can easily be of equal importance. 

The results of Fig. 6 may be compared with 
previously published values of otot and oycat for 
Si for thermal neutrons. Dunning et al."* ob. 
tained oto¢=2.5 Goldhaber and Briggs" found 
Cscatt — 1.7. 

Because of its low atomic weight, silicon would 
be expected to have resonance levels for neutron 
absorption that are strong and widely spaced.‘ * 
This is in agreement with the results of Golobo- 
rodko and Leipunski,** who obtained oo,=7.2 
+0.9 for 210-kev photo-neutrons, and the 
results of Aoki,“ who observed a strong neutron 
scattering resonance level at 2.45 Mev. 


8. QUARTZ CRYSTAL 


The slow neutron transmission of a quartz 
crystal of 4.57 g/cm? thickness has been inves- 
tigated. The sample was an optical quartz 
crystal 1.725 cm thick and about 9 cm in diameter 
with optically flat parallel faces cut perpendicular 
to the optic axis. The purpose of the experiment 
was to study the energy dependence of the 
effective neutron cross section of a single crystal. 
At short neutron wave-lengths the cross section 
of the sample should be the sum of the separate 
free cross sections of the component atoms, 
whereas at long wave-lengths the effective cross 
section should be very small because of crystal 
interference effects. It was considered of interest 
to see how small the effective cross section would 
become for long wave-lengths and to study the 
shape of the cross section vs. neutron wave-length 
curve in transition region between additive and 
small cross sections. 

The results of the transmission measurements 
are shown in Figs. 8 and 9. The results shown 
were obtained using the new spectrometer 
system.? The sample thickness was much too 


* H. Aoki, Phys. Rev. 55, 795 (1939). 
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small for best accuracy in the cross section 
measurements since the transmission was so 
near unity. For best results a sample about 5 
times as thick should be used.’ We intend to 
investigate quartz again when a suitably thick 
sample is obtained. 

The results of the measurements for neutron 
energies above the thermal region are shown in 
Fig. 8 where the neutron cross section of SiO, 
is plotted as a function of the neutron time of 
flight. The neutron wave-length in angstrom 
units is also indicated. The cross section is essen- 
tially constant in this region and equal to 
(9.2+0.2), which may be taken as the additive 
SiO, cross sections for the free atoms scattering 
independently. Combining this result with the 
similar result for Si gives ¢=(3.5+0.2) for the 
oxygen cross section. This is somewhat lower 
than the value 3.7 which is indicated from 
measurements using O, gas. 

The results of the measurements over the 
entire energy range are shown in Fig. 9 which 
also contains a scale of neutron wave-length. 
From Figs. 8 and 9 one can see that almost the 
entire transition between high and low cross 
sections takes place in the range of neutron wave- 
lengths between 4=0.45A and 1.7A (0.45 ev to 
0.025 ev) with the half-value of the cross section 
at \=0.9A (0.1 ev). For longer wave-lengths the 
effective cross section seems to level off at 
¢=1.25, which represents the residual incoherent 
cross section. Previous studies indicated that the 
minimum effective cross section in the thermal 
region decreased rapidly with increasing sample 
thickness. This may also apply for monochro- 
matic neutrons, or it may be that the effect is 
due entirely to the use of the entire thermal 
spectrum in earlier studies. When the complete 
thermal spectrum is used, the neutrons of energy 
greater than 0.025 ev would be preferentially 
removed by the front portion of the sample and 
the “hardened’’ beam of lower energies would be 
less effected by the remaining thickness. The 
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thermal neutron capture cross section for SiO, 
should be less than 0.1, as discussed under Si 
and D,O. 

Since the thermal interference effects in quartz 
have been investigated frequently in the past, 
it is of interest to compare the earlier results with 
those of Figs. 7 and 8. Whitaker, Beyer, and 
Dunning,** using thermal neutrons, obtained 
78i02=(8.0+1) for 3.7 g/cm? fused quartz, 
(8.8+1.7) for 1.3 g/cm? of sand, (4.5+0.6) for a 
3.7 g/cm? quartz crystal, and (4.1+0.6) for a 
1.3 g/cm? quartz crystal. Whitaker, Bright, and 
Murphy,® using a 4.2-cm thick quartz crystal, 
found osi02=(7.2+1.2), using In and Rh reso- 
nance neutrons (1.3-1.44 ev), (3.0+0.7) using 
room temperature thermal neutrons, and (2.3 
+0.7) using a liquid-air cooled source. Hanstein® 
obtained osi02=(7.5+0.5) for In resonance 
neutrons and (4.3+0.3) for thermal neutrons 
using a 4.5 g/cm? thick quartz crystal, and 
(8.8+0.8) and (8.8+1.0) for the In resonance 
and thermal neutrons using 3.3 g/cm? of sand. 

The results given above for the SiO, cross 
section for thermal neutrons are not in disagree- 
ment with the results given in Fig. 9 but the 
reason for the previously obtained lower values 
using resonance neutrons is not clear. 
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Previous experimental work by Helmholz, McMillan, and Sewell has shown that a narrow 
beam of high energy neutrons is produced when a beam of 190-Mev deuterons strikes a thin 
target. The mechanism for the production of the neutrons has been discussed by Serber, who 
describes a process in which the proton in the deuteron strikes the edge of a nucleus in the 
target and is stripped off, while the neutron misses and continues on its way. It is to be expected 
that an equal number of high energy protons are produced by stripping processes in which it is 
the neutron that hits the nucleus. These high energy protons have been detected by (1) carbon 
activation, and (2) photographic plates. Both methods give energy distributions in agreement 
with the energy distribution predicted for protons produced by the stripping process. 





1. INTRODUCTION 


HE neutrons coming from the target of the 
184-inch Berkeley cyclotron! have been 
studied experimentally by Helmholz, McMillan, 
and Sewell.? The mechanism for the production 
of the neutrons from the deuteron beam has been 
discussed by Serber,* who describes a process in 
which the proton in the deuteron strikes the edge 


of the nucleus and is stripped off, while the 
neutron misses and continues on its way. It is 
pointed out by Serber that an equal number of 
high energy protons are produced’ at the target 
by stripping processes in which it is the neutron 
that hits the nucleus. The object of the present 
investigation was to detect these protons and to 
measure their energy distribution. Professor L. 
W. Alvarez called attention to the fact that the 
magnetic field of the cyclotron providés a con- 
venient means of separating protons of different 
energies, since the radii of curvature of the 
proton trajectories will be proportional to the 
momenta of the protons. 

Two different methods were used for detecting 
the protons: (1) carbon activation, and (2) pho- 
tographic plates, experimentation with the two 
methods being carried on concurrently. It was 
found that the data could be obtained faster and 
more reliably by the carbon activation method, 
and the results from this method are considered 


1 Brobeck, Lawrence, MacKenzie, McMillan, Serber, 
Sewell, Simpson, and Thornton, Phys. Rev. 71, 449 (1947). 

*A. C. Helmholz, Edwin M. McMillan, and Duane C. 
Sewell, Phys. Rev. 72, 1003 (1947). 

* R. Serber, Phys. Rev. 72, 1008 (1947). 


to be much more accurate than those from the 
photographic plate method. The results from the 
photographic plate method will be included, 
however, in order to corroborate the findings of 
the carbon activation method and to give 
information which may be of interest in con- 
nection with future applications of the photo- 
graphic plate method. 


2. CARBON ACTIVATION METHOD 


It was pointed out by Professor E. M. 
McMillan that the reaction C"(p,pn)C™ provides 
a convenient method of studying protons from 
the target, since the cross section for this reaction 
is essentially constant in the range of energies 
from 60 Mev to at least 140 Mev.‘ The general 
arrangement of the carbon detectors in the 
cyclotron is shown in Fig. 1. For each of the dif- 
ferent radial positions shown in the figure there 
were several carbon plates of dimensions 3 inches 
by 4 inches by ;*; inch. The ;-inch dimension 
was in the direction of motion of the protons, and 
the plates were placed one behind another so 
that the proton beam passed through several 
plates in succession. Enough plates were provided 
so that the plates extended approximately 2 
inches beyond the calculated range of the 
protons. The carbon plates were surrounded by 
lead plates of 1-inch thickness, and the protons 
were admitted through an aperture in the lead 
shielding which was 13 inches high by 2 inches 


*W. W. Chupp and E. M. McMillan, Phys. Rev. 72, 873 
(1947). 
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wide. The shielding system was extended 10 
inches in front of the carbon blocks, and at this 

ition there was another aperture which ad- 
mitted all trajectories of horizontal angle up to 
+10° which could strike the 1}-inch by 2-inch 
opening at the carbon blocks. The horizontal 
angle of a trajectory refers to the horizontal 
angle at which the trajectory leaves the target, 
the direction of the deuteron beam being taken 
as zero. As shown in Fig. 1, the protons leaving 
the target describe an arc of 150° before striking 
the detectors. At the 150° position, the trajec- 
tories at various horizontal angles do not come 
together as nicely as they do at 180° position. 
However, the 150° position is sufficiently close 
to the 180° position so that the spread in energies 
at the detectors is only about +9 percent for all 
energies under consideration. The magnetic field 
of the 184-inch cyclotron is about 5 percent 
smaller at a radius of 80 inches than at the 
center. In order to find the effect on the proton 
trajectories of this change in magnetic field, 
several trajectories were plotted graphically. The 
effect of the variation in magnetic field was found 
to be much smaller than the +9 percent energy 
spread mentioned above. 

The activity in the carbon detectors is a re- 
sultant of the effects of protons, deuterons, and 
neutrons. The deuterons come from the vicinity 
of the target, where they are scattered from the 
edge of the dee. They can pass through varying 
thicknesses of copper in the dee depending on 
their angle of incidence, and hence can appear at 
the detectors at any momentum position. At any 
given detector position the deuterons have the 
same momentum as the protons and hence have 
half the energy. The method of separating the 
effects of the protons, deuterons, and neutrons 
was to measure the activities of three plates at 
each detector position. One plate, at or near the 
position where the beam first strikes the stack 
of plates, measured the total effect of the protons 
plus the deuterons plus the neutrons. Another 
plate, placed beyond the end of the deuteron 
range but not so far along that the protons had 
energies less than 60 Mev, measured the effect 
of the protons plus the neutrons. Still another 
plate, placed well beyond the range of the 
protons, measured the effect of the neutrons only. 

With the detectors in place in the cyclotron, a 
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copper target of thickness 7's inch was bombarded 
with 190-Mev deuterons for about 20 minutes. 
The carbon plates were then removed from the 
vacuum chamber, and activities were measured. 
The activities were all corrected to some ar- 
bitrarily chosen time after bombardment. Each 
plate was counted at least five times to check 
the decay curve. Two runs were made, the 
second run to obtain points approximately mid- 
way between those of the first. The first run 
showed that there were many deuterons present ; 
large numbers of deuterons at the detectors are 
objectionable because of stripping of the deu- 
terons in the detectors, with a consequent 
increase in the neutron background. The deu- 
terons were largely removed from the region of 
the detectors during the second run by inserting 
a C-shaped defining slot in the dee 90° ‘‘ahead”’ 
of the target. The open end of the slot was 
directed toward the ion source, and the hori- 
zontal arms defined the deuteron beam to a 3 inch 
vertical height. This gave a 1-inch clearance from 
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Fic. 1. Arrangement of apparatus used with carbon ac- 
tivation method. Top: plan view of cyclotron showing 
carbon detectors in position. Middle: portion of front view 
of cyclotron showing carbon detectors in position just 
below the dee. Bottom: detail showing carbon detectors 
surrounded by lead shielding. 








TABLE I. Data from carbon activation method. 











Proton First run 
activity only data 
multi- multiplied 
plied by by 0.94 
Ac- Ac- Total Ac- radius to corre- 
p tivity tivity activity tivity and late with 
Posi- radius E due to dueto d,p,and dueto normal- second 
tion _— inches Mev p+n n n p ized run 
2 30 57.2 2300 250 2300 2050 0.212 0.200 
25 31.75 64.1 1220 74 1290 1146 0.282 
3 33.5 70.5 5300 158 5300 5142 0.595 0.560 
3} 35.25 78.7 2800 53 3000 2747 0.751 
4 37 87.0 7600 122 7800 7478 0.955 0.90 
43 38.75 95.4 3380 49 3520 3331 1.00 
5 40.5 104 5000 107 5200 4893 0.683 0.643 
5} 42.25 113 1400 46 1700 1354 0.443 
6 44 123 1625 115 2700 1510 0.230 0.217 
64 45.75 133 490 46 870 444 0.157 
7 47.5 151 710 73 5200 637 0.105 0.099 
s 51.0 165 305 95 7300 210 0.037 0.035 
9 54.5 188 273 150 15500 123 0.023 0.022 








the top and bottom of the dee. The removal of 
these deuterons did not change the observed 
proton distribution noticeably. 

The results of the activity measurements are 
given in Table I. The activities in this table do 
not give directly the numbers of protons in the 
various momentum intervals because the de- 
tectors, being of fixed height, do not subtend the 
same vertical angles. It can be shown that the 
number of protons striking an area A at the 
detector is proportional to A/L, where L is the 
length of the trajectory from target to detector. 
If R, is the radius of the proton path, then for the 
150° position 

L=5rR,/6. 


Thus, in order to find the numbers of protons in 
the various momentum intervals, it is necessary 
to multiply the observed activities by the proton 
trajectory radii. The products of the observed 
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Fic. 2. Distribution measured with carbon detectors. 
Ordinate gives numbers of protons in various momentum 
intervals. Crosses, run 1; circles, run 2. 6, = horizontal angle 
at which trajectory leaves the target. The curves are calcu- 
—_ a on the basis of a transparent nuclear 
model. 
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activities and the radii have been plotted in Fig, 
2. The data from the two runs have been nor. 
malized to fit on a smooth curve. Corrections for 
target loss have been applied to the calculated 
distribution curves, as will be explained jp 
Section 4. 

In order to be able to compare the experi. 
mental points of Fig. 2 with the calculated curve 
we measured the proton energy at one detector 
position by means of the proton range. At the 
position used for the measurement, the proton 
trajectory radius was 37% inches, and the energy 
was found to be 88 Mev. From the radius and 
the energy it is possible to calculate the effective 
magnetic field. The value found in this way was 
14.62 kilogauss, which corresponds very closely 
to the average of the magnetic field at the center 
of the cyclotron and the magnetic field at 80 
inches from the center. 


3. PHOTOGRAPHIC PLATE METHOD 


When photographic plates®*® were used as 
detectors, the numbers of protons in the various 
momentum intervals were found by counting 
individual tracks in the developed plates. The 
plates available at the time the experiments were 
done were not sensitive enough to record the high 
energy portions of the tracks, and it was neces- 
sary to slow the protons down and then count 
the low energy ends. We used Ilford Nuclear 
Research plates,’ type B.1. These plates show 
recognizable tracks for low energy protons (e.g., 
20 Mev), but for protons of energies of the order 
of 100 Mev the number of developed grains per 
unit length of track is so small that the tracks 
get lost in the general background of developed 
grains. The method of slowing the protons down 
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Fic. 3. Photographic plate ‘‘sandwich.” 


5M. M. Shapiro, Rev. Mod. Phys. 13, 58 (1941). 

*C. F. Powell and G. P. S. Occhialini, Nuclear Physics 
in Photographs (Clarendon Press, Oxford, 1947). 

7 Powell, Occhialini, Livesey, and Chilton, J. Sci. Inst. 
23, 102 (1946). 
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to a velocity such that they make recognizable 
tracks was to allow the proton beam to strike the 
edge of a “sandwich,”’ as shown in Fig. 3. The 
sandwich is made up of two photographic plates 
placed emulsion to emulsion, with additional 
glass plates placed above and below. The photo- 
graphic plates are wrapped in black paper, as 
shown in the figure. The dimension of the plates 
in the direction of the proton beam is greater 
than the range of the protons, so that the protons 
slow down and stop in the sandwich. It is 
assumed that protons scattered out of the emul- 
sion are compensated for by others scattered in. 
This is only approximately true, since some 
protons make nuclear collisions in which they 
lose so much energy that they are effectively 
lost from the beam. The number of protons lost 
in this way would be expected to depend on the 
range, and hence on the energy of the protons. 
Plates to be studied under the microscope were 
given an exposure in the cyclotron of about half 
a minute, and on these plates only a faint darken- 
ing was visible to the naked eye. In one of the 
early experiments, a set of plates was given a 
much heavier exposure in order to produce a 
more pronounced darkening. One of these plates 
is shown in Fig. 4. The dark streak on the plate 
is about one inch wide, corresponding to a one- 
inch slit through which the protons passed. The 
streak extends for about one and one-half inches 
from the edge of the plate and ends in a heavily 
darkened region at the position where the protons 
slow down and stop. At about a quarter of an 
inch from the edge of the plate there is an addi- 
tional darkening, attributed to deuterons which 
were scattered from the dee but not broken up. 
The slit system used with the photographic 
plate method is shown in Fig. 5. The first slits, 
and also the second slits, were one-half inch 
wide, and the two sets were about 12-inches 
apart. The photographic plates were arranged 
in sandwiches as previously described. The 
shielding and slit system was made of copper, 
shown by the shaded areas of Fig. 5. The plates 
were set at a height such that all of them received 
protons which left the target at an angle of 23° 
down from the median plane. The photographic 
plates, with their shielding and slit system, were 
placed in the cyclotron in approximately the 
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Fic. 4. Photographic plate showing darkening caused 
by protons and deuterons. 


same position as that shown in Fig. 1 for the 
detectors in the carbon activation method. 
The low energy ends of the tracks are recog- 
nized under the microscope by their close grain 
spacing, which makes the tracks appear nearly 
continuous. A portion of a field of view in the 
region of the low energy ends is shown in Fig. 6. 
The count was made by moving the field of view 
along the tracks (i.e., from left to right in Fig. 6) 
and adding up the number of low energy ends 
which stop in the emulsion. The numbers of 
tracks counted are shown in Table II. In addition 
to the statistical errors, there are also errors 
arising from the fact that the observer must use 
his judgment in deciding whether a track stops 
in the emulsion. It was assumed that the emul- 
sion thickness was the same for all of the plates, 
and any variation in this thickness will introduce 
an error in the measurement. In the plates 
which we used, all of the tracks did not end at 
the position where the main group of tracks 
ended, but a few tracks were found at a much 
greater distance from the edge of the plate. Thus 
the observer had to use his judgment to decide 
how -much of this “tail” to include in the count. 
The presence of this tail is explained by assuming 
that some of the proton trajectories lie partly 
in the black paper or in the open space caused by 
the folds in the black paper. The protons evi- 
dently pass through a short section of black 
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Fic. 5. Slit system used with photographic plate method. 


paper or open space, and then through the glass 
part of the photographic plate, and then into the 
emulsion. (We realized after the experiments 
were done that we should put the paper on the 
outside of the entire package instead of just 
around the photographic plates.) Difficulties of 
this nature could, of course, be eliminated by 
placing in front of the sandwich a block of 
copper, or other material, of such thickness that 
most of the proton trajectory was in the block 
and only the last little bit in the sandwich. This 
refinement was not made in the runs from which 
the data of Table II were taken. The real dif- 
ficulty with the photographic plate method as 
applied to this problem is that it takes so much 
effort to count a large number of tracks. There 
is plenty of plate area which could be used, and 
more tracks would undoubtedly be counted if 
there were no other method of getting the in- 
formation. Since, however, the carbon activation 
method is able to get thousands of counts by 
automatic methods, it was not thought to be 
worth while to spend the time necessary to get 
really good results with photographic plate 
method. 

The photographic plate data given in Table II 
have been plotted in Fig. 7. As in the case of the 
carbon activation data, the observed numbers of 
counts have been multiplied by the radius. 
Copper targets were used in both of the runs, 


the thickness being ;’¢ inch for run 1 and 4 inch 
for run 2. In order that the data from the two 
runs could be compared with each other ang 
with the carbon activation data, the valuyes 
from run 2 have adjusted on the abscissa scale 
to the positions they would have had if a #4-inch 
target had been used. In Fig. 7 the photographic 
plate data are compared with a calculated energy 
distribution which will be discussed in the next 
section. The irregularities in the plotted points 
are attributed to statistical errors, and other 
errors mentioned above. 

At the time that the photographic plates were 
placed in the tank to study the protons coming 
from the target, additional plates were placed jn 
positions to receive any negatively charged par. 
ticles which might be coming from the target, 
Numerous straight, parallel tracks were found in 
these plates, but subsequent experimentation 
showed that they were not due to particles from 
the target at all but were due to neutral particles 
coming from the vicinity of the center of the 
cyclotron. The particles causing the tracks were 
later identified by L. W. Alvarez as deuterium 
atoms, presumably formed by a process in which 
a deuteron acquires an electron near the center 
of the cyclotron and moves outward as a neutral 
particle. 


4. CALCULATED MOMENTUM DISTRIBUTIONS 


The momentum distribution calculated from 
the transparent model of the stripping nucleus 
is given by Serber (reference 3, Eq. (9)) as 
follows: 


P(p)dp =(Mea)#/2(Meat+p?)*dp. (1) 


In this equation, P(p) is the probability that a 
proton will have a momentum po+p, where py 
is the momentum caused by the motion of the 
center of mass of the deuteron and p that caused 
by the motion within the deuteron. M is the 
mass of the proton, and ¢,4 is the binding energy 
of the deuteron. The small effect of the Coulomb 
deflection of the deuterons and protons in 
passing through the target has been neglected. 
The experimental results given in previous 
sections apply to the protons whose trajectories 
lie within the limited angular ranges admitted 
by the defining slits. The corresponding calcu- 
lated distributions can be found from Eq. (1) 
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by integrating over the appropriate angular 
ranges. This integration will be done first for 
the carbon activation method, and then for the 
photographic plate method. 

In the carbon activation method, the vertical 
angle, 6», at which the protons must leave the 
target in order to be detected varies from 6.9° 
for the detector nearest the target to 4.3° for 
the detector farthest away. For this range of 
angles the momentum distribution is not very 
sensitive to small changes in @,, and the average 
value of @, is a fairly good approximation. We 
introduce Cartesian coordinates with the z axis 
in the direction of the deuteron’s motion, the 
x axis vertical, and the y axis horizontal. In this 
system the x-component of the momentum is 


given by 
pz~ Pode. (2) 
The slit system admits protons whose trajec- 


tories lie within a horizontal angle +6,, where 
#,~ 10°, so that 


| Py| <pa=Pobn. (3) 


The magnitude of the proton’s momentum, ?, 
is approximately equal to po+ ,. By writing 
bs=p—po in Eq. (1) and integrating over p, 
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TaBLe II. Data from photographic plate method. 











Radius Number of counts 


(inches) run 2 


33.2 — 81 
34.1 228 107 
35.1 218 250 
36.0 240 249 
36.8 322 238 
37.8 339 270 
38.8 252 421 
39.6 189 497 
40.5 90 211 
41.4 46 167 
42.3 41 163 
43.2 37 

44.1 — 


run lI 











between the limits +),, we find 


P(e, p)dp.dp~ \prl Meat p2+ (p—po)*}" 
X(Meatp.2+pr?+(p— po)? 
+[Meat+p2+(p—po)*}3 

Xtan~pr/[Meatp2+(p—po)*]}dpadp. (4) 

In this equation, and in other equations which 

follow, the constant factors have been omitted 

because we are interested only in the shape of 
the distribution. 

The momentum distribution taken over all 
horizontal angles can be found from Eq. (4) by 
setting p.— ©. This gives 


P (pz, p)dpdp~(Meat+pe+(p—po)*}'dpadp. (5) 
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Fic. 6. Low energy ends of proton tracks (3-mm apochromatic objective lens). Beam direction is from the left. 
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The momentum distributions given by Eqs. (4) 
(with @,=10°) and (5) have been plotted in Fig. 2 
for comparison with the experimental data from 
the carbon activation method. 

In the photographic plate method, the defining 
slots cut out all the protons except those leaving 
the target at a very small horizontal angle. Thus, 
we can set p, equal to zero in Eq. (1) and get 


P(bz, p)dpadp~[ Meat p+ (b— po)’ | *dp.dp.(6) 


The vertical angle @, has the value 2.5° for all of 
the photographic plates. The distribution func- 
tion given by Eq. (6) is plotted in Fig. 7 for 
comparison with the photographic plate data. 
Curves are given for 6,=2.5° and 6,=0. 

The momentum distribution as calculated from 
the opaque model of the nucleus is given by 
Serber (reference 3, Eq. (18)). The integration of 
this equation is greatly simplified if we consider 
protons in the forward direction only, and in this 
case we get 


P(p)dp~[ Meat (b= po)? |-*"dp. (7) 


This distribution is plotted in Fig. 7. Equation 
(7) gives a slightly more peaked distribution than 
the one calculated using a transparent model, but 
the difference is smaller than the experimental 
errors, and it is not possible to say which model 
gives the better agreement with the experimental 
data. The distribution function for the opaque 
model has not been worked out in detail for the 
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carbon activation geometry, but here, too, the 
difference between the two models appears to be 
smaller than the experimental uncertainty. 
The experimental data given in Figs. 2 and 7 
have been plotted directly as a function of radius. 
The observed intensities were multiplied by the 
radius in order to take account of the vertical 
spread of the protons (i.e., to reduce the results 
to constant dp,), and the resulting distributions 
were normalized but no corrections applied. In 
order to be able to plot the calculated curves on 
the same radius scale, the energy of the protons 
was measured for one value of the radius. Since 
a relationship between the radius and the energy 
was thus established directly, it was not neces- 
sary to correct for inhomogeneities in the mag- 
netic field or for radial oscillations of the deuteron 
orbits. It is, however, necessary to correct for the 
energy lost in the target, and this correction has 
been applied to all of the calculated curves. The 
energy lost from ionization by a 190-Mev 
deuteron in passing through the ;-inch copper 
target is about 7 Mev. This loss is shared by the 
proton and the neutron in the deuteron, but 
after the deuteron is broken up the ionization 
loss is all taken by the proton. This means that 
the average loss by the protons will be about 
5 Mev. The Coulomb barrier effects discussed by 
Serber account for an average energy gain of 
3.5 Mev, and hence the average total energy lost 
by the protons in passing through the target is 
about 1.5 Mev. This target loss has been taken 
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account of by shifting all of the calculated curves 
toward the lower end of the radius scale by an 
amount equivalent to 1.5 Mev. 

From Figs. 2 and 7 it is seen that the experi- 
mental distributions are in general agreement 
with those calculated from the stripping process 
described by Serber. The experimental data are 
not good enough to permit us to make a choice 
between the transparent model and the opaque 


model. 
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In many crystalline insulators there is a temperature proportional displacement of the long 
wave-length absorption limit towards longer wave-lengths. These are crystals which have a 
broad, nearly structureless absorption which is caused by the transition of an electron from a 
full to an empty electron band. Previous attempts to explain this phenomenon have shown 
that the effects of thermal expansion are far too small to account for the observed shift. In 
this paper it is shown that there is a broadening of electron energy levels due to collisions with 
the thermally vibrating lattice which results in reducing the effective width of the “forbidden” 
energy region between occupied and conducting bands. Calculations indicate that, in polar 
crystals for which the observations have been made, this effect is of the proper magnitude 
to explain the experimental data. In non-polar crystals the effect would be very small. However, 
no absorption shift in non-polar crystals has been observed. 


1, INTRODUCTION 


(a) General Discussion of the Shift of Absorption 
with Temperature in Insulating Crystals 


T is well known that in many crystalline 
insulators there is a displacement of absorp- 
tion toward longer wave-lengths with increasing 
temperature.*? This is manifested in many cases 


* Adapted from a dissertation submitted to the faculty 
of the Graduate School of Arts and Sciences of the Catholic 
University of America in partial fulfillment of the require- 
ments for the degree of Doctor of Philosophy. 

1F, Méglich and R. Rompe, Zeits. f. Physik 119, 472 
(1942), containing data of the shift of the absorption 
limit. H. Fesefeldt, ibid. 64, 623 (1930) the data of which 
ry pertains to shift of excitation lines (see Section 


* There is also a much larger shift which sets in suddenly 


by a deepening of the color. For example, ZnI, 
white at room temperature, becomes yellow at 
higher temperatures. This is due to the fact that 
the absorption, which at room temperature 
starts about 3600A and extends far into the 
ultraviolet, shifts into the blue at higher tem- 
perature. 

The shift toward longer wave-lengths at higher 
temperature applies to excitation lines as well as 
to the long wave absorption limit of the main 
absorption. However, this paper treats the latter 
case primarily, although, as indicated at the end 


at higher temperature. Méglich and Rompe state that 
this is due to “multiple collisions.” Naturwiss. 29, 105, 
Feb. 21, and 120, Feb. 28 (1941). 









of Section 3, the method used here offers a line 
of attack for the case of excitation lines also. 
This paper does not treat cases in which the 
absorption is due to external excitation of 
localized groups of atoms (as in KMnQ,). 

The following discussion, then, applies to those 
crystals having a very broad absorption region 
in which the absorption is due to the fact that 
an electron is lifted from a full band to an empty 
or conduction band. The order of magnitude of 
the shift (of the long wave-length absorption 
limit toward larger wave-length with increasing 
temperature) is the same for most cases, about 
1A per degree at 5000A. 

The shift of the absorption toward the red 
can be explained in two ways: as a broadening 
ef the region of absorption—caused by a 
broadening of the energy levels, so that the 
upper limit of the full electron band and the 
lower limit of the excited electron band come 
closer to each other; or as a shift of the whole 
absorption region to the red. No measurements 
of change at the short wave-length limit have 
been made, so that no choice between these two 
interpretations can be made on the basis of direct 
experimental data. 

By analogy with x-rays, in which it is found 
that the scattering of the x-rays by the thermal 
vibrations of the crystal lattice particles cause a 
reduction in the width of the region of total 
reflection, one would expect that the thermal 
scattering of electrons by the lattice particles 
should likewise result in a reduction of the width 
of the “forbidden’”’ energy region between the 
full and the lowest conducting band. 

Méglich, Riehl, and Rompe?’ have investigated 
the amount of broadening which would result 
from the scattering of an electron by the lattice 

vibrations. It can be inferred from their work 
that the effect so calculated is far too small to 
account for the facts. 

Méglich and Rompe have then tried the other 
possibility, by explaining the phenomenon as 
attributable to thermal expansion. This effect, 
however, is also too small by a factor of at least 
four. 

The present investigation was undertaken with 
the aim of a scrutiny of the assumptions made 


3 F. Méglich, N. Riehl, and R. Rompe, Zeits. tech. Physik 
21, 6, 128 (1940). 
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by Méglich and Rompe, to find a way out of this 
dilemma. Therefore, the mathematical pro. 
cedures were considered more carefully than jg 
usual in investigations of this type; they, how. 
ever, were found not to be responsible for the 
difficulty. Instead the key was found in a fyp. 
damental difference between polar and nonpolar 
crystals. Méglich and Rompe’s assumptions and 
results are valid for nonpolar crystals, while 
most of the observations apply to polar crystals, 
for which the much larger interaction between 
electrons and lattice vibrations leads to the 
correct results for the broadening of the ab. 
sorption. 


(b) General Discussion of the Method 


The method followed in this paper is to con. 
sider an electron which by some means (for ex. 
ample, because of radiation in the case of absorp. 
tion) has been raised from the full band to the 
lower levels of the upper band, leaving behind a 
hole in the lower band. The electron or hole 
collides with a lattice vibration, which throws 
the electron (or hole) into a different level of the 
same band. This transition therefore shortens 
the lifetime of the electron or hole in its state. 
This shortened lifetime is equivalent to a 
broadening of the energy level, analogous to the 
collision broadening of spectral lines.‘ 

Since each level, both in the full band for the 
hole and in the conduction band for the excited 
electron, is widened, the bands made up of these 
levels are correspondingly widened. 

In Section 3, the number of collisions are cal- 
culated for three different types of crystals— 
non-polar monatomic, non-polar diatomic, and 
polar—and the resulting shift in absorption com- 
pared with experiment. 

Some of the calculations are contained in 
Appendices I, II, and III, while Appendix IV 
considers a lattice with permanently displaced 
atoms; this is for the purpose of seeing how much 
influence the mere displacement and how much 
influence the motion of the lattice has. 

The writer wishes to express in some small 
measure his great indebtedness and gratitude to 
his teacher, Professor Karl F. Herzfeld, for sug- 
gesting the problem and the method of attack. 


‘The same calculations apply to the hole as to the 
electron, provided a suitable mass is assigned to the hole. 
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2, COLLISIONS AND ENERGY BROADENING 


The purpose of this section is to show the rela- 
tionship between energy broadening and col- 
lisions, in a manner applicable to the collisions 
of an electron or hole of small kinetic energy and 
the thermally vibrating lattice.® 

Call ¥(N,q) the spatial wave function of a 
simple harmonic oscillator of quantum number 
N(q) corresponding to a lattice vibration with 
wave vector q. The energy associated with this 
vibration® will be 


E(N, 9) =(N(q) +2)ho(Q), 


where w(q) is the circular frequency of vibration. 
The wave function of an electron in a periodic 
field is 


¥(K, r) =e**Pu(K)/ni, (1) 


where K is the wave vector of the electron, n, 
the number of unit lattice cells, w(K) a periodic 
function normalized in each cell, and r the elec- 
tron position vector. 

The energy of the electronic state will be 
approximated by that of the free electron: 


E(K) =lK*, 1=h?/2m, (1’) 


where m is the effective electron mass. 

The solution of the time-dependent Schré- 
dinger equation for the complete system, lattice 
plus electron, is given by: 


¥=[] qv(N, ay(K)e-#" (2) 


where E, the total energy =2q(E(N, q))+£(K) 
for the case in which the lattice thermal vibra- 
tions and the electron would not interact : and by 


for the case in which an interaction energy, W, 
causes transitions in the system (‘‘collisions”’ 
between electron and lattice), bringing the elec- 


‘For a classical discussion of the energy broadening 
resulting from collisions, see V. Weissko P Phys. Zeits. 
34, 1 (1933). The discussion here is an adaptation to the 
problem at hand of the quantum-mechanical treatment 
employed by Weisskopf and Wigner to determine the 
width of spectral lines. (See Zeits. f. Physik 63, 54 (1939).) 

*In a composite lattice having S particles unit cell 
there will be S nodes of vibration corresponding to each 
wave vector q. For a given q the energy associated with 
the sth mode of vibration will be 


E(N, s, q)=(N(s, q)+4)ho(Qq). 
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tron into a different state K’ and changing one 
or more N(q). Here Yo and Ep are the spatial 
wave function and total energy of the complete 
system in its state at =0 and y; and E, cor- 
respond to other states. 

The coefficients, a;, satisfy the normalization 
conditions 


|ao|*+ 2 jno|as|*=1 (3’) 
and at ‘=0. 
ao=1 and all the other a;=0. (3’’) 


Thus 2j0|a;|* equals the total collision prob- 
ability’ 
The perturbation matrix element is: 


Wa= [vit Wved (electron and lattice). (4) 


Let the electron wave vectors and quantum 
numbers of the states 0 and j, respectively, be 
Ko, N(0,q),—and K;, N(j,q) where q is an 
arbitrary lattice vibration vector. 

Wyo vanishes unless the following conditions 
are fulfilled: For p=(Ky—K,) (conservation of 
linear momentum), the quantum number of the 
lattice vibration changes by one 


N(0, Ko—K,;) = N(j, Ko—K,) +1; 


and for all other p remains unchanged. 
The coefficients in (3) satisfy the well-known 
differential equations 


—h Odo 
ea = doWoot+ j«00;Woe 1¢(Bj—Bo)/h, (5) 
t oat 


Woo and each W,; are zero in all cases considered 
here. 


—h 0a; 
—— —— = do W joe **(Fe-B ih 
t ot 


+ ZexodeW pe tFe-F*, 540. (5’) 


7Strictly speaking, the quantity P =2Z; o|a;|? is the 
total probability that at the time, ¢, the system is no 
longer in the original state, rather than the total collision 
probability. The latter designation does not take into 
account the fact that a particle which has made a transition 
from the original state 0 to a state j has a possibility of 
return to the original state or transitions to other states. 
However, for small times, for which P<1, the number of 
transitions out of the states j will be small compared with 
the transitions out of the original state. 











In first approximation® one obtains 
P(t) =2 jx0|a5|?=(1/h*)Z;|Wyo|?Q(E;—Eo), (6) 


where 
Q(z) =sin?(tz/2h) /(2/2h)? 


(s is used below to represent (E;—Eo)). Ap- 
proximately, 


P= f rae (L(z)/h®)Q(z)dz, (7) 


z min 


where L(z) is obtained by first integrating (6) 
over the surfaces of constant z, and z max and 
min represent maximum and minimum values 
of z, respectively. 

If, now, the conditions (8) and (9) are ful- 
filled : 


(gmax)t/2h=x, and (gmin)t/2k=x; (8) 


and L(z) varies so slowly that, at least for the 
range of z given by 


—arsz2t/2h=z, (9) 


L can be replaced by its value, L(0), when z=0; 
then’ P will be nearly time proportional (pro- 
vided ¢ is not too short), and in (7) LZ can be 
replaced by L(0) and the limits may be replaced 
by +, respectively. Thus 


P=(4n*/h)L(0)t. (10) 

Also, 
P<i1. (11) 
Let 21 = (42?/h)L(0) and let A be an arbitrary 


real number. From (3)" 
lao/?=1—2T¢ or ape ht 4¢, (12) 


From (3) one sees that A must vanish to first- 
order approximation, for (—AA) represents an 
energy shift which equals Woo to the order. 


Hence, 
ao=e-Tt (13) 


®*R. C. Tolman, The Principles of Statistical Mechanics 
(Oxford University Press, New York, 1938), Section 96. 

® Reference 8, Section 99. 

10Qne could obtain the same value for do, but less 
simply from the differential equation (5). The normaliza- 
tion condition yields the same results as (5) because the 
fact that the normalization condition remains true for 
t>0 follows directly from the —. Schrédinger equa- 
tion ; i.e., if (4) is the solution of the Schrédinger equation 


at any time i, 
o(fiviar =0. 
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where T is half the number of collisions per 
second. 

Although (10) is true only for small ¢ satis. 
fying (11), it can be shown that the expression 
(13) for ao remains correct for greater values of 
This will be done by solving the Eqs, (5’) 
to obtain a higher order approximation for 
(2;,20|@;|) valid for a wider range of t. The cor. 
responding higher order approximation for aq, 
is again (13). 

In the right side of Eqs. (5’) use the ap- 
proximation 

ao=eTt 
and neglect all terms involving a; (j7~0)." Then 
e~*Tt+ 1 —2e-"* cos(zt/h) 
(22+ Th?) /h? 


Again expressing 2j.0|a;|? as an integral anal- 
ogous to (7), 





|a,|?=(| Welt/m)| 


P=Sjpo| 05° =f (L(2)/h2) 





e~*Pt+- 1 —2e-T* cos(zt/h) 
.f L w 
(z?+ rh?) /h? 


Equation (14) may be integrated under the 
conditions that: ¢ is long enough so that (8) is 
satisfied; L is substantially independent of z 
in the range given by (9); and 


|zmin|>Ih, and |zmax|>Th. (15) 


1 The neglect of all terms involving a; in the right side 
of (5’), even in second approximation, is justified by the 
fact that from (4’) the matrix element W;, must vanish 
for any state, k, for which both Wio and Wyo are different 
from 0. Thus, if one considers a state 7 which does combine 
with state 0, the terms remaining on the right side of (5’) 
besides ao would involve coefficients a; satisfying the 
conditions at t=0, 


a;=0, and da;/dat=0. 


These coefficients would therefore be infinitesimals of the 
second order (or higher) and would be negligible for small 
t. For large ¢ the phase factors e~**(#s-#0/A4 will range 
almost continuously from approximately (—1) to (1) (see 
(8)) and therefore 


may be neglected in this approximation. The limits of 
validity for this approximation are that I'¢ must not 
become so large that ao(=e~'*) becomes so small as to be 
of the same order of magnitude as the sum of the terms 
remaining on the right side of (5’). However, ao would 
then be so small that the Fourier expansion (16’) would 
be a very good approximation. The above differs from 
the usual treatment in the case of spectral lines* in which 
no coefficients other than dp and a; appear in the right 
side of the equations corresponding to (5’). 
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(15) replaces (8).” 
It is then a satisfactory approximation to 
extend the limits in (14) to plus and minus in- 


finity so that 
P=(L(0)/h*)[wh(e*?*+1)/0 —w2he"*/T] (16) 


P=1-—e"F, 
From the normalization condition one again 
obtains the expression (13) for do. 

By Fourier analysis it is found that the wave 
function doyoe~****/*, where ao9=e-"', is mathe- 
matically equivalent to the wave packet 


+2 
(Yo/2m) f ((+2miv)-le-27'(Folh—") dy, (16') 


Equation (16’) represents a distribution of 
energy levels so that an energy level 


E=Eo—h» 
occurs with a relative probability proportional to 
| +2miv|—? = (4e?v?+T?)-! 
= (1/4n?)[(Eo—E)*/h?+1?/4x?}"". 
This represents a distribution of energies 


analogous to the distribution of absorption in a 
spectral line of half-width 


(C'/2x) = (1/42) X (number of collisions per 
second) =7L(0)=AE. (17) 


The widening calculated above for a single 
level making up the conduction band will also 


® Condition (15) can only be fulfilled if T is not too 
large (the temperature not too high). If (15) is fulfilled 
amply, then (8) is also fulfilled, since one is not interested 
in times for which [¢ is very small; otherwise (13) and 
(16) are not significant. Then (9) means that 





<1. 





z 
F min 
Now it turns out that 
L(z) =f(¢+ |z min|). 


Therefore, if |z|<|z min|, Z will be nearly constant in 
that range of z. (For the hole L(z)=f(z+|z max|) and a 
similar argument applies. If the temperature is too high, 
r too large, the method of approximation used is not 
valid. Nevertheless the formula found will be used at 
higher temperatures. A similar difficulty arises in the 
theory of metallic conductivity. The temperature de- 
pendence of the conductivity of metals is found experi- 
mentally to obey the law derived by application of the 
simple perturbation method at temperatures far beyond 
that for which the method is strictly valid. (Cf. E. Kretsch- 
mann, Zeits. f. Physik 87, 518 (1934); 88, 786 (1934); 
R. Peierls, ibid. 88, 786 (1934).) 
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apply to the lower edge of the conduction band, 


- and, if the mass appropriate for a hole is used 


(see Eq. (1’)), to the upper edge of the full band. 
The absorption will therefore be widened at both 
ends, and the long wave-length limit shifted 
toward the red by the sum of the values of 
(['/2r) taken for the upper edge of the full band 
and the lower edge of the empty band.” 


3. DETAILED DISCUSSION OF COLLISIONS FOR 
INSULATING CRYSTALS 


(a) Simplifying Assumptions 


The following simplifying assumptions are 
made in the case of all types of lattices discussed 
herein : 


(A) The lattice particles are arranged in a cubic lattice. 
Call a the distance between adjacent particles. 

(B) The displacement of the particles due to thermal 
vibrations is given by the Hooke’s law approximation:"* 
x[r(b, p) ]=Zs,q a(s, q)E(d, s, qefle-r®1[(M(b))n}-* (19) 


where: 


x[r(b, p)] is the vector displacement of the bth particle 
in the pth unit cell; 

q is the wave vector of the vibration; 

M(b) is the mass of the bth particle; 

n is the number of unit cells in the lattice; 

a(s, q) is the time-dependent amplitude of the sth mode 
of vibration having wave vector q. The atomic normal 
vibration coordinates may be expressed in terms of the 
a(s, q); 

r(b, p) is the equilibrium position of the bth particle in 
the pth cell relative to the origin of coordinates; 

&(b, s,q) is a constant vector corresponding to the sth 
mode of vibration (of the bth particle) of wave vector q. 


The & are normalized according to the equations: 


Lok(b, 5, q) ‘ E*(b, s’, q) = 6s, J. (20) 


Also &(b, s, —q) = &*(0, s, q). 
In order that the x(b, p) should be real, 


a*(s, q) =a(s, —q). (21) 
Call T(£) the kinetic energy of lattice vibration; V(Z), 
the potential energy; w(s, q), the circular frequency of the 


sth mode of vibration of wave vector q. As a result of 
(19), (20), and (21) it can be shown that: 


T(E) =4$24,s |a(s, q)|*, 
V(E) = $24.8 w*(s, q) |a(s, q) |*. 
(C) Let N(s, q) and w(s, q) be the quantum number and 


circular frequency, respectively, of the sth mode of vibra- 
tion with wave vector q. It will be assumed for the sake of 


(22) 


13 W. Heitler, The Quantum Theory of Radiation (Claren- 
don Press, Oxford, 1944), Chapter III, Section 12. 

4 F, Seitz, The Modern Theory of Solids (McGraw-Hill 
Book Company, Inc., New York, 1940), Section 22. 











simplicity that the high temperature approximation (23) 
may be used:# 


N(s, q) =CNM(s, a) +4] SkT/hw(s, q). (23) 


(D) It will be assumed that there are so few electrons 
in the upper band that they can be treated as a Boltzmann 
gas. 

(Z) In this paper one is only interested in the neighbor- 
hood of the edges of the bands and therefore deals only 
with electrons of small kinetic energy and consequently 
small | K| (See Eq. (1’)). Therefore only lattice vibrations 
of small wave vector |q| contribute significantly to col- 
lisions probabilities. For it follows from Section 2 that only 
collisions in which total energy is very nearly conserved, or 


2=0 
are important. Now 


s=1K"—lK*+hw(q). 
Hence from (31)* 
t= 21(K-g) +iq*+hw(q). 


For small |K| compared with |q| the first term may be 
neglected. Now /=6.1X10-*%* (using m=mass of free 
electron); w(q) maximum =2z X10". Hence for collisions 
of interest here, |g| should not exceed 4X10*, which is 
roughly only 4 percent of the maximum value, x/a, of |q|. 


(b) Non-Polar Monatomic Crystals 


The general procedure, used by Sommerfeld 
and Bethe"* in computing the electron collision 
probability in connection with the conductivity 
of metals, is applicable here except as follows: 


(1) Only one electron state in the upper band is assumed 
to be occupied . (See paragraph 3a(D).) 

(2) The sound energy (see below), emitted or absorbed 
by an electron as a result of a collision with the lattice, 
can no longer be neglected in comparison with the electron 
energy, since electrons of very low energy are being con- 
sidered instead of electrons at the top of the Fermi dis- 
tribution. 


The perturbation energy, W, will be computed 
by the ‘‘deformed lattice’’ method.” 
Corresponding to the atomic vibration (19), 
the displacement at any point, r, in the lattice 
is 318 
x(r) = Zea(q)E(q)(Mn)te'”. (24) 


4% The collisions (Umklappprozesse) for which K’=K+q 
+g (g being a reciprocal lattice principal vector) will be 
neglected, since in such cases the condition for energy 
conservation would be for small | K| 


Iq?+1g*+-21(q-g) + hw(q) =0, 


and this could not be satisfied even for |q| maximum 


(=| 4g]). 

16 x Sommerfeld and H. Bethe, Handbuch der Physik, 
XXIV/2 (1933). 

17 Reference 14, p. 520. 

18 The subscripts s and } in (19) have been omitted since 
here there is —_ one atom in the unit cell. 
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In this case &(q) is a unit vector indicating the 
direction of the vibration displacements. 

Let V be the atomic potential at the point r. 
Then: 


W(t) =[x(z) -grad VJ. (25) 


Let K be the wave vector of the initial electron 
state in the upper lattice. 

In accordance with Eqs. (2) and (4) the matrix 
component of W—connecting for example the 
states determined (a) by the lattice-vibration 
quantum numbers N(q) and the electron wave 
vector K, and (b) the quantum numbers N’(q) 
and electron wave vector K’—is: 


W(K’N’'(q), KN(q) 


= f thed*(W, )¥(K')(- grad V) TWIN, DY (Kar 
= Ze f Ted" q)a(q’)n—*Mlqy(N, q)dr(atomic) 


free te@) ‘grad V |(M)-* 
Xet@’yY(K)dr(electronic). (26) 


The integration in (26) over the atomic coor- 
dinates vanishes unless for a particular wave 
vector q: 


N(q) = N’(q) —-1, (27) 
or 
N(q) = N’(q) +1; (27') 


and for all other wave vectors, for example w, 
N(w) = N’(w). (28) 


The integration over the atomic coordinates 
yields (29) and (29’), corresponding to (27) and 
(27’), respectively. 


[(N(q) +1) }1[2nw(q) >, (29) 
CN (q)h }*(2nw(q) +. (29’) 


Let uo be the speed of sound waves in the 
crystal. For small |g], which alone are important 
(see paragraph 3a (E)) 


w(g) =uolq|. (30) 
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Equations (27) and (27’) correspond, respec- 
tively, to the emission or absorption by the 
electron of the sound energy hw(q). 

The integration in (26) over the electronic 
coordinates vanishes except for the longitudinal 
vibration of wave vector q for which: 


K’=K+q." (31) 


When (31) is satisfied, the integration over the 
electronic coordinates equals in absolute value: 


|#gC(M)-4|, (32) 
where C is the electronic interaction constant. 
C=l(R)-, (33) 
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R being the approximate atomic radius. 
(l=h?/2m). 


Combining (29) and (32) and using (23), (26) 
yields: 


| W(K’N'(q), KN(q)|? 
=(2C*%T)(9uenM)=D*. (34) 


The left side of (34) will be written as D* for 
brevity. It will be noted that D? is independent 
of q and K. 

Take polar coordinates about the point K in 
the inverse lattice. One obtains for the total 
collision probability, P :* 


P=(Na'D®)[(2x)%*}* f f ane} (sin*L (1/28) BCR!) — E(K) + hg) ) 
0 0 


X (L(E(K’) — E(K) +huog)/2h }-*) + (sin? (¢/2h) (E(K’) — E(K) — hug) }) 


From (35) one obtains (see Appendix I) 
P=(2a°®C*kT1) (9rhluo?M)— LK + (huo/21)?/K], 
K=hu)/2l, (36) 


P=(2a*C*kTt)(9ruol?M), KShu/2l. (37) 


The second term in (36) is a correction which 
can be neglected for large K. 
The transition point 


K= huo/2l, 


between formulas (36) and (37), corresponds to 
the point where the electron speed equals the 
speed of the sound waves, since the momentum 
of the electron equals AK. 

From (37) and (33) it will be noted that for 
small |K| the collision probability is inde- 
pendent both of the initial electron wave vector 
and of the electronic mass. 

Using (37) for germanium one obtains 1.66 
X10® as the number of collisions per second per 
degree." Assuming an equal broadening for the 
electron in the upper band and the hole in the 
lower band, it follows from (17) that there would 
be a shift in the absorption limits of 9X10-‘ 


1 This is based upon the value of 2.78105 for uo as 
computed from the Debye temperature of 290. 





x (((E(K’) — E(K) — hua) (28) sinédédg. (35) 





wave numbers per degree or 2.25X10-‘A per 
degree at 5000A, much too small to be observed 
optically. It is also too small to affect the formula 
for the number of thermally excited electrons. 

A similar result of a shift too small to be 
observed would result from application of the 
formula (37) to other non-polar insulating crystals 
except possibly for loosely bound molecular 
crystals for which uo, the speed of sound waves, 
might be very small. However, a temperature 
proportional shift has not been observed in 
non-polar crystals. Méglich and Rompe! state 
that there is no positive evidence of a tem- 
perature proportional shift in quartz; if a shift 
exists, it is smaller than that observed in polar 
crystals. As will be seen in the next subsection, 
the computed shift in composite non-polar 
crystals is practically the same as for monatomic 
crystals. 

Experimental measurements" on the con- 
ductivity of germanium confirm formula (36) for 
the case of large |K| where the correction factor 
may be neglected. 


20 A zone of reciprocal lattice space is here approximated 
by a sphere of the same volume. 

*1 Lark-Horovitz, Miller, and Walerstein, Phys. Rev. 69, 
258 (1946). 














(c) Diatomic Non-Polar Crystals 


In a diatomic lattice there will be two modes of 
lattice vibration (one at high frequency and one 
at low frequency), associated with each vibration 
wave vector q, which may interact with the 
electron. The low frequency vibrations (acoustic 
branch) correspond to the case of the monatomic 
lattice just considered. In the case of the high 

* frequency vibrations (optical branch), for small 
|g|, the two atoms in the unit cell are displaced 
in opposite directions, the magnitudes of the dis- 
placements being in inverse ratio to the atomic 
masses. 28 

As in the monatomic case, the ‘deformed 
lattice’”’ method will be used to compute the 
perturbation. The two atoms in each unit cell 
will be numbered 1 and 2, respectively. In 
accordance with (19), the displacements of the 
two atoms (having equilibrium locations r(1) and 
r(2)) will be given by x(1) and x(2), respectively : 
x(1) =2s,qa(s, Q)E(1, s, qe" M(1)n 4, 


(38) 
x(2) =Zs,qa(s, Q)E(2, s, qe*e-r@[ M(2)n J+, 





ALVIN RADKOWSKY 


where m is again the number of unit cells in the 
lattice ; thus there are 2” atoms total. The nota. 
tions L or H will be used in the future where jt 
is necessary to distinguish between lower and 
upper frequencies of lattice vibration, respec. 
tively. 

The volume of a unit cell is now 2a*. Each atom 
will be assigned a subcell of volume a’; it will be 
assumed that the perturbation in each subcell js 
determined primarily by the displacement of 
the. associated atom. Thus the perturbing 
potential at any point, r, of subcell No. 1 will be 


(x(1)-grad V(1)) ; (39) 
and in subcell No. 2 the perturbation will be 
(x(2)-grad V(2)), (40) 


where V(1) and V(2) are the atomic potentials, 

The perturbation matrix element, corre- 
sponding to (26) for the sth mode of vibration 
will be 


W(K'N'(s, q), KN(s, q)) =2e| [me's q))a(s, q’)n—*ay(N(s, q))dr (atomic) 


x f (v@ren. s, q’) grad V(1))[M(1) }-4e*@’y(K)dr(electronic subcell No. 1) 


+y*(K’)(&(2, a, q’) -grad V(2))[M(2) }-te*@’?y(K)dr(electronic subcell No. 2) | (41) 


The magnitude of (41) will be denoted by D(s). 

From Eq. (41) it appears that the inte- 
gration over the atomic coordinates will give the 
same result as for the monatomic case except 
that N(s,q) is substituted for N(q) and w(s, q) 


for w(q). 
In order for the integration over the electronic 
coordinates to differ from zero it will again be 


21. Brillouin, Wave Propagation in Periodic Structures 
(McGraw-Hill Book Company, Inc., New York, 1946), p. 52. 

23 A monatomic lattice could be considered as a diatomic 
lattice with M(1)=M/(2). If one considers it as monatomic, 
the lattice waves of high frequency have a large |g| and 
for that reason do not interact with the electron (see 
paragraph 3a (E)). If one considers now the lattice as 
diatomic, the high frequencies would be allocated to the 
upper branch and assigned a low |q|, so that they could— 
from this standpoint—interact with the electrons. But 
now they give again no contribution because in (47) 
M(1)=M(2). 








necessary that 
K’=K+4q. (31) 


For the lower frequency branch the two atoms 
in the unit cell vibrate in the same direction 
with nearly equal amplitude as long as q is 
small.”? Hence from (38): 


&(1, L)[M(1) += &(2, L)LM(2)]-4. (42) 


Using the normalization condition (20), one 
obtains 


(1, L)=[M(1)/(M(1)+M(2)) Jn, (yn 
(2, L)=[M(2)/(M(1)-+M(2)) }n, 


where n is a unit vector. 
Since the electronic wave amplitude function, 
u(K), (see (1)) is now normalized over the unit 
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cell volume of 2a* in lieu of a*, it follows that 





J y(K’)(n-grad V)¥(K)dr(subcell) | = | $gC| (43) 


or } the value in the monatomic case (see (32)). 
Thus 
D(L)2?=2C*kT/(9uc’n(M(1)+M(2))]. (43) 


Comparison with the corresponding expression 
(34) for the monatomic lattice yields 


D(L)?= MD*/(M(1)+M(2)). (44) 
In the limiting case of a monatomic lattice 
M(1)—-M, M(2)-M, D(L)?—}D?*. 


However, the collision probability, P(L), would 
be equal to P for the monatomic case since in 
(35) the volume of the unit cell, 2a*, would be 
substituted for a* (see also (47)). 

The expression (37) therefore holds for the 
collision probability due to the lower frequency 
branch of lattice vibrations, except that M is 
replaced by 3((1)+M(2)). Thus the expression 
is the same as for the monatomic case except 
that the average mass of the two atoms in the 
unit cell is used. 

For the upper frequency branch of lattice 
vibrations the displacements of the two atoms 
in the unit cell for a particular small g satisfy 
the relations: 


x(1)/x(2) = —M(2)/M(1). (45) 
Hence, 


E(1, H) =[M(2)/(M(1)+M(2)) }n, 
&(2, H) = —[M(1)/(M(1)+M(2)) }n. 


Let v be the highest frequency of lattice vibra- 
tion,?* corresponding to the point on the upper 
frequency branch for which g=0. To first 
approximation”® the frequency may be assumed 
independent of g for small g. 

The integration over the atomic coordinates 
in (41) still yields the expressions (29) (in 
N(H, q) and w(H, q)), but it must be taken into 
account that the circular frequency w(H, q) is 
no longer proportional to g but is constant. 


(46) 


* y differs only slightly from the Restrahlfrequenz. See 
R. B. Barnes, Zeits. f. Physik 75, 732 (1932). » is of the 
order 108 sec.—1, 

*8 Reference 22, Eq. (15.5). 
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Equation (41) may now be evaluated for this 
case and gives: 


D(H)? = C?kT¢@*(M (2) — M(1))?/ 
72n*v?(M(1)+M(2))M(1)M(2)n. (47) 


This expression vanishes for M(2)=M/(1) as 
would be expected” and is no longer independent 
of g as in the previous cases. 

The sound energy emitted or absorbed by an 
electron during a collision is now hy, which is 
comparatively large. Where the electron energy 
is less than hy, as in this case, the probability of 
a collision in which the electron emits energy 
will be very small. Hence, in place of (35), one 
obtains for the total collision probability, P(#) 
due to the upper frequency branch. 


PCH) = (2a%/(2n)*%*) f | a * 2xq?D(H)? 


X (sin*[ (¢/2h)(E(K’) — E(K) —hy)]) 
x [(E(K’) —E(K) —hv)/2h}-* sinédédg. (48) 


The solution for P(H) which is proportional 
to time is then (see Appendix II) for small K: 


P(H) =[a*h'kTC2(M(2) — M(1))*¢] 
[18/5/2y4(M(2)-+M(1)) 
x M(1)M(2)2x2]}". (49) 


Suppose one mass, M(2), much larger than the 
other. Then 


P(A) = (a*h'kTC*t)(1815/y4M(1)2x?)—, (50) 


which would usually be smaller by at least the 
factor 10? than the collision probability (37) for 
the monatomic case, since (50) equals (37) multi- 
plied by 

(1/82) (hug?/lv)3. 


Thus it will be seen that ordinarily the upper 
frequency branch of lattice vibrations would 
contribute very little to the electron collision 
probability. A similar result would be expected 
for crystals with a greater number of atoms per 
unit cell. 


(d)" Diatomic Polar Crystals 


In a polar crystal, as pointed out by Froéhlich,”* 
the scattering of electrons is due mainly to those 


26H. Fréhlich, Proc. Roy. Soc. 160, 230 (1937); H. 
Frohlich and N. F. Mott, ibid. 171, 496 (1939). The 
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thermal vibrations, in which positive and 
negative ions move in opposite directions, so 
that, because of the long range of electric forces, 
many atoms cooperate, producing a polarization 
field. This field has a much greater perturbing 
effect on an electron than the effect of the local 
distortion of the lattice field which is alone 
present in non-polar crystals. 

The displacements x(1) and x(2) of the two 
ions in a particular cell will be given by (38). 
The polarization per unit volume due to these 
displacements is then: 


e(x(1) —x(2))/2a’. (51) 


Hence, since only small g are important, only 
the lattice vibrations of the upper frequency 
branch, in which the ions move in opposite direc- 
tions, will produce an appreciable polarization 
field. 

Using (46), the polarization per unit volume 


becomes?? 


LYaea(s, q)e*”)/(2a3(nM)}'). (52) 
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Here M is the reduced mass 
(1/M=1/M(1)+1/M(2)). 


The periodic perturbation potential energy 
W, is derived from (52) by use of Poisson’s equa- 
tion. It is found that W vanishes except fo 
longitudinal vibrations where 


W =[—4wie?/(2a°(nM)!) ] 


X[Za(a(s, q)/ge*”]. (53) 


Since only longitudinal vibrations result in a 
polarization potential, it will be necessary to use 
the longitudinal vibration frequency (denoted by 
v(/)) rather than the transverse frequency 
(denoted by »(t)) which is observed in the infra- 


red. As shown by Frohlich, 
v(l)? = v(t)?+e?/22Ma'. (54) 


The matrix components of the perturbation, 
W, may now be computed: 


W(K’N"(s, q), KN(s, q)) = ze f He's, q))a(s, q’)(m)—*May(M(s, q))d7 (ionic) 


x f ¥(K’)(—4mie?/2a*M'q’)eie’y(K)dr(electronic). (55) 


The magnitude of (55) will be denoted by D. 

The expressions (29) (in N(s, gq) and w(s, qg)) 
are valid for the integration over the ionic coor- 
dinates. Hence, using (23) and (31), 


D*=e'kT /(2a°g?nMv(1)?). 


For low energy electrons only those collisions 
in which the electron absorbs sound energy need 
be considered (because in the upper vibration 
frequency branch the phonon energy is large). 


(56) 


treatment in the present paper differs from that of Fréhlich 
in that here the collisions per unit time are computed in 
order to determine the energy broadening from (17). On 
the other hand Fréhlich, because he was interested in 
conductivity, computed the time required for an electron 
velocity component in a particular direction to be reduced 
to zero. Hence, instead of simply summing the collision 
probabilities for the various lattice vibration vectors as is 
done here, Fréhlich first weighted each collision probability 
by a suitable factor taking into account the change in the 
electron velocity component. 

271It will be noted that (m)* is used here, whereas in 
Fréhlich’s similar expression (2) appears, since as may 
be seen from (19), the number of unit cells, and not the 
number of ions, enters into the normal coordinate solution 
for the ionic displacements. 





Hence the expression (48) applies for the total 
collisions probability, P(H), here also, except 
that (56) is substituted for D(A) in (48). It is 
then found (see Appendix III) that for small XK 


P(A) =e*kTt/(a®Mh*!*v(1)5/*(h?/2m)*). (57) 


The displacement of the absorption edge in 
energy units is then obtained by substituting 
from (57) into (17) 


AE =e'kT /(4ra* Mhiv(1)5/*(h?/2m)!), 


plus a corresponding displacement due to the 
collisions of the hole in the lower band. 

The expression (58) will now be compared with 
experimental results. 

It should be noted that, as pointed out by 
Méglich and Rompe,! very few quantitative 
measurements have been made of the displace- 


(58) 


28H. Frohlich and N. F. Mott, Proc. Roy. Soc. 171, 
496 (1939) show that the effect of screening is negligible 
for electrons having small | K|. 
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ment with temperature of the long wave ab- 
sorption limit. These authors state that for 
many substances the displacement is of the mag- 
nitude of 1A per degree at 5000A but give quan- 
titative data only for ZnS and CdS. For CdS the 
value of the Restrahlfrequenz was not available 
to the writer. 

For ZnS the Restrahlfrequenz is 10" sec.~'. 
The longitudinal frequency is then 1.2210" 
sec.~. (58) gives an energy broadening of 7.85 
x10-"* erg per degree due to electron collisions. 
(The effective mass of an electron in the upper 
band has been assumed equal to the mass of a 
free electron. ) 

The experimental results for ZnS are 8.43 
x10-"* erg per degree shift from 77° to 290° and 
12.9X10-"* erg per degree from 290° to 478°. 

In view of the approximation (23), it seems 
more appropriate to compare (58) with the 
higher temperature results. It will be seen that 
(58) agrees with the high temperature results 
provided one assumes that the effective mass of 
the hole in the lower band is approximately one- 
fourth the mass of a free electron. This is in 
agreement with the viewpoint of Mott and 
Gurney” that the effective mass of a positive 
hole in a broad lower band, such as exists in 
sulfides, is much smaller than the mass of a free 
electron. 

The statement of Méglich and Rompe, that 
the temperature displacement of the absorption 
limit is of the same order of magnitude for many 
substances, may be understood from (58). 

Let U,’”’ be a constant equal to the approximate 
restoring force per unit displacement of a lattice 
particle. Then™ 


v(1)? = (1/49?)(2U1""/M). (59) 


Thus, in (58) one may replace (Mp(l)?) by 
(1/2x?)U,’’; (U1a*) should be roughly a con- 
stant for ionic crystals according to the Madelung 
theory.** Therefore the only variable in (58) 
between different substances would be v(/) in the 
denominator. Since the wave-length of the 


Restrahlfrequenz lies between 20u and 150, for 


_*N. F. Mott and R. W. Gurney, Electronic Processes 
in Ionic Crystals (The Clarendon Press, Oxford, 1940), 
and Chapter V, No. 5, p. 76. 

* Reference 22, p. 54. 

* Reference 14, Bo. 


(4), p. 77. 
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most substances, it will be seen that the variation 
in (58) should not exceed a factor of 3 or 4 in 
most cases. However, the effective mass of the 
hole introduces an additional variable in (58) as 
noted below. 

In addition to the results given by Méglich and 
Rompe, Fesefeldt' has reported some measure- 
ments of the displacement with temperature of 
the absorption peaks of KI and RbBr. Although, 
as Mott and Gurney” point out, these peaks are 
probably excitation levels rather than the ab- 
sorption limits, it is interesting to compare these 
results with the broadening predicted by (58). 











AE/T from 
Sub- Shift in ergs/d (58) (in 
stance (from Fesefeldt) v(l)* ergs/degree) 
KI 19.1 10-6 (at 23°) to 5.05K10" 23x10" 
15.2 10-* (at 493°) 
RbBr 12X10-'* (87° to 493°) 44910" 24.7x107'* 








* The actual maximum transverse frequency, as given 
by Barnes, reference 24, has been used in computing r(/). 


Thus it will be seen that the broadening com- 
puted due to the collisions of either the electron 
or the hole is already greater than that ob- 
served.* The results may be understood on the 
basis that here one is dealing with excitation 
lines. If the exciton is considered as a positive 
hole coupled to an electron, the collisions of the 
pair may be expected in many cases to be of the 
same order of magnitude as given by (58), but 
somewhat less since the effects of the polariza- 
tion perturbation field on the hole and electron 
would tend to cancel, depending upon their 
separation. 


APPENDIX I. DERIVATION OF EQS. (36) AND (37) 


In the first integral of (35) it is desired to replace the 
variable @ by Z where Z = E(K’) — E(K) +huog. 
Utilizing (1’) and (31) one obtains: 


Z=l¢+21Kq cosé+ huog, (60) 
so that 
—sinéd@ = dZ/21Kq. (61) 
Similarly, in the second integral of (35) substitute: 
2=l¢?+21Kq cosé —huog. (62) 


® Reference 29, Chapter IV, Sections 6 and 7. 

%3 For the narrow filled bands of the halides the effective 
mass of the hole should be equal to or greater than the 
mass of a free electron. 














The results of these substitutions are: 
P = (na*D*)[2h?(2r)1K J" 


[ mf al sintez /2h)(Z /2h)*dZaq 
+f" ™ alsin'ts/2h)(s/2h)-*dsda]}, (63) 


where Z+ =l¢+21Kq+huog and Z— =l¢—21Kq+huoqg 
and similarly for the z limits. If now one interchanges the 
order of integration, the limits of the variables are: 

Case No. 1: Assume that 


K=hu,/2l. (64) 
It is then found from (61) that 
Z minimum = —/1(K — hu /2/)* (65) 


and that the limits of g in the first integral of (63) are: 











Range of Z Upper limit of ¢ Lower limit of ¢ 

Z min to 0 (K —hiuo/2l) (K —huo/21) 
+[(Aue/2l-—K)?+Z/}8 —[(Auo/21 —K)?+2Z /I}} 

0 to Z max (K —huo —(K +huo 


idee a-K)2 +2 sy 


/21) 
+[(Auo/21—K)2?+Z/ip 








Similar expressions apply to zs minimum and the limits 
of q in the second integral of (63) except that the sign of 
(huo/21) is changed. 

Z max and z max are so large that they can be replaced 
by infinity. 

Case No. 2: 

KZhu)/2l. (66) 


This differs from the previous case by the fact that 
Z minimum = 0 


and the limits of g from z minimum to s=0 in the second 


integral of (63) are as follows: 








Range of s Upper limit of g Lower limit of ¢ 





s minimum to (K +Auo/2l) (K +Auo/21) 

s=—l(Aue/2I—-K)?-+[(K+Auo/2l)?+s/}8 —[(K+Auo/2l)?+s ie 
-—(K—- (K +huo 

s = —lAue/2l—K)? A hice /20)-+, ap GE ae /20)8-+5/ a 


tozs=0 (K +hiuo 


—huo/2l 
Fe Pee /20)2-+5 0) Oe hee y2t+s/1) 








Performing the integration in (63) over g, one then 
obtains a result analogous to (7): 
P= [narD?/(2(2ey1K)]] f°" 2m) 
ee ee eee ne 
x(Z/2y*dZ+ f°" (2/)(K +huo/21) 


(K+huo/2l)* 


X L(A + han/2D#+2/1 Msn t/20)(0/28)*4 (67) 


The evaluation of (67) in accordance with (10) and use 
of (34) then yields (36) and (37). 
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APPENDIX II. DERIVATION OF EQ. (49) 


In (48) replace the variable @ by =z where s=E(R’) 


— E(K)—hy 
s=lg?+21Kg cos@—hy. (68) 


Using (47), one then obtains, after changing the order 
of integration: 


P(A) =[ae®C*RT(M(2)— M(1))?) 
x [18(23)*h?y?K(.M(1)+ M(2)) M(1)M(2)}? 
x f° fesin'(ts/2h))(</2h)-Adgds, (66) 
s max may be replaced by infinity. From (68), 
s min = — (/K?+hy). (70) 


The limits of g are: 





es 





Upper limit of ¢ Lower limit of ¢ 

K+[K?-+(he+s)/}t K—[K?+(ho+s)/2) 
(71) 

K+[K?+(hv+s) J} —K+(K?+(hy+s)/I}} 


Range of z 





zs min to (—hy) 


(—Av) to s max 








Integrating with respect to g in (69), 


P(H) = [a®C*RT(M(2)— M(1))?] 

X [18(29)*v1(M(1)+ M(2))M(1)M(2)} 

x fee da (Kt (hiv+2)/1)! 

—(1K*+hy) 
+K*(K?+ (hv+z)/I)'(sin*(tz/2h))(z/2h)-*]. (72) 
Evaluation of (72) in accordance with (10) leads toa 

quadratic expression in K. For small values of K (IK? 
the kinetic energy of the electron, small compared to hy, 


the energy of the phonon) one retains only the important 
term which gives (49). 


APPENDIX III. DERIVATION OF EQ. (58) 


One again uses (48) with D* from (56) in place of 
D(H). Proceeding again as in appendix 2 one obtains 


P(H) =ekT (2a*Mh*y(I)1K)~ em mi) 
x (sin*(ts/2h))(2/2h)-*dads (73) 
= min and the limits of g are given by (70) and (71), re- 


spectively. 
P(H) =ekT (20° Mh v(l)lK)™ 


a a log([K + (K?+ (hv(1)+2)/1)4] 


x [K —(K?+ (ho) +2) /D*T*) 
X (ts/2h)/(2/2h)%ds. (74) 


The pole in the integrand when z= —hp(/) is due to the 
fact that the substitution (68) is not valid at the point 
q=0. 

One readily finds that the integration in (73) over a 
small region around the point g=0 tends towards 0 as the 
volume of the region is reduced. 

Equation (74) may then be evaluated in accordance 
with (10): 

P(H) =e*kT (2a* Mhp(I)*1)“ 
[(1/K) log((K+((K?+hv()) /1}') 
X(—K+[(K?+he())) /1}) J). 
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As K--0 the quantity in the brackets approaches 
2[t/(ho()) }* and the derivative with respect to K of the 


quantity in brackets—0. 
Thus for sufficiently small K one obtains (57). 


APPENDIX IV. COLLISIONS IN A SLIGHTLY PER- 
TURBED NON-VIBRATING LATTICE 


In the calculations of collision probabilities the treat- 
ments given in this paper have taken into account the 
motion of the lattice particles. It is also of interest, to 
consider a procedure, similar to that usually used in 
computing the thermal scattering of x-rays, in which the 
lattice particles are considered “frozen” in a particular 
displacement and the deviations from periodicity cause 
the electron collisions. A non-polar monatomic lattice will 
be considered in this manner. 

It will be noticed that in this case the collisions are 
elastic, i.e., there is no transfer of energy between the 
electrons and the lattice. 

The perturbation energy, W, will again be given by 


W =(x(r)-grad V) (25) 


where x(r) is given by (24). 
If the electron wave vector changes from K to K’ as a 
result of a collision, the matrix element of W will be: 


W(K’, K)= f y(K’)*(x(r)-grad V)¥(K)dr(electronic). (75) 


Hence, the condition in Eq. (31), K’=K-+q still holds, 
so that from (32) 


|W(K’, K)|?=(|a(g)!?+¢C*)/9Mn, 
where |a(q)|? is the square of the amplitude of the coeffi- 


cient in the g term in the Fourier analysis of the deviation 


from an ideal lattice. 
Therefore, the average collision probability, P, is given 


by 
P= x-| W(K’, K)|* sin*[¢(E(K’) — E(K))/2h] 
x ((E(K’) — E(K))/2hJ*. 


(76) 


(77) 
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It will be noted that the value of P is determined 
primarily by the transition probability to states for which 
the electronic energy is nearly conserved, i.e., 

E(K’)=E(&), 
while in the vibrating lattice the important states were 
those for which E(K’)=E(K)+hv. The difference is of 
importance only when the initial electronic energy is of 
comparable magnitude or smaller than the phonon hy. 

Equation (77) will be approximated by an integration 
over the electron wave vector space. Take coordinates 
about the origin. The only variable in the integration is 
then K’, for from (1’): 


E(K’) — E(K) =1(K’)—1R°. 
Let z= E(K’)—E(K) 
P= f°") CO4C*|a(g)|*)/9Mn\(1/H)(na*)(2x)* 


X (44/21)(z/l+-K*)* sin*(tz/2h)/(z/2h)*dz. (78) 

The solution for P which is proportional to time is™ 

P=(28C*RT Kt) /(9xhlug M) (79) 
which is identical except for a correction term with Eq. 
(36) for the case of large K when the motion of the 
lattice particles are taken into account. This agreement 
was to be expected since, when the electron energies are 
large, the electrons are moving rapidly with respect to the 
lattice so that the motion of the lattice particles may be 
neglected to first approximation. 

However, (79) is different from (37) when XK is very 
small since according to (37) the collision probability is 
then independent of K. This is also to be expected since 
for small electron energy the collision probability depends 
upon the number of states for which the increase in 
electron energy equals the energy absorbed from the 
lattice so that energy is nearly conserved. 


* In order to compare the collisions in this case with 
those for a vibrating lattice, one can choose |a(g)!* equal 
to the average square of the displacement in thermal 
motion at high temperatures. Then from (22) 


C\a(g)!*]=k7/(uci¢’). 
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On Gaseous Self-Diffusion in Long Capillary Tubes* 
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A calculation is made of the rate of diffusion of “‘tagged”’ 
molecules in a pure gas at uniform pressure in a long 
capillary tube of half-length Z and radius a. At pressures 
for which the mean free path \>a, the result in the limit 
LI-—« reduces to that already obtained by M. Knudsen, 
the diffusion coefficient D being given by 2a0/3, where 0 is 
the mean molecular speed. For a capillary of finite length 
the diffusion coefficient is, to first order in a/L, smaller 
than this by a factor 1—3a/4Z. In the opposite limit of 
high pressures, for which \a, the result reduces to the 
elementary kinetic theory expression for the self diffusion 
coefficient, D=)0/3. One of the most significant features 
of the result is that in a long tube the diffusion coefficient 


drops very rapidly with increasing pressure from its initia] 
value for X>L. Thus the initial slope of D as a function of 
pressure is given by dD/d(a/A)=— }0a InL/a. It is shown 
that these results account for the anomalous low pressure 
minima observed by several investigators who have meas. 
ured the specific flow G/Ap through long capillary tubes as 
a function of mean pressure p. The failure to observe such 
minima with porous media, for which effectively L ~a in 
each pore, is also explained by these results. The formulae 
obtained here represent a rigorous solution to the long 
capillary diffusion problem, valid at all pressures and sub- 
ject only to the limitations of the mean free path type of 
treatment. 





HE flow of a gas through a long tube at 
pressures for which the mean free path is 
much greater than the tube radius has been inves- 
tigated experimentally by Knudsen,' Gaede,’ 
and Adzumi.* Knudsen showed by an elementary 
argument that a diffusive transport proportional 
to the pressure gradient but independent of the 
density of the gas was to be expected in this 
limit. In this derivation it is assumed that all 
momentum transfers take place at the tube walls 
and none in the gas. In a circular capillary of 
radius a, a section of the wall of length dx is 
subject to gas molecule collisions at a frequency 
(1/4)nd-2xadx, where n is the numerical density 
and 5 the mean molecular speed. If the average 
flow velocity of these molecules along the tube 
is u, and if u is assumed not to vary with distance 
from the axis, the rate at which they transfer 
*A preliminary abstract was published in Phys. Rev. 
69, 53 (1946). 

** Most of the work reported here was completed while 
the authors were members of the staff of the Columbia 
University Division of War Research, SAM Laboratories, 
New York City. This document is based on work per- 
formed under Contract Number W-7405-eng-50 for the 
Atomic Energy Project, and the information covered 
therein will appear in Division II of the National Nuclear 
Energy Series (Manhattan Project Technical Section) as 
part of the contribution of Columbia University. 

1M. Knudsen, Ann. d. Physik 28, 75 (1909). 


2 W. Gaede, Ann. d. Physik 41, 289 (1913). 
3H. Adzumi, Bull. Chem. Soc. Japan 12, 285 (1937). 
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momentum to the tube wall is (1/2)xanimudx, 
where m is the molecular mass (cf., Appendix 1), 
It is assumed that there is no preferential direc- 
tion of reflection. Balancing this rate of mo- 
mentum transfer by the force —za*dp, due to 
the pressure difference between the faces of the 
segment, and neglecting the inertia force, which 
is negligible in the case of a long tube, the gas 
transport G in molecules per second is found to 
be! 
2ra* d 


—. 1 
mi dx ) 





G=r7a*nu= — 


Knudsen also gives an alternative treatment 
of this problem® using a more reliable method, 
an extension of which is employed in the present 
investigation. In this treatment an expression is 
found for the number of molecules crossing a 
given section of the tube in unit time due to 
reflection from an arbitrary element of surface 
on the tube wall. Integration of this expression 


‘ This result differs by a factor 8/3x from that obtained 
by Knudsen using this method. The discrepancy is due to 
an incorrect expression which he used for the momentum 
transferred to the wall. The problem of the rate of mo- 
mentum transfer to the tube wall in a diffusing gas is 
considered in Appendix I. 

( oo also von Smoluchowski, Ann. d. Physik 33, 1559 
1910). 
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over the entire surface of the tube leads to the 
desired expression for the net transport. The 
result, which has the same form as the “mo- 
mentum transfer” expression (1), except for the 
numerical factor, is 

16a’ d 

«oo (2) 
3md dx 


The experimental investigations referred to 
above all show that the observed flow approaches 
a limiting value at zero pressure which is in good 
agreement with that given by relation (2). A 
comparison of these two treatments of free 
molecule flow is given in Appendix I]. 

These kinetic theory calculations of free mole- 
cule flow in a capillary tube are applicable only 
for values of the mean free path, A, much greater 
than the tube radius, a. In the opposite limit of 
high pressure where \<a it is necessary to dif- 
ferentiate two distinct limiting forms for G: 
hydrodynamic viscous flow and gaseous self- 
diffusion. The first form occurs where a gradient 
of the total pressure exists and is given by the 
usual hydrodynamic treatment of the flow of a 
viscous fluid in a long circular tube as® 


(3) 


a? d 
G= nra'| -—— —+u0} 
8n dx 


where 7 is the viscosity, m the molecular density, 
and up the ‘‘slip’”’ velocity at the tube wall. The 
gas molecules in this case possess an average 
drift velocity characteristic of the point in the 
tube at which they made their last collision. 
The kinetic theory treatment of hydrodynamic 
flow is limited to an evaluation of the viscosity 7 
and the slip velocity u» in terms of the mean free 
path \ and mean molecular speed 5. No kinetic 
theory derivation of the production of a molecular 
drift velocity from a pressure gradient has yet 
been developed to the authors’ knowledge. It is 
therefore not yet possible to give a theoretical 
discussion of the transition from the limit repre- 
sented by Eq. (2) to that represented by Eq. (3), 
although this transition is actually the one inves- 
tigated experimentally by Knudsen, Gaede, and 


*E. H. Kennard, Kinetic Theory of Gases (McGraw-Hill 
Book Company, Inc., New York .1938), p. 293. 
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Adzumi. Using the kinetic theory values’ of », 
p, and uo, Eq. (3) may be written in the form 


ma* 3na*aj\dp 
G= -|~+ —|—. (4) 
md 8&mid X\Jdx 


The experiments of course verified the Poise- 
uille term. In the low pressure limit Eq. (4) 
reduces to the slip term which has the same form 
as the free molecule flow but is smaller by a 
factor of 37/16. This factor is independent of the 
relation between 7 and X. If Eq. (4) is integrated 
and the specific flow G/Ap is plotted against the 
mean pressure, a straight line is obtained and the 
ordinate intercept measures the slip term ac- 
cording to (4). Since the intercept lies below the 
free molecule flow, the specific flow curve should 
have a minimum at low pressures. The experi- 
ments demonstrated the existencé of a minimum 
in the neighborhood of a/A=0.2. However, the 
minimum was less pronounced and the intercept 
of the straight-line portion higher than one would 
have expected from Eq. (4). Approximations 
such as those made in the classical treatment of 
slip lead to appreciable uncertainties in nu- 
merical factors, so that not only may the factor 
34/16 be incorrect but the prediction of a 
minimum on the basis of Eqs. (3) and (4) may be 
essentially fortuitous. The experimental curves 
when extrapolated to zero pressure agreed within 
one or two percent with the Knudsen formula (2). 
The experiments of Gaede showed that the drop 
below (2) set in at very low pressures corre- 
sponding to 4/a~100. No satisfactory explana- 
tion of this behavior has as yet been given and 
we shall return to this point later. 

The other high pressure limiting form is ob- 
tained at uniform total pressure and represents a 
transport due to random motion without drift. 
If a certain fraction of all the molecules is 
“tagged”” by some means without the molecules 
losing their identity in other respects with the 
untagged molecules, a transport due to inter- 
diffusion is associated with a partial pressure 


7™The Maxwell expression for the slip velocity wo 
is —(2n/nmbd)(du/dr)ro. We take »=(1/3)nmoX\ and 
p= (x/8)nm?* in the following. Some results clearly depend 
on the form chosen for the relation between » and A. The 
factor 1/3 is used here rather than the Chapman-Enskog 
value 1/2 in order to have the result correspond with the 
simple kinetic theory treatment employed in this paper. 
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gradient of the tagged molecules by the relation 


ra*D i; dp, 
G,= _ ee (5) 
kT dx 


where /; is the partial pressure of the tagged 
molecules and D,, is the self-diffusion coefficient 
of the gas. In the absence of a total pressure 
gradient and the associated molecular drift 
velocity, the diffusive transports which may 
occur are amenable to kinetic theory treatment 
so that it should be possible to discuss theoreti- 
cally the transition in a capillary tube from the 
tagged molecule transport given by (2), i.e., 
G,= — (16a*/3mid)dp,/dx, to that given by (5) as 
the gas density in the tube is increased from zero 
to very large values. This is the problem which 
we undertake to treat here. Unfortunately, no 
experimental investigations of this type of transi- 
tion are available, but the results of this study 
indicate that such experiments should be of con- 
siderable interest. 

Before proceeding with the formulation of this 
problem, it will be convenient to express the two 
limiting forms in terms of appropriate diffusion 
coefficients. For this purpose we denote by I the 
average transport per unit cross-sectional area 
of the capillary so that ! =G/za?, and we define 
a generalized diffusion coefficient D by means 
of the usual relation 


l= —D(dn/dx), (6) 


where is the molecular density. Putting p= kT 
=anmi’/8 in Eq. (2), the zero pressure or 
Knudsen limit of D is found to be 


D=(2/3)ia, (a/rA->0), (7) 


whereas from (5) the high pressure or gas dif- 
fusion limit is D,,;. The elementary kinetic theory 
expression for the self-diffusion coefficient, which 
is appropriate to the treatment employed here, 
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then gives as the high pressure limit of D, 
D=(1/3)iA, (a/A- =). (8) 


We undertake now to determine the form of the 
diffusion coefficient D for intermediate values of 
a/x. 
THE GAS DIFFUSION COEFFICIENT FORA 
CAPILLARY TUBE OF INFINITE LENGTH 

Consider the flow of molecules across ap 
element of area dS in a cross section of the capil. 
lary, as shown in Fig. 1. These molecules will 
either arrive at dS directly from some point on 
the tube wall or they will have been deflected 
through dS from an encounter with another 
molecule in the gas. Thus we consider two groups 
of molecules passing through this element. Of the 
first group, we denote by —dN,, the number of 
molecules passing through dS in unit time which 
come without collision from an element dS’ of 
the tube wall located at a distance x from the 
section in which dS lies and at an angle @ from 
a fixed diameter of the tube. (The flow is taken 
positive in the direction of increasing x.) Of the 
second group, we denote by —dN, the number 
of molecules passing through dS in unit time 
which come from an element of volume dr in 
which they made their last encounter with a 
gas molecule. The spherical coordinates of dr 
are p, ¥, ¢, and those of dS’ are r’, ¥, ¢, ina 
coordinate system centered at dS. 

To evaluate dN,, we note that when the surface 
element dS’ is in equilibrium with the gas, of 
density n(x), in its immediate vicinity, the 
number of molecules which start from dS’ in 
unit time in such a direction as to pass through 
dS is given by 

(dw/42) -nid.S’ cosa, 


where dw is the solid angle subtended by dS at 
dS’, } is the mean molecular velocity, and a is 
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the angle between r’ and the normal to dS’. Of 
these a fraction e~”’” will arrive at dS without 
collision. Thus, 
nv 
—dN.= dSdS’ cosy cosa: e~"'!*, 
4nr’? 
where we have put dw=dScosy/r”. We now 
put dw’=dS’ cosa/r=sinpdydg and s=r’ siny 
with the result 


—dN,, = (nidS/4r) cosy sinpe* dy ¢. 


The net number passing from left -to right 
through the tube cross section at this point in 
unit time which come directly from the tube 
wall is thus 


D 2” , 
Nez faNe= -- ffesf def n(x) 
4n 0 0 


X cosy sinpe* dy, 


where the integration extends over all values of 
y for a tube of infinite length. Since the integral 
does not depend on ¢, this result simplifies to 


Nw = —(1 of fasf n(x) 
0 


Xcosy sinve* "dy. (9) 


In order to get the number dN, which comes 
from gas collisions, we note that the collision 
frequency in the volume element dr is nidr/X, 


so that 
nidr dw 
—dN,=—— —e~?". 
4x 


Putting dw =dS cosy/p? and dr= p? sinydpdyd¢, 
we obtain 
nidS 
—dN,=—— cosy sinpe~?'d pdyd ¢. 
T 

The integration over p is terminated by the tube 
wall at p=scscy. Thus the net transport across 
the section in question due to diffusion from the 
gas is given by 


p r 
N,=-— f fasf cosy sinydy 
2d 0 


8 cscy 
xf n(x)e~?dp. (10) 
0 


In order to proceed further it is necessary to 
make a specific assumption with respect to the 
molecular density as a function of position x 
in the tube. We shall show later when we treat 
a tube of finite length that this function for an 
infinite tube is given by 


n(x) =n9+x(dn/dx), (11) 


where dn/dx is constant. This variation of m 
implies a corresponding variation of A and 
invalidates the use of the factor e-*” as a 
measure of the probability of a free path of 
length p. We show in Appendix III, however, 
that the proper inclusion in these expressions of 
the variation of \ with position in the tube leads 
to the same final expression as that obtained in 
Eq. (15) for a fixed value of \ appropriate to the 
gas density at the point where the flow is 
measured. It is therefore sufficient to use the 
value of \ corresponding to the value of m» above 
and to include only the variation of n. 

The foregoing considerations apply directly 
to the case of a pure gas diffusing under a 
pressure gradient. If there is no pressure gradient, 
the same expressions apply to the self-diffusion 
if Nw, No, and m(x) in Eqs. (9), (10), and (11) 
are interpreted as the number and density of the 
tagged molecules. Furthermore, in the case of 
the self-diffusion, the mean free path J is inter- 
preted as (1011+ %2012)', where m, and mz are 
the densities of tagged and untagged molecules 
and o;; and eo; are the collision cross sections for 
like and unlike encounters. Thus, A is inversely 
proportional to the total pressure and is constant 
along the entire length of the tube. 

In the integral for Ny, Eq. (9), we put 


n=Nno+s coty(dn/dx). 


The integral over the term in m» then vanishes by 
symmetry and the term in dn/dx gives 


dn /2 
Ny = —t— f fasf s cos*pe* "dy. (12) 
dx 0 


This expression was first obtained by Knudsen 
and he evaluated it in the special case of \= ~, 
where the exponential term can be set equal to 
unity, with the result already given in Eqs. (2) 
or (7). 
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In the integral for NV, we put 
n=No+ p cosy(dn/dx), (13) 
so that Eq. (10) reduces to 


dn w/2 
N,= —iA— f fasf cos*y siny 
dx 0 
s cscy 
x1 -(1+ Je “0 ba, (14) 
A 


The total flow of both groups of molecules 
through the section is given by the sum of the 
two flows N,, and N, in Eqs. (12) and (13). It 
has the value 


dn 2/2 
venetN=—n@ f fasf 
dx 0 


x (1—e-* 4/4) cos’y sinydy. (15) 





It is readily verified from Fig. 1 that 


x/2 2a cosé 
f fas-af cosado f ds. (16) 
—x/2 0 


Applying this to Eq. (15) and interchanging the 
order of integration over y and s, we obtain 


wa*ir 3rX 6A n 
[1-—-+--o10/a) = 


N=- ~ 
8a ra dx 





where 


” 


Q(a/d) -f costd6 f gto cont cong 
0 0 


Xcos*y sin*ydy. (17) 


It has not been possible to evaluate the integral 
for Q explicitly for all values of a/A, but it has 
been evaluated numerically for a few values and 
an expression which can be used for small values 
of a/X has been obtained and is discussed in 
Appendix IV. It is shown there that 


” wa ra’ 
Q(a/r) =——~ - + — 
16 6A 32? 
T a 
ae eetnillaientindas’ Dae (18) 


where 7 is Euler’s constant. For large values of 
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a/d it is clear that Q must vanish somewhat as 
om. 

Using this result it is possible to obtain 
expressions for the diffusion coefficient in the 
capillary which are valid for small and for large 
values of a/. The diffusion coefficient is given 


by Eq. (6) as 


_ sdn dn 
D=-r/—= -v / (ra) 
dx dx 


1 3dr 6A 
--o1 ——-+- -—O(a, »)| (19) 


8a ra 


Thus using (18) we find in the two limiting cases 


2 a 
D=-to — (1.2264-+ 3 ny See + . | 


>a, (20) 
3X 
m1] \Ka. (21) 


These results show that in the two extreme limits 
A\/a—« and dA/a—-0, the present calculation 
gives limiting forms of the diffusion coefficient in 
agreement with those given by Eqs. (7) and (8). 

A perhaps surprising feature of this result is 
the appearance of the logarithm term in the 
coefficient of a/A, Eq. (20). The effect of this 
term is to make the slope of the curve for the 
diffusion coefficient as a function of pressure 
negatively infinite at zero pressure. Thus we have 
from (20) 


dD 
~= — }0a[0.6352+In(A/2ya)] (22) 
» d(a/X) 


and 





and this approaches —« as p (or 1/A) ap- 
proaches zero. 

It should be noted that although the diffusion 
coefficient has an apparently infinite slope, the 
diffusive flow has a finite slope as p approaches 
zero. It is, of course, impossible for a measurable 
physical quantity such as the diffusion coef- 
ficient to vary with pressure in such a way that 
at zero pressure the graph has a vertical tangent. 
This behavior would imply that an infinitesimal 
amount of gas could produce a finite drop in the 
diffusion coefficient. One must recall, however, 
that in the derivation of Eqs. (20) and (22) the 
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capillary was assumed to be infinite in length. 
For a tube of length 2Z, these equations are 
therefore valid only for mean free paths in the 
range aA<L and cannot be applied at pressures 
so low that AX L. Consequently, there is no 
vertical tangent at zero pressure and the shape 
of the curve when \~L must be determined from 
a separate calculation for a finite tube. 


THE DIFFUSION COEFFICIENT FOR A 
CAPILLARY OF FINITE LENGTH 


The diffusive transport in a tube of finite 
length will differ from that obtained in Eq. (15) 
for an infinite tube in two respects. First, in the 
various integrals for NV. and N,, the lower limit 
on y is no longer 0 but the value appropriate to 
the end of the tube. The other effect arises from 
the fact that the molecular density n(x) can no 
longer be represented by the simple linear 
function (11) because the density must become 
constant beyond the tube ends and equal to the 
values appropriate to each of the connecting 
chambers. The manner in which the transition 
occurs from these constant values to the ap- 
proximately linear variation at the center of the 
tube depends on the ratio of its diameter to its 
length. 

We consider first the effect on the molecular 
density. Let mo be the density and dn/dx the 
density gradient at the center of the tube, x=0. 
Let L be the half-length of the tube and m,; and 
m, the densities in the connecting chambers at 
x=-—-L and x=+UL, respectively. We may 
expand the density (x) in a Taylor series 


dn 
n niae” “ates +x*B+---. (23) 
x 


Adjusting this to m; at —L and to m, at +L, we 
find 


A =(1/L?)(3(m1+m2) — mo) = (1/L*)(n—n), 


1 2-1 An dn 
ri) ES) 
L? 


L? 
Thus the coefficient A measures the difference 
between the average of the densities in the con- 
necting chambers and that at the center of the 
tube while B measures the corresponding dif- 
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ference for the density gradient. Both are pro- 
portional to 1/L’. 

An appropriate way, in principle, to determine 
the values of A and B would be to set up the 
equivalent of Eqs. (9) and (10) for a tube of 
finite length using (23) for m. Expressions could 
be found for the total transport N= N,+WN, at 
either end of the tube and at its center. Values 
could then be chosen for A and B which would 
make all three transports the same. In like 
manner, higher order coefficients in the Taylor 
expansion of could be determined by equating 
the transports at other sections. Such a pro- 
cedure is very involved in practice and will not 
be attempted here. It can, however, be easily 
shown that the integrals-arising from terms in 
x?" and x°"*+! are of order a? times those arising 
from terms in x?"-? and x*"~', respectively. It 
follows that inclusion of terms in x* and x in 
(23) results in additional contributions to the 
transport proportional to a?A and a*B and thus 
in terms of order a?/L*. In this treatment we 
restrict ourselves to long tubes and a deter- 
mination of the end effects only to order a/L. 
Thus in this approximation we can continue to 
use Eq. (11) to represent the density (x). 

The first effect referred to above results in 
terms of order a/L and we proceed to take 
account of it in Eqs. (9) and (10). Referring to 
Fig. 1, we let yo be the value of y for a point on 
the tube rim so that tanyo=s/L. Using (11) 
for n this replaces Eq. (9) by 


1 dn 
mal fff 
2 dx vo 
Xcos*pe—* "4 %dy, (24) 


The modification in the integral for N, is more 
pronounced. For values of y lying between wo 
and r—yp the integration over p is ended by the 
tube wall at p=scscy, but for values smaller 
than Yo or greater than r—yYo, this integration 
must be extended beyond the tube ends into the 
gas in the connecting chambers. In this latter 
case, we must use (13) for m for OC p< |L secy| 
while for p>|Z secy| we must use »=m2 when 
O<W< yo and n=n, for r—Wo< <x. Thus, the 
net transport across the central section due to 
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diffusion from the gas is 
d dn 
n=-—™ f fas f cos*y 
2d dx v0 


8 esey 
xsingdy f pe~°*dp 


0 


d dn vo ° 
—_-— — ffl f +f | cos 
2\ dx 0 x—wWo 
|L seey| 
xsingdy f pe~"*dp 


2 f fafnf nf Joos 


edo. 
L secy| 


xsingdy (25) 


The neglect of terms of order a?/L? leads to 
the neglect of the x* term in (23) whose coef- 
ficient B is proportional to An/Ax—dn/dx. Thus, 
in this approximation we may put (m2:—)/2L 
=dn/dx. On performing the integrations over p, 
Eq. (25) with this approximation simplifies to 


dn 3/2 
N,=-a— ffes|f (1 —e7* es0¥/n) 
dx vo 


Xcos*y singdy 
vo 
+ (1—e-# *¥/*) cos*y sinydy 


1 r/2 
= f s cos*pe—* dy . 


vo 


On combining this with Eq. (24) for Nw we 
obtain finally 


dn wf 
N=N.+N,=-o— { fas f 
dx 0 


X (1—e-* 4/5) cos*y sinydy 


dn vo 
+a— f f dS f (e-E secon 
dx 0 


—e—* s¥/*) cos*y sinydy, (26) 


where we have substituted 


w/2 


x/2 vo 
f -{ for f 
0 0 vo 
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The first term is identical with Eq. (15) which 
was derived for a tube of infinite length so that 
the second term clearly represents the correction 
to N due to the finite length of the tube. 

We now obtain the diffusion coefficient p 
corresponding to this expression for N, and denote 
by D., the value given by (19) for an infinite tube 
and by AD, the correction to this value arising 
from the finite length of the tube. Thus 


with 
dS 
api=of f —_— 
wa 


On expanding the trigonometric functions in 
powers of y and representing AD, in units of ia, 
it is found that the leading term is of order a/L 
with the next term of order (a/L)*. 

Thus, to the required order in a/Z we may put 
tanyo=Y~o=s/L, siny=tany=y, and cosy =secp 
=1. This gives 


AD,= af f= Peet eran. 
ra? 


Using yo=s/L together with (16), 


finally 
1 L L\ a 
simtfennseni( 4) 
2 IN r L 


If we now combine this result with Eq. (19) 
for D.,. according to (27), the diffusion coefficient 
for a finite tube, good to order a/L, is found to be 
given by 


(e-4 secy /A 


—e~* 84%) cos*y sinydy, 


we obtain 


(28) 


a wTa 


1 3X 6A 
D=-in| 1—--—+—-Q(a/d) 


3a°7L L L 
ete ata(2)]) 
2L? x r r 


The behavior of the correction term AD, at very 
low pressures for which A>L is found from an 
expansion of (28) to be 


AD,=-i rl —— (1 —InyZ/a)-} AL. (30) 
} 4 » 
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For larger values of L/d this term decreases very 
rapidly, becoming asymptotic to 


AKL. (31) 


Thus the correction term is negligible for mean 
free paths a few times shorter than the half-length 


of the tube. 

Equation (30) is of primary interest at pres- 
sures lower than that for which A~L. In this 
range we may combine Eqs. (20) and (30) to 


obtain 


2 3a $+ &%6 
p= 1 -_---—— (0.4764 +- in) 
3 4L 4 2a/xr 


A»L>a. 


SDi™~}0\(a/L)2e-*, 


(32) 


This result shows (a) that the Knudsen diffusion 
coefficient in a tube of finite length is less than 
that, Eq. (7), for an infinite tube by the factor 


D 3a 
Lim —=1-—--— 


: (33) 
hx dD, ez. 


and (b) that the slope in the limit \—> is no 
longer infinite as in (22) but has the finite value 


= —4}a[0.6352+InL/2a] (AL) 


~-—ialnL/a. (34) 


DISCUSSION OF RESULTS 


We wish first to comment on the behavior 
noted in (a) above and in Eq. (33) which shows 
that among several tubes of the same radii but 
different lengths the Knudsen flows maintained 
in each by the same pressure gradient approach 
different limits at zero pressure, the values being 
smaller the shorter the tube. If we compare the 
diffusion process under a given density gradient 
dn/dx in the limit AX © for an infinite tube with 
that for a tube of the same radius but finite 
length, it is seen that the chief difference arises 
from the fact that the density n(x) increases 
without limit in the former, but assumes constant 
values in the connecting chambers where x < —L 
and x >Z in the latter. A comparison of Eqs. 
(24) and (25) for N,, and N, in a finite tube with 
the corresponding Eqs. (12) and (14) for an 
infinite tube shows that this difference is indeed 
responsible for the dependence of diffusion coef- 
ficient on tube length. 
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The effect of cutting off the tube at x= +L 
appears in Eqs. (24) and (25) in two ways. The 
first is through the substitution of limits Yp and 
m™—wp in place of 0 and z for the integration over 
y. The other is through the second term in Eq. 
(25), which merely includes a portion of NV, for 
the region —L <x <L which was left out of the 
first term in this equation by setting these limits 
on wy. In the limit A>Z these modifications are 
found to subtract an amount ja?/Z from the cor- 
responding limiting value 2da/3 for the diffusion 
coefficient of an infinite tube. On the other hand, 
the contribution from the regions x <—LZ and 
x>JZ in the connecting chambers, where the 
density is now constant, is represented by the 
last term in Eq. (25). In the limit A>LZ it is found 
that this term adds only $da*/L to the diffusion 
coefficient. Thus, the substitution of constant 
density chambers for additional capillary main- 
taining the gradient dn/dx beyond x = +L results 
in a net loss of }#a?/L in the zero-pressure limit 
for the diffusion coefficient. This accounts for 
the dependence of this limit on tube length 
expressed in Eq. (33). 

The Knudsen diffusion coefficient in a tube of 
finite length in the limit A> has been deter- 
mined for all values of a/L by. Clausing.* He 
employs a method in which all terms in the 
Taylor expansion for n(x), Eq. (23), are included 
by setting up an integral equation involving n(x), 
which insures that the total transport across all 
sections of the tube is the same. The result ob- 
tained here in Eq. (33) agrees with his within the 
limits set by the neglect of terms in a?/L’. 

We turn next to a consideration of the behavior 
noted in (b) at the end of the preceding section 
together with the asymptotic behavior of the 
correction term AD, given in Eq. (31). The latter 
causes the diffusion coefficient to merge with 
that for an infinite tube of the same radius when’ 
ASL. 

We have seen that among several tubes of dif- 
ferent lengths the Knudsen flows maintained in 
each by the same pressure gradient approach 
limits at zero pressure which are smaller the 
shorter the tube. Equation (34) shows, on the 
other hand, that as the pressure is increased, 
these flows are decreased at a rate which is 


8 P. Clausing, Physica 9, 65 (1929). 
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smaller the shorter the tube. Thus the smaller 
the initial value of the flow, the less rapid is its 
decline with increasing pressure. In terms of 
these two effects the asymptotic behavior of AD, 
means that the dependence of the initial slope on 
tube length is so related to that of the intercept 
that, in a tube of given L, the flow is brought into 
coincidence with that in all longer tubes of the 
same radius when the pressure in all of them has 
been increased to values for which \<L. 
Physically this behavior has a simple inter- 
pretation. The transport across any given section 
of the tube will be determined largely by mole- 
cules starting free paths within a distance |x| ~d 
on either side of the section. If A> L, all portions 
of the tube are effective in determining the 
transport, and the Knudsen diffusion coefficient 
characteristic of the tube length L, as given in 
(33), is realized. When, however, \<L, only the 
portions of the tube within a distance \ from the 
central section are effective in determining the 
transport across it. Thus, if additional lengths of 
the same tubing were added at the ends without 
changing the density gradient in the central 
portion, the transport there would not be appre- 
ciably altered. It follows that the diffusion coef- 
ficient in all tubes longer than a given value L 
should be the same at pressures for which \ <L. 
The evaluation of the function Q(a/d) defined 
in Eq. (17) is described in Appendix IV. Using 
this evaluation, the diffusion coefficient D has 
been determined as a function of a/A for an 
infinite tube by means of Eq. (19). The result 
is shown in Fig. 2 where D/ad is plotted as a 
function of a/A in the lower full curve. The 
broken curve above it represents the gas diffusion 
coefficient D;; = dA/3 = da/3(a/d). It is seen that 
the coefficient of diffusion in a capillary tube 
falls below that for self-diffusion in the gas at 
pressures for which the tube radius is equal to a 
small number of mean free paths and that at 
pressures for which X is of order a, the diffusion 
is primarily limited by wall collisions. In the 
more elaborate Chapman-Enskog theory of dif- 
fusion, the factor 4 would not of course be ob- 
tained for the high pressure limiting form of the 
self-diffusion coefficient. The value at zero 
pressure would, however, still be 2ia/3, and the 
curve for D as a function of a/A would still be 
asymptotic at high pressure to that for D,; in 


POLLARD AND R. D. 


PRESENT 


much the same way as we have found here, jt 
is clear that the value of \ can be adjusted to 
give D,, correctly for any particular gas. 

It is of interest to compare these results with 
an interpolation formula developed by Bosapn. 
quet® for the diffusion coefficient as a function of 
pressure in a capillary tube. Bosanquet cop. 
siders the diffusion process in the tube as a 
random walk in which the successive steps of 
individual molecules are terminated either by 
collisions with other molecules or with the tube 
wall. In this process the frequencies of the two 
types of collisions are additive. The mean step 
size / for this random walk can then be related to 
the mean free paths /,. for wall collisions and l, 
for gas collisions by taking the total collision 
frequency to be i//, so that 


(6/1) _ (6 lw) + (0/1,). 


On the other hand, the diffusion coefficients 
associated with each of these mean steps may be 
taken to be proportional to d times the mean step 
size, so that we have 


(1/D) =(1/D.)+(1/D,). 

Putting D,,=2ia/3 and D,=d\/3, we obtain 
2 da 

D=- ———. 

3 1+(2a/d) 


The broken curve superimposed on the full one 
in Fig. 2 is plotted from this relation. The agree- 
ment between the two curves is quite good and 
may be taken as a justification for the applica- 
bility of the elementary considerations leading 
to Eq. (34). 

Unfortunately, no experimental data on the 
variation of D with pressure are available for com- 
parison with these results. In making such a 
comparison the mean free path at unit pressure 
\1=pdA is to be regarded as a parameter and 
adjusted to make 6\;/3 agree with the measure- 
ments of D,; at high pressures. 


(34) 


ORIGIN OF THE MINIMUM IN THE SPECIFIC 
FLOW VERSUS PRESSURE CURVES 


In the previous section, at high pressures, the 
pressure and density gradients referred to were 


°C. H. Bosanquet, British TA Report BR-507, Sep- 
tember 27, 1944. 
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always partial gradients for the tagged mole- 
cules, the total pressure being uniform. We have 
already noted in theintroduction that the theory 
developed here is not applicable to flows main- 
tained in the capillary by finite total pressure 
gradients because of the production of molecular 
drift velocities under such conditions. The 
theory can, however, be used to obtain a quali- 
tative insight into the mechanism of the flow 
behavior observed by Knudsen, Gaede, and 
Adzumi. This is possible because the flow at 
pressures for which \>>a has a negligible con- 
tribution from drift and so can be described by 
the relations derived here. 

When the coefficient of specular reflection is 
zero, the molecules are reflected or evaporated 
from the tube wall in a completely random 
manner at all pressures, so that each molecule 


starts a free path from the wall with no drift 
velocity component. In order to acquire a drift 
it is necessary for such a molecule to collide with 
another, and thus we may get some measure of 
the amount of drift developed at low pressures by 
considering the average number of gas collisions 
made by a molecule between successive wall col- 
lisions. This number is equal to the gas collision 
frequency divided by the wall collision frequency. 
For a unit length of the tube, this ratio is 
xa*nid/r» 2a 


—_——=—. (35) 
2xa-ind X 


Thus each molecule makes on the average 2a/A 
gas collisions between successive wall collisions. 
At low pressures for which L >A>a, the average 
molecule only occasionally collides with another 
before completing a path across the tube. The 
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RATIO OF TUBE RADIUS TO MEAN FREE PATH, 9/2 


Fic. 2. Transport in molecules per unit time per unit area per unit pressure gradient as a function of the 
ratio of tube radius to mean free path for various cases of gas flow and diffusion in long capillary tubes. 
Upper full curve drawn from a composite of a large number of observations of M. Knudsen on the flow of 


several different gases through various capillary tu 


. Lower full curve: Self-diffusion coefficient at constant 


total pressure according to Eq. (19) with the corresponding curve (-——) from the Bosanquet interpolation 


formula, Eq. (34), superimposed on it. Broken curve: Self-diffusion coefficient Dy of the gas. 











772 W. G. 


small drift component which can be developed 
under these circumstances is, to first order in a/), 
proportional to the chance of an intermolecular 
collision and thus to a/d itself. 

At zero pressure (A>L) the entire transport 
comes from the Knudsen or wall diffusion. As 
the pressure is increased to small values such that 
L>d>d<a, this flow is on the one hand decreased 
because of the obstruction of the long diffusion 
paths by the added molecules and, on the other 
hand, it is increased through the development 
of a drift transport. Now it is clear from the 
foregoing discussion of both tendencies that the 
former, because of the near infinite initial slope 
of the diffusion coefficient, must always outweigh 
the latter so that the total flow must initially 
decrease with pressure. Another way of putting 
this is that the obstruction of the long diffusion 
paths (depending on the ratio of mean free path 
\ to tube length Z) sets in earlier than the drift 
which depends on the ratio a/X. In a tube of 
given radius, the first effect can always be made 
to counteract the second simply by making the 
tube long enough. 

These considerations give rise to the expecta- 
tion that, starting with the Knudsen value at 
p=0, the specific flow in a long tube must 
initially decrease with pressure, pass through a 
minimum value, and at higher pressures increase 
toward the Poiseuille form. This is, of course, 
the behavior observed experimentally as shown 
by the upper solid curve of Fig. 2 which repre- 
sents Knudsen’s experimental data. This curve 
was contributed by Melkonian™ and was pre- 
pared by plotting Knudsen’s specific flow data for 
a number of different gases and capillaries, using 
the quantity kTGI/zia*Ap as ordinate and a/} as 
abscissa. Here / is the length of the capillary, Ap 
the pressure drop across it, G the flow in molecules 
per sec., and \ the mean free path computed 
from the average pressure in the tube. Plotted 
in this way all of the data defined a fairly 
unique curve with very little scatter and this is 
the one shown in Fig. 2. Gaede gives no data 
suitable for inclusion in this plot, but in this 
connection his observation that the drop below 
the limiting value of % sets in at very low 
pressures corresponding to A ~ 100a is significant. 


10E, Melkonian, Manhattan Project Report M-1485, 
January 11, 1945. 
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This behavior is in accord with the logarithmic 
term of Eq. (20). 

An important consequencé of this explanation 
of the Knudsen minimum is that it should not be 
observed in an irregular capillary or in a Porous 
medium. In these cases free paths much longer 
than the mean radius cannot occur. The posgj- 
bility that the observed minima were associated 
with the long free paths in a straight capillary 
or between parallel plates (cf., Gaede, reference 2) 
was first suggested by R. M. Badger and is, of 
course, confirmed by the present investigation. 
Experimental confirmation of this explanation js 
provided by the failure to observe any evidence 
of such minima with porous media." These ob. 
servations have shown the relation between 
specific flow and average pressure to be accu- 
rately linear down to pressures for which the 
mean free path is of the order of several hundred 
times the mean pore radius. 


APPENDIX I 
Momentum Transferred to Wall 


Knudsen believed that the reason for the small nu- 
merical discrepancy between the results given by the 
momentum transfer and the diffusion treatments of free 
molecule flow (Eqs. (1) and (2), respectively) was to be 
found in the inapplicability of the usual relation 3m for 
the molecular flux when the gas is in motion. It is desirable 
therefore to consider the flux of momentum in a moving gas. 

The Maxwell distribution function for a gas drifting in 
the x direction with velocity u is 


f(v)dv= Ae 2— 4) "dye Fv" dye F*"="dy,, 


where 8=2/0(x)* and # is the average molecular speed. 
Since u<v,, we can drop terms in u? and expand. We then 
have to first order in u/v; 


f(v)dv = Ae" (1 + 26uv,)dv.dv,dt,. 


The normalization constant A can in first order be replaced 
by its value for a stationary gas: (8/(2)*)*. 

We transform to spherical polar coordinates with the 
polar (z) axis taken perpendicular to the wall. Then 


f(v)dv = Ae" (1+ 26*uv sind cos) v*dv sinédéd¢. 


The number of molecules with velocities between v and 
v+dv striking unit area of the wall per unit time is 
nv cos@f(v)dv, where nm is the molecular density. If each 
molecule is absorbed by the wall it transfers momentum 
mv, in the x direction, and the total x momentum trans- 


1H. Kuhn, letter from N. Kurti to F. G. Slack, Man- 
hattan Project, March 8, 1944; A. D. Callihan, Manhattan 
Project Report M-1157, September 4, 1944; K. Schleicher, 
Manhattan Project Report M-1472, January 5, 1945. 
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ferred to unit area per second is 


«/2 ™ 
M=mn Af J f" vie **"* (1 + 26%uv sin® cos) 
Xsin*6 tosé cos¢dudéd¢. 


The first term of the parenthesis vanishes on integrating 
over ¢. This corresponds to the fact that a stationary gas 
communicates no x momentum to the wall. On carrying 
out the integrations, one finds 


_ mmu _ nd 
~ -26(m)t 4 
which agrees with the elementary result. 

It is assumed in this treatment (1) that the drift velocity 
is the same at all points of the gas (cf., Appendix II), and 
(2) that the molecules, after being adsorbed on the wall, 
are re-emitted in random directions. 





mu, 


APPENDIX II 


Comparison of Diffusion and Momentum 
Transfer Treatments of Knudsen Flow 


It was noted in the introduction that the expression for 
the Knudsen flow which is given by the method employed 
here differs by a factor 8/34 from that given by the mo- 
mentum transfer treatment. Although a comparison of 
these two treatments is secondary to the primary problem 
under consideration, it is nevertheless of some interest and 
we include a discussion of it here. 

In order to make such a comparison we first determine 
the flow per unit area ['=dN/dS in the limit of zero pres- 
sure from Eq. (15). Since this eliminates the integration 
over dS, it is necessary to reintroduce the integration over 
¢ which was performed in Eq. (9). Taking the limit as 
\—>«, we find then from (15) that the flow dN through 
the element dS is 


0 dn P 
dN —— ant sf “dof s cos*ydy. 
_dN__odn 
“dS 8dxvo 
From Fig. 1 we note that the polar coordinates of dS in 
the plane of the cross section are 7, ¢, and that 


Thus 
. sdo. 


s=(a’?—?r sin’¢)*—r cos¢. 


Hence 
_adN__ dn (7? —s ee 
foe 07 Jo (a?—?r? sin*p) idd 
dn 
colina }0aE(r/a)—, 


where E denotes the complete elliptic integral of the sec- 
ond kind. Thus on the tube axis we have 


dn 
T,.0= — iT, 
and at the tube wall 
—" joa 


In the case of the momentum transfer treatment it is 
necessary to assume that all molecules have the same 
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average transport velocity u and thus that T is inde- 
pendent of r. This constant value of I is, from Eq. (1), 


and is therefore equal to the correct value on the tube axis. 


APPENDIX III 


Effect of Change of Mean Free Path 
with Pressure 


We consider here the effect of variations in the mean free 
path \ due to a pressure gradient on our final result, Eq. 
(15), for the total flow through a section of the infinite tube. 
For this purpose it is necessary to modify the expression 
for the probability that a molecule will traverse a distance 
p without collision. When the density is fixed at a value no, 
this probability is given by P(p)=e~*/”. When, however, 
the density varies along the tube in the manner given by 
Eq. (11), this probability is given by 


x dn 
exp| -$(1+ 35, 30) | 


Expanding the exponential of the small term proportional 
to dn/dx, this takes the form 


P(p) =[1 — (ox /2modo) (dn/dx) Je~?™, 


In determining the transport N, from wall collisions, 
it is necessary to use the expression 


(: _# coty cscy 4 ae esey/do 
2nor\o dx 


in Eq. (9) in place of the term e~* °°’, This gives 


e dn © ae = 
Ne=-0tf fasf, s cosy [1 —(s cscy) /2de] 


Xem* caew Magy, 


For the transport N, it is necessary to make two changes. 
Not only must the expression for P(p) above be used in 
place of e~?/* in Eq. (10), but the collision frequency #dr/d 
in the volume element dr must include the effect of the 
variation in \ along the tube. Since 1/A is proportional to n, 
we may use for this collision frequency the expression 


f) +2 " 


Xo No dx 


The integral over p in Eq. (10) is then replaced by 


csey 
f (note cos 5 )(1 +— ae = 


_% cosh dn\ ying 
x(1 2noro aye mode. 





This gives for N, in place of Eq. (14) 


= -a an [fas f cos*y siny 


«fi (2SHEgmm 


If we now add these expressions for N, and N,, the total 











transport is found to reduce to . 


N=NetN, =— ont f fas” 
Xcos*y sinydy. 


Since this is the same as Eq. (15) with Ao in place of A, the 
statement made in the body of the text is established. 


e7 ese /Xo) 


APPENDIX IV 
The Evaluation of the Integral Q 
The integral is defined by 
on /2 
Q= +f, dy cos*y sinty +/2 49 cosbe~24 esew cos8/)_ 


We consider first the problem of expanding Q in a power 
series in a/A. Reversing the order of integration and sub- 
stituting x=cscy, we obtain 


Q= fr dé cosé J wS(I-x) 
-f dé cosd f FM {1-3 a a . +}, 


where g= 2a cos6/X. We define 








re 
yen he *—ghn-1} 


. iF 
Ly= —Ei(—q) = —logygt+q—355+375°°* 


where y is Euler’s constant (logy =0.5772---). 


x/2 
o=/. d0 cos0{L4—4Le—}Ls-- +}. 


Retaining terms through (a/A)* we have to the desired 
order of approximation 


1 11 
Ly=5-h4t- sats logy 


1 4 g* 
I we n>4, 


in= =< 3) 6(m—4)’ 
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from which we find that 











r/2 C. 
Q= i a9 cost C.— Ca+Sy ~Ss4 2 logy}, 
where 
am S (2k—2)! _* 
3 7 k'M(e—1)!2%-(2k+3) 16” 
4 > (2k—2)! 1 
=3—~ Fie=1) PhD) = 3° 
Gutat (2k—2)! _f 
oe RM R—1)!2-1(2k+1) 4? 
boa — ! 
Cs | 1 = 1.5265. 





“6 7 RR—1) 12" 12k 


On carrying out the integration over @ we obtain 
a\2 
O=35- F545) 
aC, -*8), y+ 2ya 
(F-"5)-G) HG) oF) 


x/2 
Cs =f cos*@ log coséd@ = — 0.06405. 


where 


This is the desired expansion for small a/d. In order to 
evaluate Q at larger values of a/X we make use of the 
relation 
x/2 
focjg 07% 0M c0s0d0 = 2 — x {Hi (iy) —i Ji (iy) | 


—r/ 


in which J,(ty) and H(iy) are, respectively, the Bessel and 
Struve functions of first-order and imaginary argument. 
Then Q=2/16—(w/2)K where 


K={"" dy cos*y sin*y {H,(2ai/d siny) —iJ;(2at/d siny)} 


and K has been evaluated numerically with the following 
results: 


a/rx=0.25 0.5 1 2 2 ; 
K=0.0560 0.0834 0.1066 0.1186 0.1250. 
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The Origin of Ultrasonic Absorption in Water* 


LEONARD HALL 
Santa Barbara College, University of California, Santa Barbara, California 


(Received December 17, 1947) 


The origin of the excess ultrasonic absorption in water 
is sought in a lag in the’rearrangement of the molecules 
during an acoustic compression. An expression is derived 
for such structural absorption in a liquid, and an approxi- 
mate calculation is made for the case of water which agrees 
reasonably well with the experimental excess absorption 
over the temperature range 0° to 80°C. A relaxation treat- 
ment is applied to the structural component of compression 
on the assumption of two molecular states of packing. The 
acoustic wave alters the equilibrium distribution of mole- 
cules between the two states by perturbing molecular 


transitions to and from the sites of closer packing through 
the work performed by or against it in the volume change 
accompanying the transition. The activation energy de- 
termining the rate of transition should be close to that for 
shear viscous flow and the configuration of closer packing 
approximately that of closest packing. The relaxation time 
associated with the process is found to be of the order of 
10-" second for water. This mechanism implies an iso- 
thermal bulk viscosity coefficient for liquids, which in the 
case of water has a magnitude several times that of shear 
viscosity. 





1. INTRODUCTION 


N liquids, as in gases, the observed absorption 

of ultrasonic waves is far too great to be 
explained by shear viscosity or heat conduction 
processes. For gases the excess absorption has 
found its explanation in heat capacity lag—a 
slowness in the exchange of energy between 
external and internal molecular degrees of 
freedom. The numerical importance of this 
process for liquids has not yet been evaluated 
for want of a determination of the relaxation time 
for the energy transfer independent of absorption 
measurements. In gases a measurable dispersion 
in sound velocity furnishes the means for such 
an independent determination, but no dispersion, 
in general, has been detected in liquids. 

For water, however, heat capacity lag has been 
excluded as the possible explanation of the excess 
ultrasonic absorption. Herzfeld! has shown the 
magnitude of the absorption and the absence of 
dispersion to be inconsistent with this hypothesis, 
and, more recently, absorption measurements 
over a temperature range show a continued large 
absorption through 4°C, where with the minimum 
in specific volume the specific heat at constant 
volume and at constant pressure are equal, the 
sound propagation becomes isothermal, and the 
heat aent capactty lag effect should vanish.’ 


” * This pe feos is abstracted from a thesis presented in 
rtial fulfillment of the requirements for the Degree of 


octor of Philosophy in the Graduate School of Brown 
University. 
1K. Herzfeld, J. Acous. Soc. Am. 13, 32 (1941). 
*F. Fox and G. Rock, Phys. Rev. 70, 68 (1946). 
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2. MOLECULAR VIEW OF COMPRESSION 


A molecular view of compression in a liquid 
suggests a structural mechanism for absorption. 
During acoustic compression the molecules of 
the liquid are brought uniformly closer together 
and also rearranged or repacked more closely. 
The former process, molecular compression, 
resembles’ that which occurs in crystals, is rela- 
tively rapid, and may be considered instanta- , 
neous and in phase with the applied pressure. 
The latter, configurational or structural com- 
pression, involves the breaking of intermolecular 
bonds or flow past energy barriers which stabilize 
the equilibrium configuration; it proceeds at a 
finite rate comparable with the period of the 
ultrasound and hence lags the applied pressure 
appreciably. It is relaxational and leads to ab- 
sorption. 


3. PHENOMENOLOGICAL ASPECTS 


The presence of both instantaneous and relax- 
ational compressibilities in a medium may be 
expressed by the dynamical stress-strain differen- 
tial equation 


BoP —s 








gus 


= § 
+8.P = +6.P, (1) 
nBo T 


where s=AV/V is the relative compression, 6. 
is the instantaneous compressibility (the effective 
value for frequency »—), 8» is the total or 
static compressibility (for »-+0), and » is the bulk 
viscosity coefficient. BybP =so is the equilibrium 
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value of compression approached for an applied 
constant pressure, P. The expression 


nBo=T (2) 


gives the relaxation time (the time required for 
the compression to reach 1/eth of its equilibrium 
value under an applied constant pressure). The 
dot over a symbol indicates time differentiation. 
For a harmonic pressure, P = Pye', the solution 


of Eq. (1) is 
B, 
$= (s+), (3) 
1+1wr 
where 
8, =Bo— Bz (4) 


is the relaxational compressibility. The effective 
compressibility is therefore 


B, 
(6. ———). (5) 
1+twr 


Omitting the effect of shear viscosity, which 
within negligible terms is additive, the square of 
the velocity of a wave in a relaxational medium 
may therefore be written formally 


1 
_—— ’ (6) 


8, 
(nr) 
\ 1+1w7 


(where p is the density) and is complex. Resolved 
into real and imaginary parts, it is 


Bot+w*r*Bn wt (Bo— Bx) 
+1 . (7) 
p(Bo?+w*r?B.?) (Bo? +w?rB..”) 


For a damped plane wave, = £oe~*7-e” “'-#/”), the 
amplitude absorption coefficient, a, and the real 
phase velocity, v, are easily derived from c’. For 
wr<1, which proves to be the case here (7 is 
found to be of the order of 10- second), the ex- 
pression for the modified absorption coefficient, 
2a/v*, is found from Eq. (7) to be 


4r? 4r? 


SafPa—peffen 
v 





2 


c*= 





—(1—B./Bo)r. (8) 
v 
When heat capacity lag is negligible, the ratio 
y=C,/C, is equal to its ordinary real value. For 
water, which is the liquid of interest here, y=1 
within a few percent in the range to be con- 


sidered ; hence Baa = YBiso=Piso, and no numerical 
distinction need be made between adiabatic and 
isothermal compressibilities. 


4. MOLECULAR ASPECTS OF STRUCTURAL 
RELAXATION 


To derive molecular expressions for 8» and r, 
a relaxation treatment may be applied to the 
configurational component of compression. The 
simple assumption of a relaxation process (heat 
capacity relaxation) with two energy states has 
provided the most usable results for gases, and 
the possibility of a two-state representation will 
be assumed here. To each molecule two states 
will be assumed available: state 1, characterized 
by larger volume and lower energy, and state 2, 
characterized by smaller volume and _ higher 
energy. Compression occurs through a relative 
increase in the number of molecules in state 2. 
Upon application of an acoustic pressure, a 
molecule initially in state 1 may flow or jump to 
a site of closer packing, associated with higher 
energy state 2. Let m, and m2 be the numbers of 
molecules in states 1 and 2, respectively, and k, 
and ke be the transition rates per molecule for 
transitions 1-2 and 2-1. Considering one mole 
of liquid, #1;+”2=N, Avogadro’s number. The 
transition or reaction equation is 


— te = kon2— kin. (9) 


For small amplitudes the sound radiation per- 
turbs the equilibrium rates and populations to 
first-order terms only. Hence 


— Ati = RopAne+mooAk2—RyoAni—mAki, (10) 


where the subscripts, 0, indicate equilibrium 
values, but have been omitted from the per- 
tubations. Since the variations are assumed to be 
harmonic, time differentiation in Eq. (10) may 
be replaced by multiplication by tw. Ak; can be 
expressed in terms of Ak, through the use of the 
following equilibrium relations: 


n2=0, myoki0=M20k20. (11) 
By the Boltzmann distribution law 


e—FalkT 
= WAS FIRT. (12) 





N29/Ni9 = 
en Filk? 


where F; and F; are the free energies per molecule 
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associated with the states 1 and 2, AF=F,—F,, 
and k, as usual, in Boltzmann’s constant. Also 
since #1 +”2=N=constant, —An,=An. Ak; and 
An, may then be eliminated from Eq. (10), and 
the perturbation in m2 is found to be 


om RepnaA(A F/k T) 
iwt+kiotkoo — 





An2= (13) 


Hence the average number of molecules which 
jump to states of closer packing because of an 
isothermal increase in pressure, AP, will be 


-_ kooN20| 0(AF)/0P | -AP 


An2= , (14) 
RT (twt+Riot+k2o) 





This expression may be put into the more con- 
venient form 


—N-[0(AF)/dP]-AP 
' 2kT(1+coshAF/kT) 





Ane 


1 
1+iw/(kio+k20) 


The compressibility, defined by (—1/V)(@V/dP), 
may be expressed in terms of An2/AP by writing 
it as 





(15) 





—1 One 0 V 
— — p’ 
V oP On» 
Then 
N-[a(AF)/aP] 1 





, (16) 





1/aV 
eG) 

V One 
where 7 has been written for 1/(R10+ 20). 

In the potential diagram for two adjoining 
energy states shown in Fig. 1, F; and F: are the 
free energy levels of states 1 and 2. The activa- 
tion energy required for a molecule to jump from 
state 1 to state 2 is AF,*, and for the reverse 
transition is AF,*. The pressure dependent part 
of the difference between the free energies, 
F,—F,=AF, is —P-Avm, where Av, is the 
effective diminution in volume per molecule 
involved in the transition 1-2. Therefore, 
d(AF)/dP = —Avm. The term dV/dne is simply 
the effective change in volume per molecule 
transition 1-2 and is thus equal to —Av,,. Upon 
substitution of these equivalents and introducing 
the notations: AV=N-Av,,=the difference in 


2kT(1+coshAF/kT)}1+iwr 
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Fic. 1. Potential diagram for two adjoining 
energy states. 


molal volume of states 1 and 2; kT=R, the 
molal gas constant; re-interpreting AF and all 
other free energy symbols to refer to one mole 
instead of one molecule, the expression for the 
compressibility 8’ becomes 

V(AV/V)? ] 1 


~ |2RT(1+coshAF/RT))1-+ier 


r 


= —. (17) 
1+twr 





5. EVALUATION OF THE RELAXATION TIME 


From the theory of absolute reaction rates,* 
the expression for a reaction or transition rate 
may be written 


kT 
ee, (18) 
1 


where h is Planck’s constant, k is Boltzmann’s 
constant, and AF ;* is the free energy of activation 
per mole required for the process. This expression 
is applicable to a process involving the rearrange- 
ment of matter, regarded either as a chemical or 
mechanical process. Applying Eq. (18) to the 
evaluation of the specific rate constants, k; and 
ke, and using the relation AF,;* =AF,*—AF (see 
Fig. 1), the expression for the relaxation time, 
T= 1/(RiotReo), is 
h eA FwiRT 


:=——-—_—__—— (19) 
kT 1+eoF/8T 


6. RELATION BETWEEN SHEAR AND 
COMPRESSIVE FLOW 


In both shear and compressive flow of a viscous 
liquid the molecules flow or jump past neigh- 


3 Glasstone, Laidler, and Eyring, Theory of Rate Procesess 
(McGraw-Hill Book Company, Inc., New York, 1941). 
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boring molecules into adjoining sites. In both 
cases energy bonds are broken with the im- 
mediate neighbors, and the activation energies 
for the two flows should be of the same order of 
magnitude. It is true that in terms of the model, 
molecules in both states 1 and 2 would flow in 
shear flow, whereas in compressive flow only 
molecules in state 1 flow. If it is assumed that the 
activated state for flow is the same for both 
types of flow and if most of the molecules are in 
state 1, then the activation energy for shear 
viscous flow AF*,i,~AF;,*. Provisionally this will 
be assumed. An allowance for the number of 
molecules in state 2 might be made by taking 


n n 
AF* vis = ARit+— AF (20) 


In the present case this is found to make AF,* 
about 6 percent higher than AF*,;, at 0°C. In 
view of the uncertainties involved, however, the 
value of such a correction is questionable. 

Since a molecular relaxational approach has 
been applied to ordinary shear viscosity,* ‘ there 
is at hand a means of evaluating the activation 
energy required for molecular flow, independent 
of ultrasonic absorption data. Eyring’s expression 
for the shear viscosity coefficient is 


hN 
= es (21) 


where V is the molal volume and the other 
symbols have the usual meanings. The relaxation 


time may therefore be written in terms of x: 
| - | 
T= Lt. 2 
RT(1+e4"/"7) (22) 


7. STRUCTURE OF WATER 





Water has been characterized as having a 
broken-down ice structure, where the long-range 
order has disappeared, but considerable local 
order persists. X-ray studies of the ice state 
indicate that each water molecule has four 
nearest neighbors, tetrahedrally arranged around 
it, a very open structure. This tetrahedral coor. 
dination is maintained by intermolecular hy- 
drogen bonds, consisting principally of strong 
dipole forces. Similar studies of water show that 
the coordination with nearest neighbors stil] 
tends to be tetrahedral, but is more irregular, 
with changing rather than permanent neighbors, 
and an average of three to two hydrogen bonds 
present over the range from 0° to 100°C. Bernal 
and Fowler’ have approximated the x-ray dif- 
fraction curve for water by combining the curve 
for regular tetrahedral, quartz-like structure with 
the curve for a simple close-packed liquid (ap- 
proximately closest possible packing). The notion 
of water as a mixture of two structures, one open 
and one compact, while scarcely definitive, is 
frequently held and is suggestive for the present 
purpose. 

In the two-state model for water, state 1 may 
be identified with a state which is more ice-like 
and state 2 with a state more like that of a simple 
close-packed liquid. For instance, it may be 


TABLE I. Absorption coefficient—calculated and experimental values. 








V ( 107s (enn 
(cm?) cm /sec.) cm?/dyne) 
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(millipoise) 


2a/y? (10717 sec.2/cm) 
Theoretical 
=15 Bo =18 


~ Bro ; 
(millipoise) x<10-% x<10-2 Experimental 


(10712 sec.) 





18.02 1.40 \ 17.94 
18.02 1.43 b 15.68 
18.02 1.43 . 15.19 
18.02 ‘ , 13.10 
18.05 , . 10.09 
18.09 : . 8.00 
18.16 . . 6.53 
18.23 ° . 5.49 
18.33 : . 4.70 
18.42 ‘ . 4.07 
18.54 ° . 3.57 


79.6 
61.4 
49.5 
34.3 
25.9 
19.5 
16.0 
13.8 
11.6 
10.6 








‘J. Frenkel, The Kinetic Theory of Liquids (Clarendon Press, Oxford, 1946). 
5 J. D. Bernal and R. H. Fowler, J. Chem. Phys. 1, 515 (1933). 
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considered that the majority of water molecules 
are three-bonded and a minority are two-bonded. 
Such a view accords with the fact that the aver- 
age percent of bonding near 0°C is about 70 
percent® and the free energy difference between 
the two states in the present application comes 
out to a value which is estimated as a half-bond 
per molecule. (The energy of one bond is shared 
by two molecules.) Provisionally it will be con- 
sidered that most of the molecules are in state 1, 
which is associated with a molal volume, Vj, 
lying between that of water and ice, and that 
state 2 is associated with a molal volume, V2, 
given by closest packing, but not necessarily 
with the absence of all the bonds. 









8 RELATIVE CHANGE IN VOLUME 





Water molecules may be considered spherical 
of radius, a, for packing computation. The 
molal volume for closest packing of equal spheres 
is V=N-4-2!-a’, where N is Avogadro’s number. 
Near 0°C the average distance of closest approach 
of molecules in water is 2.90A.7 Using this value 
as the packing diameter, the molal volume for 
state 2 is Ve=10.4 cm*. The molal volume for 
state 1, lying between that of water and ice, is 
between 18.0 cm’ and 19.6 cm*. This gives for the 
relative change in volume, AV/V, a value 
between 0.42 and 0.51. The average value, 
AV/V=0.47, will be used. 











9. INSTANTANEOUS AND RELAXATIONAL 
COMPRESSIBILITIES 






Since the potential energy of a water molecule 
is determined principally by nearest neighbors 
in both states, the instantaneous compressibility 
of water should be comparable in magnitude with 
the compressibility of ice, but somewhat larger. 
Near 0°C the adiabatic compressibility of ice 
has been determined as 10X10-" cm?/dyne 
(dynamic method) and at —7°C there is a static 
determination giving the value of 12x10-" 
cm?/dyne for the isothermal compressibility.® 
Taking into account nearest neighbors only, the 










( 937) H. Ewell and H. Eyring, J. Chem. Phys. 5, 726 
1937). 
( —_— and B. E. Warren, J. Chem. Phys. 6, 666 
1938). 

®R. Dorsey, The Properties of Water Substance (Am. 
Chem. Soc. Mono. Ser. No. 81, Reinhold Publishing Cor- 
poration, New York, 1940). 
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Fic. 2. J—Theoretical structural absorption (with 
8. = 18 X 10? cm*/dyne). Experimental excess absorption: 
O—J. M. Pinkerton; @—Smith and Beyer; A—Fox and 
Rock. JJ—Theoretical shear viscosity absorption. 


instantaneous compressibility of water can also 
be calculated from intermolecular potential func- 
tions for water molecules. Using the potential 
function for bonded molecules, determined by 
Cross, Leighton, and Burnham® in a study of 
Raman scattering of water and ice, a compress- 
ibility of 12 10-" cm?/dyne is obtained. From 
a potential function for molecules free to rotate, 
developed by Margenau and Myers” primarily 
for high temperatures, a value of 24x10-" 
cm?/dyne is found. For the instantaneous com- 
pressibility of water, two trial values, 15 10-™ 
and 18x 10-" cm?/dyne, will be adopted. 


10. FREE ENERGY DIFFERENCE OF 
THE TWO STATES 


From the relation between 8, and AF deter- 
mined by Eq. (17) with the use of the above 
numerical values, AF is calculated to be 0.5 kcal. 


® Cross, Burnham, and Leighton, J. Am. Chem. Soc. 59, 


1134 (1939). 
10 H. Margenau and V. Myers, Phys. Rev. 11, 307 (1944). 



















per mole of half-bonds. From the viscosity study 
by Ewell and Eyring,* a rough estimate of the 
free energy of a hydrogen bond in water can be 
made. The value is also found to be about 0.5 
kcal. per mole of half-bonds, suggesting that 
states 1 and 2 differ by a hydrogen bond. 


11. COMPUTATION OF THE ABSORPTION 


There is no way to estimate quantitatively the 
temperature variations of the two compressi- 
bilities, but 8, should increase with temperature 
due to both thermal expansion of the liquid and 
to structural changes. For constant AF, the term 
(1+e4”/*T) appearing in expression (22) for the 
relaxation time decreases with temperature 
(about 4 percent from 0° to 20°C). In their effect 
on the absorption coefficient (cf. Eq. (8)) these 
two influences tend to nullify each other, and 
both will be taken as constant. 

Table I gives the values of the relaxation time, 
bulk viscosity, and the intensity absorption coef- 
ficient computed as functions of temperature 
from Eqs. (22), (2), and (8), respectively. Experi- 
mental values of excess absorption taken from 
pulse measurements of J. M. Pinkerton," and 
estimated accurate within a few percent, are 
included for comparison. (By experimental 
“excess absorption”’ is meant the observed value 
less the calculated absorption due to shear vis- 
cosity.) Data not otherwise acknowledged are 
taken from R. Dorsey, The Properties of Water 
Substance.*® 

In Fig. 2 is given the curve for the theoretical 
absorption computed with 8,.=18X10-" cm?/ 
dyne and a plot of the experimental values of the 
excess absorption. In addition to the measure- 
ments of J. M. Pinkerton, those of Smith and 
Beyer” and those of Fox and Rock? are given. 
The latter two sets are by radiation pressure 
methods. The curve for the calculated absorption 
resulting from shear viscosity is included for 
comparison. 


12. DISCUSSION AND CONCLUSIONS 


The absorption calculated theoretically for 
structural relaxation agrees sufficiently well with 


4 J. M. Pinkerton, Nature 160, 128 (1947), and private 
communication. 

2M. Smith and R. Beyer, Brown University, private 
communication. 
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the excess ultrasonic absorption observed experi- 
mentally, reproducing its temperature variation 
over the range 0° to 80°C within 10 percent or 
better. The theory requires the numerical values 
of any two of the three quantities, 8., AV/V, AF. 
While only approximate estimates of these quan- 
tities can be made at present, reasonable varia- 
tions continue to give results of the correct 
magnitude. 

It is of interest to note that the theoretical 
relaxation time arrived at, r~10-" second, is 
consistent with the observed absence of velocity 
dispersion in thermally originated hypersound 
of the frequency range of 10" cycles per second. 
The presence of two compressibilities, molecular 
(instantaneous) and structural, explains quali- 
tatively the existence of a minimum in the static 
or total compressibility experimentally observed 
for water near 40°C. The instantaneous or 
molecular compressibility can be expected to 
show the usual continuous increase with tem- 
perature, but the structural compressibility will 
decrease from 0° to 40°C with the breaking of 
hydrogen bonds, which takes place mainly in that 
interval. The simultaneous presence of a de- 
creasing component and an increasing component 
which eventually predominates leads to a 
minimum. Structural relaxation implies for all 
liquids an isothermal coefficient of bulk vis- 
cosity. For water this coefficient is several times 
greater than that of ordinary shear viscosity. 

Liquids of small viscosity can be divided into 
a relatively low absorption group in which the 
ratio of the observed absorption to the shear vis- 
cosity absorption is small, i.e., from 2 to 4, and 
a high absorption group for which this ratio is 
of the order of 10 to 100. The associated or 
hydrogen-bonded liquids like water and alcohols 
fall into the first group," and it is very likely that 
structural relaxation or bulk viscosity is the 
mechanism responsible for the observed excess 
absorption in all of these liquids. For the second 
group, the isothermal bulk viscosity, while 
appreciable, would seem insufficient to account 
for the very high absorption. Heat capacity 
relaxation may well be the responsible mecha- 
nism for this group which shows high absorption, 
and appears to be comprised of non-associated 


4 C. Kittel, J. Chem. Phys. 10, 614 (1946). 
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It is to be expected that this latter 
process would be more important in non-asso- 
ciated liquids where there is little coupling of 
ecules to facilitate the transfer of internal 
vibrational energy, leading to a relatively large 
relaxation time. 

Structural relaxation may be expected to play 
a role in any high frequency process. A possible 
application may be to shock wave phenomena, 
where high frequency components are present. It 
may prove useful also to use absorption data to 


PHYSICAL REVIEW 





HE formal structure of a familiar argument 

of Dirac,! aiming to prove that all quantum- 

mechanical operators are bound to contain every 

value between — © and + in their spectra, 
consists of two propositions: 

(i) €=€) is in the spectrum for some ¢é, if « 
denotes a point of the line on which possible 
eigenvalues are marked, and 

(ii) the presence of an €p ‘‘infects’’ every region 
on the line — © <e< @ so strongly that every e 
is bound to be an €». 

The lack of mathematical rigor in this deduc- 
tion is criticized in the physical literature.? That 

1P. A. M. Dirac, The Principles of Quantum Mechanics  tesima 


{The Clarendon Press, Oxford, 1935), (2nd ed.), pp. 93-94. 
*E. K. Kemble, The Fundamental Principles of Quantum 


London, 1937), pp. 298-299. 
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By an heuristic application of the group generated, in a formal sense, by the quantum- 
mechanical rule of commutation, Dirac has arrived at the following result: The group property 
“propagates” an eigenvalue, discrete or continuous, in such a way as to compel its emergence 
at any preassigned eigenvalue. Dirac’s deduction is somewhat highhanded from the mathe- 
matical point of view and, what is worse, even the final result happens to be false in general. 
It is shown, however, below that the idea which seems to underly Dirac’s argument can be 
saved to some extent. To this end, Dirac’s assertion will be reformulated so as to become both 
consistent and probable. It turns out that what is needed for such a re-interpretation is the 
substitution of “pieces of band spectra”’ in lieu of Dirac’s unspecified “spectra.” The proof, 
carried out only for the case of wave equations of radial symmetry depends on the complete- 
ness of the orthogonal system formed by the eigenfunctions and eigendifferentials together. 


not even the final result can be correct without 
appropriate reservations, the nature of which is 
not revealed by Dirac’s deduction, is shown by 
the decisive counter example-of periodic poten- 
tials (one-dimensional lattices). Needless to say, 
there is nothing wrong in the assumption of (i), 
and so the trouble must come from the argument 
leading to (ii), simply because too much is taken 
for granted in what more or less* corresponds to 
the Hilbert space of the mathematicians. 








evaluate the structural molecular quantities 
involved in the derived expressions. 
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3 Many of the customary misunderstandings result from 

a common origin of central significance; namely, from the 
omission of any specification of the range of functions on 
which the operator is supposed to be defined. For example, 
just because Dirac’s “unitary operator” (see reference 1), 
say exp(sR), which appears to be generated by an infini- 
group (of unspecified range), is something that 
happens to “correspond” to a number of unit absolute 
value, there is no justification for applying the operator 
Mechanics (McGraw-Hill Book Company, New York and on a range on which the formal series becomes divergent. 
It is worth mentioning that the lacunae in the continuous 
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On the other hand, a closer reflection on the 
infinitesimal group generating the “propagation” 
appeared to make Dirac’s heuristic argument 
sound convincing enough, and so a determination 
of its actual limitations seemed to be worth 
trying. The result turned out to be of surprising 
simplicity. 


Il. 


It will be shown that Dirac’s “propagation”’ 
principle can be saved and, due to the Hilbertian 
completeness of all (‘‘discontinuous’’) eigen- 
functions and (‘‘continuous’’) eigendifferentials 
together, legalized as well, if the term ‘‘spectra’’ 
is replaced by ‘continuous spectra” in both (i) 
and (ii), provided that (ii) is modified so as to 
require the ‘“‘infection’’ of (certain) arbitrarily 
distant, in lieu of all, e-levels. Thus the modified 
form of (i), instead of remaining a statement of 
fact, becomes an hypothesis concerning the 
physical system at hand; it may or may not be 
satisfied. Correspondingly, the rectified formu- 
lation of (ii) claims a ‘“‘contagious’’ nature only 
for the eigenvalues occurring in continuous spec- 
tra and makes, in addition, a proviso which 
includes the possibility of “infections” due to 
“propagation by jump” (band spectra). Ac- 
cordingly, the revised form of Dirac’s principle 
can be stated as a simple alternative, namely, as 
follows: 

The continuous spectrum is either void or un- 
bounded. In the first case, it does not exist. In 
the second case, either the whole of it or disjoint 
pieces of it must extend to at least one of the two 
energy levels e= + ~. 

That the first case, the case of a purely ‘“‘dis- 
crete spectrum,’’ can actually occur, is illustrated 
by the radial Schrédinger equation of the three- 
dimensional harmonic oscillator (in fact, the 
sequence of the Laguerre functions, though “‘dis- 
crete,” constitutes a complete ortho-normal 
system for 0=r<o). That nothing more than 
the unboundedness of the continuous spectrum 
can, in general, be claimed in the second case, is 
shown by the lacunary structure‘ of the con- 


spectrum, that is, the spectral ranges which, undoubtedly 
because of some effect of mathematical divergence, fail to 
be reached by Dirac’s group prolongation, become the 
regions of classical instability in the case of a lattice 
potential (see references 4 and 5). 

*H. A. Kramers, Physica 2, 483-490 (1935). 
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tinuous spectrum in the above mentioned coun. 
ter example of a one-dimensional lattice poten. 
tial. 


III. 


Since nothing remains to be proved in the 
latter case,® the case of the other ordinary (i.e, 
not partial) Schrédinger equation, that of the 
radius vector, will be considered. Such a differen- 
tial equation will be assumed in its general 
(unspecified) form 


(p9g’)’+(e+9)=0, 


in which ¢ is the eigenvalue parameter and the 
primes denote differentiations with regard to the 
independent variable, say s( =r), which varies on 
the half-line O=s<o. It must, of course, be 
assumed that the coefficient functions, g=q(s) 
and p=p(s)>0, are such as to compel some 
solution ¢=¢(s) =¢,(s) to have a square leading 
to a divergent integral over 0O=s< &, i.e., to 


f ¢?(s)\ds= x, 
0 


since otherwise a boundary condition assigned at 
s=0 does not assign a boundary value problem 
of any kind.* Since the differential equation is 
linear, and has real-valued coefficient functions, 
only real-valued solutions ¢ need to be considered 
(the use of complex conjugates would make the 
treatment of the problem at hand neither simpler 
nor more precise). 

Under the obvious proviso that the require- 
ment of the last formula line is satisfied by some 
solution, Hilb’s theory of singular differential 
equations,’ in its generalization developed by 
Weyl, transforms the eigenvalue problem of the 
differential equation and the boundary condition 
into the eigenvalue problem of a certain integral 
equation, say 


(ef G(s,t)o()dt=0. 


Here G, a ‘‘Green function”’ of the problem, is a 


5 A. Wintner, Phys. Rev. 71, 738-739 (1947). 

* For a simple example of such a failure (Grenzkreisfall 
in the nomenclature of H. Weyl), see A. Wintner, Phys. 
Rev. 71, 547 (1947). 

7E. Hilb, Math. Ann. 66, 1-66 (1909). 

8 H. Weyl, Math. Ann. 68, 220-269 (1910). 
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real and symmetrical kernel which turns out to be 
bounded? (in the sense of the theory of Hilbert’s 
space), no matter how bad the behavior of p(s) 
and q(s) at s= © may be. 

The effect of the Greenian transformation 
(which actually is a reciprocation) is such that 
the eigenfunctions, the eigen-differentials and 
the spectrum (including its “discrete’’ and the 
“continuous” parts, which carry the eigen- 
function and the eigendifferentials, respec- 
tively) are identical with what they have been 
before the passage from the original problem to 
the integral equation. Consequently the wave 
equation can now be left aside, since it will be 
sufficient to deduce the revised form of Dirac’s 
spectral principle for the eigenvalue problem of 
the Greenian integral equation. 


IV. 


For the present, let G(s,t) be replaced by any 
real kernel, 


K(s,t)=K(t,s), 


which is bounded in Hilbert’s sense (so that K 
‘need not be a kernel having multiplicative struc- 


ture, 
G(s,t) =a(s)B(t) =G(t,s), 


possessed by, and practically characteristic of, 
kernels which are Greenian kernels, G). 

Unless one is willing to introduce ©, or rather 
+, asa root of the secular equation of a finite 
matrix A (when det A =0), the secular equation 
of A must be set up as det(AE—A) =0, and not 
as det(eA — E) =0, where E is the unit matrix and 
e denotes 1/A. Correspondingly, it will be con- 
venient (and, as it turns out, for the treatment 
of Dirac’s principle quite fundamental) to replace 
the above integral equation, which is the case 
K=G of 


(O=s< a0, 0St< a), 


0S=sSt<o, 


¢(s) -ef K(s,t)o(t)dt=0 


and defines ‘frequency spectrum,” by the in- 
tegral equation defining ‘wave-length spec- 
trum”; namely, by the integral equation 


d6(s) — f K(s,t)6(0) =0, 


* Reference 8, pp. 230-231 and 238-251. 
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which, by virtue of e=1/d, is identical with the 
former if \+0 but, in contrast to the former, 
applies also when A=0. On the A-scale, the 
boundedness of K(s,t) (in Hilbert’s sense) means” 
that the ‘wave-length spectrum”’ of K(s,f), which 
will be denoted by §S, is contained within a finite 
interval of the line — 0 <A< . 

The advantage of the replacement of the 
e-scale by the A-scale will be the unconditional 
applicability of the ‘“Parseval relation,’’ ac- 
cording to which the eigenfunctions and the 
eigendifferentials of every bounded K form a com- 
plete orthogonal system." On the e-scale, this is 
not in general true; it is true if and only if K 
happens to be a closed bounded kernel, that is to 
say such that there does not exist a ¢(s) satis- 


fying 


f K(s,t)¢(t)dt=0 and f $¢°(t)dt =1. 


In fact, the nonexistence of such a ¢(s) is 
equivalent to the exclusion of the possibility 
that the value A =0 alone (i.e., 0 as a point) be a 
contributor to the spectral decomposition of 
K(s,t), i.e., that the point \=0, which corre- 
sponds to e= ~, should carry a “‘discrete’’ eigen- 
function. 


V. 


Whether the bounded kernel K be closed or 
not, i.e., whether A =0 is not or is in the “discrete 
wave-length spectrum,” \=0 always is in S (i.e., 
in the full “wave-length spectrum’’). In other 
words, the “point’’ «= is in the frequency 
spectrum of every bounded kernel. 

This straightforward property of bounded 
integral operators, a property the proof of which 
depends on Toeplitz’s general criterion for the 
existence of a bounded reciprocal of an arbitrary 
bounded operator,” has been pointed out 
already by Weyl." It is a property possessed by 
all those bounded operators which, besides being 
representable as bounded matrices (which, ac- 
cording to Toeplitz, they always are), are repre- 


( 727) Wintner, Sitz. Saéchs. Akad. Leipzig 79, 145-157 
1927). 

" E. Hellinger, Crelle’s J. f. Math. 136, 210-271 (1909), 
more particularly the theorem on p. 258. 

2 OQ, Toeplitz, Géttinger Nachrichten 1907, 101-109. 

® Reference 8, pp. 257-258. 
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sentable as bounded integral kernels as well 
(which they are not in general, as shown by the 
example of the unit matrix in Hilbert’s space). 


VI. 


The proof of the alternative announced in 
Section II will be based on the following fact: 

If K is a symmetric (real) kernel which is 
bounded and closed and if S denotes its frequency 
spectrum and C that portion of S which consists 
of the continuous spectrum, then \=0 is in C 
whenever C contains some \= Xp» (1.e., whenever C 
is not void). 

In order to prove this lemma, let P denote that 
portion of S which consists of the point spectrum 
(= “discrete spectrum”’). The latter may or may 
not be void and (if it is not void) consists of a 
finite or infinite sequence of points A, Az, °--, 
namely, of the A-values having the following 
property: The case \=), of the integral equa- 
tion, when written on the frequency scale, has a 
(real-valued) solution ¢=¢,(s) satisfying 


f ¢,*(s) =1, 
0 


where n=1, 2, ---. 

What corresponds to the ‘bilinear series’’ of 
the elementary theory (a theory which assumes, 
among other things, that C is void), is the series 


~ Anon(S)on(?). 


In the case of an arbitrary bounded kernel 
K(s,t), this series converges, in the mean-square 
sense, to a (real-valued) function, say to 


H(s,t)=H(t,s), (OSs< 0, 0St<o), 


which is a bounded kernel (but, in contrast to 
the elementary theory, H=K is not, in general, 
true). 

While H(s,t) is the contribution of the ‘‘dis- 
crete spectrum,” the contribution of the con- 
tinuous spectrum, if any, is an integral (Stieltjes- 
Hellinger), extending over C and collecting the 
contributions of the eigendifferentials in the 
same way as the series defining H(s,t) collects 
the contributions of the eigenfunctions. Let 


J(s,t)=J(t,s), (OSs<0, 0OSt<@) 


WINTNER 


denote the (real, bounded) kernel which this 
integral defines by convergence in mean-square. 
It is an integral of the form" 





f Ran *S) -da(A;t) 
c dB(X) 


in which the d@’s refer to \ and 8(A) is independent 
of s,t. 

Since K(s,t) is a bounded kernel and since 
S=C+P, both C and P are contained in qa’ 
finite interval of the line — © <A< ©; cf. the 
remark preceding the italicized statement in 
Section IV. The latter statement itself (namely, 
the completeness of the system formed by all 
eigenfunctions and all eigendifferentials  to- 
gether) means that 


K(s,t) = H(s,t)+J(s,t) 


is an identity (‘‘almost everywhere”’ for O=s< @, 
0=t< @). 


VII. 


The linear subspace of Hilbert’s space which is 
spanned out by the eigenfunctions ¢,(s) of P 
is orthogonal" to subspace spanned out by the 
eigen-differentials da(A;s) of C. Hence, it is clear 
from the identity K = H+J and from the series 
and the integral defining 7 and J, respectively, 
that the spectral decomposition of the kernel 
K—H is supplied precisely by the bilinear in- 
tegral defining the kernel J. This implies that 


(a) either J(s,t) vanishes identically 

(b) or else K(s,t) has a continuous spectrum, 
C, in which case the set C contains the entire 
spectrum of J(s,f). 


In case (a), the identity K =H+J reduces to 
K=H which, in view of the definition of 4H, 
means that the continuous spectrum of K is 
vacuous. Since either (a) or (6) must hold in any 
case, it follows that, in order to prove the 
lemma formulated at the beginning of Section 
VI, it is sufficient to show that C contains \=0 
in case (b). This will be accomplished by using 
the last assumption of the lemma, which stipu- 
lates that K(s,t) be a closed kernel (this assump- 
tion was not used thus far). 


14 Reference 11, pp. 252-258. 
16 Reference 11, pp. 240-251. 
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The bilinear integral defining the kernel J(s,¢) 
is composed of continuous eigendifferentials 
which, however, are multiplied by A before they 
are integrated over C. Because of the latter cir- 
cumstance, it is quite possible that 4=0 occurs 
in the point spectrum of J(s,¢). In fact, it is clear 
from Section IV that this will be the case if and 
only if J(s,t) fails to be closed. But this cannot 
be the case when K(s,t) is closed. For otherwise 
\=0, being in the point spectrum of J, would be 
in the point spectrum of K=H-+J also, and so 
K could not be closed. 

Consequently, the point spectrum of J is void 
in case (b). On the other hand, the italicized 
statement of Section V, when applied to a kernel 
J, assures the occurrence of \=0 in the spectrum 
of J. Consequently, \=0 must be in the con- 
tinuous spectrum of J. Since J and K have the 
same continuous spectrum, the proof of the 
lemma of Section VI is now complete. 


VII 


In order to prove the modified form of Dirac’s 
spectral statement, as formulated in the italicized 
alternative of Section II, it is clearly sufficient to 
observe that e=1/A (cf. Section IV) and to 
ascertain that the hypotheses of the lemma 
of Section VI are satisfied whenever the kernel 
K is a Greenian kernel, G (cf. Section III). 

The hypotheses of the lemma are that K be 
real, symmetric, bounded and closed. It has 
already been mentioned (Section III) that the 
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first three of these four requirements are satisfied 
by every K=G. Hence, all that remains to be 
ascertained is that every Greenian kernel, G(s,t), 
is a closed kernel. But even this has been known 
for a long time.'* In fact, the situation is as 
follows: 

Suppose, if possible, that G(s,t) is not closed. 
Since this means that \=0 is in the point spec- 
trum, P, of G(s,t), it follows that the integral 
equation 


0-065) — f G(s,t)oo(s)dt =0 
0 


has a solution satisfying 


f oo07(s)ds =], 
0 


In view of the equivalence of the eigenvalue 
problem of the wave equation with the eigen- 
value problem of the integral equation, this in 
turn implies that there exists a function ¢o(s) 
satisfying the condition of the last formula line 
and representing a solution of that case of the 
wave equation 


(poo')’ + (e+9)b0=0 


which belongs to \=0. But this is nonsensical, 
since the “‘wave-length” A=0 belongs to the 
“frequency” «= ©. 


16 Reference 8, p. 258. 
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Solutions of the relativistic equations of motion of a charged particle in a constant electro- 
magnetic field are obtained in terms of a Lorentz transformation determined by the tensor 
describing the field. Some results of O. Veblen, J. W. Givens, and the author on Lorentz trans- 
formations are summarized in Appendix A and are used to obtain explicit expressions for the 
orbits. The methods used may be applied to the orbit of a charged particle in the field of a plane 
wave. The latter orbits are discussed in detail in Appendix B. 





1. INTRODUCTION 


T is the purpose of this paper to classify and 
discuss some properties of the solutions of the 
differential equations determining the orbits of 
charged particles in uniform external electro- 
magnetic fields when the interaction between the 
field of the particle and the external field is 
neglected. In case the external field varies in 
space and/or time, the results given here may be 
used as a zeroth approximation to start an 
iterative procedure for determining the orbit. 

The discussion will be based on the observation 
that the four-dimensional antisymmetric tensor, 
fu», Which describes the external field determines 
a family of Lorentz matrices, L, of which it is an 
infinitesimal generator. It is a consequence of the 
equations of motion that the four-dimensional 
velocity vector at any point of the orbit is related 
to its initial value by means of this family of 
Lorentz transformations. 

Some hitherto unpublished results of O. 
Veblen, J. W. Givens, and the author give a 
complete classification of these Lorentz trans- 
formations in terms of the tensor f,, as well as 
closed expressions for L. These results are sum- 
marized Appendix A. They are used to give a 
classification of the various cases which may 
arise and to obtain various properties of the orbits. 

We shall formulate our problems in terms of 
the four-dimensional Minkowski space with the 
metric 
do? = — ds? = guvdx*dx’ 

= (dx!) + (dx*)? + (dx*)? — (dx*)?, 
si=x, @=y, x*=2, x‘=Ccl. 


(1.1) 


* Now on leave as a Guggenheim post-service Fellow, in 
residence at The Institute for Advanced Study, Princeton, 
New Jersey. 


The four-dimensional velocity vector will then 


be denoted by 
” dx* 
‘= ey 1.2 
as (1.2) 


and as a consequence of (1.1) will satisfy 


Sur V*V" = VV = —1. (1.3) 


If the three-dimensional components of velocity 
are v' (¢=1, 2, 3) and if 


3 
v=) (v')*, 


i=1 


v'/c 1 


te seni 


A=v c?)3 (9 ‘ey 


In terms of the tensor f* = — f™, 


0 H; —H, —E;| 
—H 0 H —E 
r= er 
A, Hy, 0 E; 
E, ER ke 0 | 


(1.4) 


where £; and H; are the components of the 
electric and magnetic field strengths, respec- 
tively, in the direction of x‘, Maxwell's equations 
are 
o fe 
= j*, 
Ox” 


Ofu» Ofve Ofon 
—— oe = 
Ox’ 


0, (1.5) 


Ox" = ax* 


where j* is the four-dimensional current vector, 


Suv = Suef?’ Zrr, 
and, hence, 
| 0 H; —-fz 
I foell = —H; 0 H, 
—_— H, —-M, 0 
—E, -E, —-E; 
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1 then 


(1.2) 


(1.3) 


locity 


(1.4) 


f the 


spec: 
itions 


(1.5) 


ctor, 


(1.6) 
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The Lorentz ponderomotive force equations 








—— d?x* dx’ 
—=)fi,—, (1.7) 
ds* ds 
where 
| 0 H; —H, E, 
si |— Hs 0 H, EE, , 
[| fell = eS oe =f, (18) 
Ey Es E; 0 | 
and 
h=e/moc?. (1.9) 


It is our purpose to discuss the solutions of 
Eqs. (1.7). They may be written in matrix form 


as 
dV 
—=)FYV, 
ds 


(1.10) 


where V=|| V#|| and is a one column matrix. 

In case the tensor f,“ is constant, that is, 
independent of x“ or s, the solution of (1.10) may 
br written as 


V=L(s) Vo, (1.11) 


where Vo is the one column matrix representing 
a constant vector, the initial four-dimensional 
velocity vector, and where 
h252 


L(s) italia” iia e**, (1.12) 


L(s) is a proper Lorentz matrix as follows from 
the antisymmetry of f,,. That is 


Soro” = —Borfe’s 





(GF)' = —GF, (1.13) 
where 
1 00 O 
. 0 10 =O 
7 = || | == 
G=l€erll=l) 9 1 @ |p 
000 -1| 








and the prime denotes the transposed matrix. 
The proof of this statement follows from the 
fact that 
L’(—s) =GL(s)G 


as a consequence of (1.13). Since 


L(—s)L(s) =1, 


we then have 


G=L'(s)GL(s), 
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which is the condition that L(s) be an extended 
Lorentz matrix. Now L(js) also satisfies this 
condition. Hence L(4$s) = L*(4s) has determinant 
one and either satisfies L‘,>0 in the coordinate 
system in which (1.1) holds or L*4,<0. In any 
case L(s) = L?($s) must satisfy Z44>0. Thus L(s) 
is a proper Lorentz matrix. In fact every such 
matrix may be expressed in the form (1.12). 

When L(s) is determined, the orbit may be 
obtained from (1.11) by a quadrature. 

It follows from Eqs. (1.10) and (1.11) that 
the particle undergoes constant acceleration in 
the sense of special relativity. That is, at every 
point of the orbit, the acceleration, as measured 
by an observer instantaneously at rest with 
respect to the particle, is constant. If the con- 
stant Lorentz transformation which carries the 
initial velocity vector Vo into V;“ = 6,“ is denoted 
by M, then the Lorentz transformation which 
transforms the particle to rest at any point of its 
orbit is M-'L-(s). The acceleration in this coor- 
dinate system is given by the spatial components 
of the vector 


dV 
b* = alii =\M"L™ FLMV,=\M"'FM V,. 
s 


Hence 6* is a constant vector. The magnitude of 
the acceleration is given by 


b*b,* =X" fia f,?Vo Vor. (1.14) 


2. THE MATRIX L(s) 


Since the matrix F must satisfy its reduced 
characteristic equation, the matrix L(s) is linearly 
expressible in terms of F, F*, F*, and F‘, the 
coefficients of these matrices being functions of s 
and certain scalars determined by the tensor 
f*. We proceed to the determination of L(s) in 
these terms after introducing some auxillary 
quantities. 


We define 
fier =J Ef, =e" ft, =e" bE yt, (2.1) 


where 


Fors = ——¢7Thu 
, 


(g)! 


Eerie = (g)*€erry, (2.2) 






















g is the determinant of the matrix G, and 


(1 if ordy is an even permu- 
tation of 1, 2, 3, 4, 

—1 if ordy is an odd per- (2.3) 
mutation of 1, 2, 3, 4, 

0 otherwise. 


Corky = 9M =- 





The e's are tensor densities which have the same 
value in each coordinate system. In the coor- 
dinate system in which (1.1) holds we have 


0 -iE; +iE, —il; 
er) || *2s 0  —iE, —ile 
sil ba | 0 -ayr °* 


i, ti, 1H; 0 


The tensor ft** will be referred to as the dual 
tensor of f’’. It may readily be verified that the 
dual operation is of period two, that is, 


(fijter = fer, 
We define 
Ft = || fte,|| = |[fte"|G 
and in virtue of (2.4) we have 
0 —1E; tk, if 
Ft= iE; 0 —iE; 1H (2.5) 


—tE, 1Ey 0 1H; ; 
Hi, 1H iH; 0 | 


From (1.4) and (2.5) it may readily be verified 
that 


FFt= FtF=101, (2.6) 
where 1 is the four-dimensional unit matrix 
3 
ib=t > E,H;=—1if*'ft,,, (2.7) 
i=] 
det F = (1b)? = (4 f°" ft.,)’, (2.8) 
and 
F°+ FP =al, (2.9) 
where 
— $fterft,,. (2.10) 


a= > (E2-H, 2) = 


i=1 


Equations (2.6) and (2.9) enable us to express 
any polynomial in the matrices F, F*, F*, and F* 
as one in terms of F, Ft, F*, and F??. 

In case a=b=0, which we shall call the 
parabolic case, it follows from (2.6) and (2.7) 
that 


Fi=—F(FtF)=0=F", n>3. 
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Hence, in this case 


9 
“Ce 


L(s) =1+)sF+——P. (2.11) 


Before discussing the orbit in the parabolic case 
we obtain the expression analogous to (2.11) 
when a and 6 do not both vanish, the so-called 
non-parabolic case. 

It is somewhat more convenient to deal with 
two tensors S’* and St’" defined in terms of fer 
and ft?" as follows: 


=aF+ipF', S'=iBF+aF', (2.12) 

where a and £ are related to a and b by 

‘ 1 
+6 =a +46*)'+<a))! 
(a? +45?) 
1 

—14(3((a°+40") = (2.13) 

(a+ 21b)! 


the positive square root of a?+-46? is to be taken, 
and the signs of a and 8 are to be taken such that 
a8>0. The matrix S is thus determined up to 


sign. 
Equations (2.12) may be inverted to give 
F=vS+i0St, Ft=i0S+vSt, (2.14) 
where 
Qa 
y=——— = (}((a?+46*)!+<a))! 
a’ + 3? 
—p 
@ = ——— = (}((a?+46*)!—a))!. (2.15) 
a? +8? 


It follows from Eqs. (2.6), (2.9), (2.12), and 


(2.13) that 
S+SP=1, traceS*=traceS? =2 
SSt=0, (2.16) 
and, hence, 
S= SS5=(1-—S?)S=S, (2.17) 


ST = SPSt = (1 —S*)St=S' 


Hence, substituting the first of (2.14) into (1.12), 
we obtain 


L(s) =sinhyAsS+coshvAs* 


+i sinOdsS'+cos@rsS. (2.18) 








or, alte 


L(s) = 


Equ 
one to 
for an’ 
pressio 
resultit 
x*(s). | 
the pr 
import 
possibl 
like vé 
vector 
particu 

In A 
determ 
It foll 
Lorent 
fall int 


(1) £ 
Q) H 
(3) 

(4) E 


The Le 
called | 
The 
proper 
respon 
dinate 
priatel: 
with J 
matrix 
nonical 
discuss 
canoni 
express 
set of f 


Ss 


t) 





ORBITS OF CHARGED 


or, alternatively, 


[(v sinhvAs +68 sin@As) F 





L(s) e440)! 


— (@ sinhvAs — v sin\@s) FT] 








+ [ v? coshvAs — 6 cos@As) F? 
a?+4b? 
— (6 coshvAs — v? cos@As) FP] 
4}? 
+ 1. (2.19) 
a*+4b* 


Equations (2.11) and (2.18) (or (2.19)) enable 
one to give an explicit expression for the orbit 
for any fields described by F. For, if these ex- 
pressions are substituted into Eq. (1.11), the 
resulting expression may be integrated to give 
x*(s). It is evident from the latter equation that 
the proper vector of the matrix Z will play an 
important role in the discussion of the various 
possible types of orbits. For example, if the time- 
like vector Vo“ could coincide with a proper 
vector of the matrix L, then the orbit would be 
particularly simple. 

In Appendix A, the proper vectors of Z are 
determined from the coefficients of the matrix F. 
It follows from that work that all possible 
Lorentz matrices none of which is the identity 
fall into one of the following four classes 


(i) B=H?, E-H=0 (a=b=0), 
2) H2>E, E-H=0 (a<0,b=0;»=0), 
(3) E>H?, E-H=0 (a>0,b=0;6=0), 


(4) E—-H*+0, E-H+0 (a+0, d+0). 


The Lorentz matrices of the first class have been 
called parabolic. 

The classes differ in the range allowed for the 
proper values of Z and the nature of the cor- 
responding proper vectors. By choosing the coor- 
dinate system of the Minkowski space appro- 
priately (so that the invariant vectors associated 
with Z have prescribed values), any Lorentz 
matrix of a given class may be reduced to a can- 
nonical form for that class. Hence it suffices to 
discuss Eq. (1.11) when L is assumed to have its 
canonical form. An equivalent procedure is to 
express all vectors as linear combinations of a 
set of four linearly independent invariant vectors 
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and determine how the coefficients of this ex- 
pansion vary with the parameter s. We shall find 
it convenient to use both methods below. 

It follows from the material in the appendix 
that a Lorentz transformation, not the identity, 
can have a time-like vector as a proper vector if 
and only if it belongs to class (2). Hence only in 
this case may we expect the orbits to have par- 
ticularly simple properties for a particle whose 
initial velocity vector is chosen to be the proper 
vector of L. 


3. ORBITS IN THE PARABOLIC CASE 


In this case E?=H?, E-H=0 and we may 
always choose our coordinate system so that 











E;=+Hé6), H;=H6?. 
Then 
10 oO -1 ay 
0 0 O 0 
= o il= | 
F=||f*,| H i, ee o Ir (3.1) 
i+1 0 0 0] 
0 0 O 0| 
| | 
0 0 0 0}, 
mat , 0 -1 I) 
0 0 —-1 I 
Equation (1.11), may be written as 
2s? 
V=(14sF+—F) (3.2) 


in virtue of (2.11). The integral of this is 


> 


» * 
x =Xot+s al” tiated” ait n (3.3) 


where Xo is the matrix of one column x= ||xo*|| 
and xo“ are the constant space-time coordinates 
of the position of the particle when s=0. 

In the coordinate system where (3.1) holds 
we have 


AS 
x! — xq! -s( se Vo'- ve), 
x— Xo" =sl 7, 
AS ?s? 
he — Xq° = (=H Vol a Ve+—H?( Vot —_ V*) ) 9 
6 


AS ’s°H? 
o—xt=s( +H +— 
2 6 





(Vot— Vo) + ve). 





From these equations it is evident that 
|x'—xo'| (¢=1, 2, 3) increases as s increases 
regardless of the choice of Vo’. Hence there can- 
not be a spatially “‘closed’’ orbit. We also have 


Vi= Vo'+AsH(Vo'— Vo%), 


V2= V,?, 


Ve= SVs +—IP(V o' — Vo*) + V5, 
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V4= +AHs Vo! +—H?( Vot — Vo*) + Vol. 
2 


If V.t= V7 =0, Xxe* =0, 


SH 
xt=+ ; (Vo'— Vo*), x?=0, 





2FT? 


x3 = Vo's +——( Vo'— V,°)s°, 
6 


NH? 


xt = Vols +—( Vo! 
6 


— V#)s*. 


That is the particle orbit is in the x', x* plane 


(perpendicular to #7) and is given by 
x? =0, 


2x! ; AH 
(atta) 
AH ( Vot— Vo") 3 
2x! i eH (1 —2°)! 
hea aS 
AH (1 — v9) (1 — 29)! 3moc? 
2x! , H 
laa 
AH( Vo! —_ V* 3 
2x! } 
—_ 
AH (1 — v9) (1 — a)! 


where vo is the magnitude of the initial three- 
dimensional velocity. 

















—x 


eH (1 —%?)! | 
3moc? 


4. ORBIT FOR PLANE WAVE 


In case H of Eqs. (3.1) is a function of the 
space-time coordinates, it follows from Maxwell’s 
equations that 


H=H(z—ct) = H(x*—x*). (4.1) 
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Thus, in this case Eqs. (3.1) describe the electro. 
magnetic field of a plane wave progressing in the 
x* direction. We may readily solve Eqs. (1.10) 
in this case also by the methods used above, 
since it is a consequence of Eqs. (1.10), (3.4 1), 
and (4.1) that 


d*x* = d*x4 
—_ — —_—__=(), 
ds* ds? 
Hence, 
dx*® dx* , 
ee ee ee Vei- J 0! =constant, 
ds_ ds 
and 


e—xt= ( Vii- Vo')s +x," — Xp". 


Therefore, our original differential equation js 
of the form 


dV 
—=)H(s) FoV 
ds 


where F) is a constant matrix and its solution is 
given by 


V =e") Fo Vo 


where 
h(s) -{ H(s)ds. 
0 


Applying the methods discussed above, we 
obtain the following parametric equations for the 
orbit 


x! —x) = SEN Vs Ve) f h(s)ds, 
0 


x? —X9" = V's, 


x3 — x93 = Vos 
° oN 
+af (9 ren Vot— Vo") )as, (4.2) 
0 


x! — xo! = Vols 


“ d 
+af (16) return Voi— vd) as 
0 


The nature of these orbits is discussed in detail 
in Appendix B for the special case where 
H(s) =sin2zfs. 
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5. ORBITS IN THE NON-PARABOLIC CASE 


A particularly simple form for the parametric 
equations of the orbit may be obtained in terms 
of the proper vectors of the non-parabolic 
Lorentz transformation discussed in Appendix A. 
These are called P’, Q’, N’, and N’, where the 
bar denotes the complex conjugate, and they 
may be determined in terms of the components 
of for as in Appendix A. In terms of these we may 


write 


1 





L’, - (o"P*°0,+e "0" P, 


at er No N, +e%9NeN,). 


The initial four-dimensional velocity vector of 
the particle may be written as 


/o" = poP* +qoQ" +noN’ + iioN’, 
where 
Vo'P. = VorN, 


o=——, %=——-. 


es PO, ’ P.O" 


J 0” 0. 
P*Q, 





Po 


Neither fo nor go can vanish for 
V0" Voe = 2(pogo— Nolo) P°Q, =-—1. 
Since P°Q, = —2 <0 we must have 


Pogo=t+noio>O0. 


The velocity vector at any point along the 
orbit is then given by 


V°(s) =L,°(s) Vo" = pP*+qQ0"+nN° +N, 
where p-q, and m are functions of s given by 


p(s)=epo, g(s) =e "qo, 


: (5.1) 
n(s) =e%*np. 


The parametric equations of the orbit are 








1 evr —] ers —] 
vat =( ane poP* — —qo” 


r v v 


te — 1) 


—_ 1—_- 


(e~ iAOs __ 1 
nyN* +i—— 
6 








fioN’. (5.2) 


These formulas hold when » and @ are different 
from zero. In case either is zero the orbit may be 
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obtained by taking the limit of the above ex- 
pression as v or 6 goes to zero. This equation may 
be written as 


1 er e7 


x? — x9" +c" =—( —poP* -——qoQ” 
AN pv v 


1e9 te tree 
—~——aN+- ma), 
6 6 





where 


1 1 1 1 
c= —poP* —_ —qoQ” —-nyN* + -fioN*. 
dy Av 6 6 


From this it follows that 


(x? — x9" +07) (Xe — X00 +e) 


2 (Pogo Noli 
--—( 0 Mo “)P*0. 
rx2\ »2 @? 


4 Pogo Nolo 
- = ). (5.3) 
WA Yr F 





That is, the orbit lies on a hyperboloid in 
space-time and is thus analogous to the path of a 
particle undergoing constant one-dimensional 
acceleration in the sense of special relativity. It 
has already been shown that the particle is 
undergoing constant acceleration, and the mag- 
nitude of this acceleration may be computed 
from (1.14) to be 


c1b? = b**b,* = +4d*(v*pogotPniio). - (5.4) 


Equation (5.3) is a generalization of the result 
that a charged particle in a constant electric 
field undergoes constant four-dimensional ac- 
celeration in the direction of the field. 

It is evident from Egs. (5.1) that if »#0, no 
time-like vector Vo’ can be a proper vector of 
L(s). However, if the particles initial velocity is 
such that m)=0, that is, the particle is initially 
moving in the space-time plane determined by 
the vectors 

T=\(P*+0"), 


Z°=}(P*—Q"), (5.5) 


then it remains in this plane. This statement is 
independent of the value of 6. If @=0, then the 
orbit is essentially that of a particle in a constant 
electric field. Thus for properly chosen initial 












velocity vectors Vo" (%)=0) the orbits of particles 
in electromagnetic fields with E*>H? and 
E-H#0 are qualitatively the same as those for 
E*>H?* and E-H=0. Both are essentially the 
same as that for a particle in a constant electric 
field, that is, H=0. 

In case 6=0, b of (5.4) becomes 


b=dv=—(4((a?-+402)!+a)!). 


mo 


6. PERIODIC ORBITS 


If vy=0 then the time-like vector T° given by 
the first of (5.5) is a proper vector of L(s) cor- 
responding to the proper value 1. We may there- 
fore expect in this case that the orbit of the 
particle is particularly simple for a properly 
chosen initial velocity vector Vo". We shall now 
discuss this case. We first show: the condition 
v=0 ts the necessary and sufficient condition that 
the orbit be periodic in the sense that there exist a 
constant o such that 


V*(s+o)= Vs). 


From Eqs. (5.1) this condition is equivalent to 
the set of identities 


erste) bo = e"* Do, 
ete) oy = e”*do, 


The numbers po and go cannot both vanish, since 
Vo’ must be time-like and hence these identities 
can be satisfied if and only if »y=0, that is, 


a+(a?+4b?)'=0. 
This in turn implies that 
E-H=0, H?>E’. (6.1) 





H 
X°= (-——— 0, 0, — 
(H? — E)! 
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If these equations are satisfied we have 


2n 2amyc? 


6 e(H?—E2)) 





In case E=0 this reduces to 


2am? 2mc elle 
c= and ——=— 
eH c Moc? 





is the well-known proper circular frequency of 
the orbit of a particle in a constant magnetic 
field H. 

As follows from (6.1), the orbits in case »= 
are those of a particle in crossed electric and 
magnetic fields where the magnetic field is larger 
than the electric one. The cycloidal nature of the 
orbits is well known. However, to illustrate the 
methods used we briefly discuss this case in 
detail. 

In case (6.1) holds, a=0 and Eqs. (2.24) 
become 


t 





— a 


F. 
(H? — E2)! (H? — E?)! 





If we choose the coordinate system so that 
H,;,=Hé;, E;=E6?, then 





10 H 0 0| 
-H 0 0E 
F=!5 006 a’ (6.2) 
lo E 0 0| 
| 0 0 iE OF} 
pal * °° Si 
-E 0 0 tf 
0 O iH 0 





The orthogonal ennuple of vectors associated 
with this field is then given by 


)=10+89, 


' (H?—E*) 
=(0, 1, 0, 0) = ‘ns 
’ (6.3) 
=(0, 0, 1, 0) = }3(P"—Q"), 
; E 
T= (eo "(HP am)" ee 
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The Lorentz transformation 


H -E 
(H? — 2)! (H? — FE)! 
0 1 O 0 
L+,|| = 
| 0 0 1 0 
~E H 
——————$ @ 9 —__—_-_—— 
(H? — E2)? (H? — E2)! 














carries the four vectors X’, Y’, Z*, T* into 
X**=61', Y*¢ = §,.°Z** = 53’, and T** = §,°, re- 
spectively, and it transforms F into 


0 (U?—E)} 0 0 
~(H?—E%)! 0 0 0 
= “les 
F*=LFL 0 0 0 Oo; 
0 0 0 al 


Thus, as is well known, for an observer traveling 
with a velocity 


E 
v=c—. 
H 
In the direction perpendicular to both E and H, 
the electromagnetic field given by (6.2) appears 
as a pure magnetic one in the direction of H 
and of magnitude (H?— E*)!. The orbits may be 
computed in the new coordinate system quite 
readily and then transformed into the original 
one. An alternative procedure is to refer the 
orbits to the vectors X’, Y*’, Z’, and 7% in a 
general coordinate system. 
That is, we write 


Vo? = EoX°+ no V°+80Z°+ Tol”, 


where 
fo=Vo°Xe, no=Vo' Ve, ko= V0'°Ze, 
and 
To= Vo'l-. 
Since Vo" Vo,= —1, we must have 


E+ no’ +o — 7e°? = — 1. 
It follows from (4.8), (4.18), and (4.22) that 


V*=L*,(s) Vo" = (cosdOsEo+sindrOs no) X ” 
+ (—sindOsto+cosrOsno) ¥°+&oZ°+ r07”, 


CHARGED 





PARTICLES 





and hence 


NO(x° — x0") = (sindOsEg— (cosrOs — 1) 40) X° 
+ (cosd@s — 1) &o-+sindOsno) Y" 
+NOEsZ*+NOresT*, (6.4) 
where 
6= (H?— E*)!, 


It follows from (6.4) that if V9*= 7%, then the 
orbit is given by the simple formula. 


x°—X9’=sT”. 


That is, if the initial velocity of the particle is 
Ec/H in the direction perpendicular to both E 
and H, then this velocity is always unaltered and 
the particle always moves along this direction. 

From (6.4) it follows that the projection of the 
orbit on the plane of the vectors X’, Y* is a circle 
of radius 


Cc 
((peX*)*+ (pb. ¥")?)', 


1 
r= —( b+ mt)! =$—— 
dO e(H? — E?)} 


where p, is the four-dimensional momentum 
vector defined by 


Pu=mec V,. 


In the coordinate system in which (6.3) holds 
the parametric equations of the orbit are 


H E 
xi = Xo! +—( ToAOs— + & sin\@s 
6 H 


— no COSAOS + ») . 


1 
x? = x9? +—( fo cosdOs + no sindOs — fo), 
] 


(6.5) 
x* = x0° + fos, 


H 
x= Xo! + —( ToAOS 
he 


E 
tele sindOs — no CosdOs + w]). 


From these equations it is evident that the 
spatial coordinates x‘(i=1, 2, 3) will be periodic 
functions of s if and only if E=0 and £&=0, 
and then the period will be co. 
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The first two of Eqs. (6.5) may be written as 

X = (1— E?/H?)4(x! — x") 
= Ryu+r(sin(u—w)+sinw), (6.6) 
Y = (x? — x”) = r(cos(u—w) —cosw), 
where 
u=D8Os, 
To 
R= 
\H?(1 — E?/H?)! 





Emi? E v, ) 
~ e(H?—E)(1—v/2)'\H 





Moc? 


(&0? + m0”)? 
T= = 
O eH(1—E?/H?*)! 


vz E\? »v,?7} 1 
x| (=-= + — . (6.7) 
¢ cy (1—v?/c*)! 


tanw = no/ £0, 





v, and v, are the x and y components of the 
initial velocity, respectively, and v is the mag- 
nitude of the initial velocity. 

From Eggs. (6.6) the following known results 
are readily obtained. The motion in the X, Y 
plane is a cycloid generated by rolling a circle of 
radius R on the X axis with the generating point 
a distance r from the center of the circle. From 
Eq. (6.7), it follows that the radius of the rolling 
circle depends on the initial velocity of the par- 
ticle. Hence particles entering the crossed fields 
at the same point with different initial velocities 
will not have orbits intersecting at the same 
point. If, however, (E/H)?, (v/c)*, (Ev/Hc) are 
negligible with respect to one, this ‘‘defocusing”’ 
will disappear. 


APPENDIX A 
Proper Values of Lorentz Matrices 
(a) Parabolic Case 


In this appendix we determine a set of in- 
variant vectors associated with the Lorentz 
matrix L(s) given by Eqs. (2.11) and (2.18) and 
express L in terms of this set. It is evident that 
these are to be determined from those of F. 
Instead of determining the proper vectors of F 
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by solving equations of the form 
Fx=)x, 


we achieve our purpose by forming simple com. 
binations of the components of the tensor fa 
We begin with the parabolic case. 

In this case the matrix F is of rank 2 since we 
assume that it is not identically zero, its deter. 
minant vanishes, and f,,=—f,.. From the fact 
that 


1 
for ft?? =—(fiofsat fisfee t+ frsfos) =0, 
(g)! 


it may readily be verified that if fis*0 we may 
write 


1 
Jee = —(fiefar —firfic). 
fu 
That is, 
fer= 4(X. Y,- Vokes 


where X, and Y, are vectors which in a fixed 
Gallileau coordinate system are, respectively, 
proportional to two independent rows of the 
matrix f,,. Then 


forf** =3[(X" Ve)? (XeXe)( Vo Ve) ]=0. 


The scalars X°X, and Y* Y, cannot both vanish 
for then it would follow that X° Y, =0, and since 
both are null-vectors this would imply X*=pY* 
which is contrary to the assumption that f,, is 
not identically zero. If X°X,+0, we define 

X’Y, 
_~X¢s an Y’, 
X°X, 


Ps = Us = XxX’. 
It then follows that 

P*P,=0, P*U,=0, 

or $(P.U, “_ U.P;). 
If X°X,=0 we define 

Pr=X-*, 
We then have the result that any antisymmetric 
tensor f., for which f*'f,,=f*"ft.,=0, defines a 
null-vector P, and a space-like vector U* 
orthogonal to it. The vectors P’ and U* may be 


replaced by pP* and (1/p)U*%, respectively, 
without affecting (a1) and (a2). We may deter- 


Ur=¥°. 
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mine p up to a sign by the requirement that 
U*U,=1. (a3) 


The sign of p may then be determined so that 

p*>0. Thus the Eqs. (a1) to (a3) and this 

condition on P*’ determine P*’ and U* uniquely. 
We then have 


t= |Lfor full = — 2 P*Pyl 


Equation (2.11) then becomes 


AS 1 
L*,(s) = ll al U, ae U"P,) ee (a4) 


From a similar argument it follows that we 
may write 
ifte'= —}3(P,\"W"— W"P,’), 
where P,’ and W” are vectors satisfying 
PyW,=P,"P;.=0 


and are determined up to a common factor. 
Equation (2.6) then may be written as 


ft firo=(Pi’Po) W°W,—(P1'U,) WP, 
—(W'P,)P,*U,+(W'U,) PyP, =0. 


On multiplying this equation by U* and summing 
we obtain 


(Pi"P.) W* —(W°P,) Py" =0, 


and hence 
P,*P, = WP, =0. 
Therefore, 
: P,* = pP*. 


We may then choose p=1 by redefining W° if 
necessary. Equation (2.9) then gives for this 
new choice of 


W°W,=U*°U,=1, (a5) 


and 


ifter= —1(P*Wt—WeP?). (a6) 


If we define the space-like vector Z° as one 
orthogonal to the two space-like vectors U* and 
W* and the time-like vector T* (with 7*>0) as 
that orthogonal to these three space-like vectors, 
the four vectors U*, W*, Z*, and T* form an 
orthogonal ennuple in terms of which any vector 
may be expressed. In fact, we have 


Pr=p(T*—Z°), (a7) 
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and 


P,Z°=P,T* = —yu#0. (a8) 


It follows from (3.4) and the properties of the 
vectors involved that 


L*,(s)P"'=P*, 


AS 
L‘,(s)U"= ek uik. 


L’,(s)W*=W*, 


As ?s? 
L*,(s)Z" Te anil 


From these equations it is evident that the 
vectors of the form aP’+)W* are carried into 
themselves under L(s) and a and } unchanged. 
Moreover, no direction in space-time is left 
invariant under L(s) unless it is in the plane of 
the vectors P*’ and W*. In particular, no time- 
like vector can be a proper vector of L(s) given 


by (a4). 
(6) Non-Parabolic Case 


In this case it is convenient to work with S°* 
defined by Eqs. (2.12) in terms of f*’". The 
argument given at the beginning of the pre- 
ceeding section enables us to write 


Ssr=A_eB,—B,A;, (61) 


where A, and B, are vectors which in a particular 
coordinate system are proportional to two inde- 
pendent rows of ||S,,||. Thus if S2#0 we may 
take 


1 
A, = —Sie, 


12 


B, = Soe. (62) 


If A*’A, and B’B, are not both zero it is suf- 
ficient to consider the case A*A, #0 and A°B,=0, 
for we may always interchange A’ and —B’ 
without altering the form of (61). Moreover, if 
A‘*B,#0, we may replace A’ and B* by 


T 


By =B*— = . 


A= ¢ A’, 
A'A, 


and obtain 
Ser =A eBay — B,,A Ir 








A. 
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From the second of Eqs. (2.16) we have 


$S°,S", = [(A°B,)*—(A°A.)(B’B,) | 
= —(A1°Aj-)(Bi°By.) =1. (63) 


Hence A,’A;, and B,’B,, are of opposite sign. 
If A°A,>0 we write 





A‘ 
(AA, 

(b4) 

A'B, 

T*=(AvA,)'( Br Ar), 
A‘A, 
and if A*°A, <0 we write 

Z*=—(-—A'A,)'By, T= (b5) 


(—A*A,)* 


The sign of the radical occurring in (64) and 
(05) is determined by the condition that T*>0. 
Thus, in either case we have 


Ser™Zel e—Lebr; (b6) 
where 


2°Z,= —T°T,=1, (67) 


that is, Z’ and T*% are uniquely determined 
orthogonal unit space-like and time-like vectors, 
respectively. We shall have occasion to use the 
null-vectors 


Pr=(T’—Z*), Q*e=(T"+Z"), — (08) 


satisfying 
P*°Q,=-2, P*P,=Q°0,=0. (09) 
In terms of these vectors we may write 
1 
Ser = hae —Q.P;). (610) 


In case A*A, and B’B, both vanish, it follows 
from (63) that A°B,=+1 and hence by a 
relabeling if necessary we may always write S,, 
in the form given by (510) with the second of 
Eqs. (09) satisfied. JT’ and Z*’ may then be 
defined by the inverses of Eqs. (08). 

Similarly, we may write for the real tensor 7.S",, 


1S',,=C,D,—C,Dz, (611) 


where C, and D, are vectors which in a par- 
ticular coordinate system are proportional to two 


H. 
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independent rows of |iS',,||. Thus if iSt,,,9 
(as will be the case of Si2#0) we may take 


1 
Co=— ASM, De=iSte. (612) 


t's 
From Eq. (2.16) we have 


44St,°4St," 
=[(C*D.)?—(C°C.)(D*D.) ]= —1.  (b13) 
It is evident from this equation and the fact 
that C* and D* are real that C°C, and D«p, 
cannot both vanish. It is sufficient to consider 
the case C’°C, #0. We define 
CD, 
Cyv=C*, Dy=Dr———C. 
CC, 
Then 
+S',,= CieDiz — Dic Ci, 


and (613) becomes 
(Ci°Ci.) (Di"Di.) = 1. 


Hence C,’C;, and D,’D,, are of the same sign 
and hence positive. That is, C'*D,, and every 
vector aC,°+6D," with real a and }b must be 
space-like. 

We now define 








Cy Ce 

(Cire)! (C#C.)! 
(614) 

CD, 

y= (C°C)\( Dr c), 
C*C, 
Then we have 

iSt..=X.Y.—Y.X-, (615) 


with 
X°*X,=Y*Y,=1, X*Y,=0. (b16) 
It follows on substituting (615) and (56) in 
the equation 
4Ste,S",=0, 
and making use of (7) and (616) that 
X,2°= Y,Z°=X,T'=Y,T*=0. (617) 


These equations together with (57) and (616) 
state that the four vectors X°, Y’, Z’, T* form 
an orthogonal ennuple of unit vectors, the first 
three being space-like and the fourth time-like. 




















40) 


(612) 


(613) 


fact 
*D, 
sider 


sign 
ery 








It is sometimes convenient to. introduce the 
complex vector NV’, and its complex conjugate 
N¢ where 











— Ps ~)3 
N= — (X°+72Y"), 
P-0,)! (618) 
Ne= [ Oe) (Xe -i¥*). 
Then 
1 a 
} ae ~~ (N.N,—N.N;). (b19) 


The factor under the radical in (618) is one when 
the first of (69) holds. However, even when this 
normalization is not made Eqs. (619) and (510) 
hold. The equations satisfied by P’, Q’, N’ are 


P*P,=Q°0.=N*N,=N’'N,=0, 
P°N,=P*°N.=Q°N.=Q°N.=0, —(b20) 
Pr=P*, Q°=Q0", —P°O,=N'N,. 
It follows readily from these equations, (510) 
and (619), that 
1 
a er 


— 1 - m 
Ste, Str, =——(N°N,+N°N,). 
P*0, 


Hence Eq. (2.28) may be written as 





1 
L+,(s) == (OPQ, +e" OrP, 


T 


aes es No N, a es Ne HN ,) . (621) 
Using (620), we obtain 
L’,P° = evs P*, 


L*,0° = gn, 
L*,N° ons ee? Ne, 
L*,Ne =e" Ne, 


(622) 


That is, P’, Q*, N*, and N° are proper vectors 
of L(s) corresponding to the proper values e*”, 
es, es and e~**, respectively. The quan- 
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tities v and @ are given in terms of the components 
of E and H by Eggs. (2.15), (2.10), and (2.7). 


APPENDIX B 
Orbit for a Plane Wave of Frequency / 


In this appendix we discuss Eqs. (4.2) in the 
special case where 


H = Ho cos2rf(ct—2z). 
We choose the origin in space-time so that at s=0 
Xo=Yo=2o=lo=0. 
Then Eggs. (4.2) becomes 


AH ( Vot— Vo*) 














x= Vo's— [cosws — 1], (B 1) 
at 
y= Vo's, 
Ho Vo! 
z= V'st+ (1 —cosws) 
of 
2H? 
+——(Vo'— Vo") [2ws —sin2ws ], 
8w* 
7A 
ct = Vo's+ (1—cosws) 
of 
VH?- 
+ (Vot— Vo*)[2ws — sin2ws }, 
8u* 
with 


w= 2rf( Vot-— Vo*). 


If the particle initially moves in the z direction, 
(Vo'= V,.?=0), then its subsequent motion will 
be in the x, z plane, the plane determined by the 
direction of propagation of the wave and the 
direction of the electric field. Suppose Vo' = V;? =0 
and write 

Uo/¢c 1 


73 T 4 a= 


(1—v¢2/c2) 


(1 —?/c)¥ 








af 2rf(i — o/c) 
sit (1 —1?/c?)! 


where v is the magnitude of the initial velocity. 





——— 
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Then the equations given above become 


AH 
= = 
(2rf)w 
y=0, 





[1—cosws ], 








sin2ws, 


Vo / Cc al 0° WH, 0° 
( + )os _ 
w(1—v?/c*) 169 fw? 32 fw? 








1 WHA? VA? 
a=( )es- sin2ws. 


w(1—v?/c?)! 16rfw? 324 fu? 


It is evident from these equations that the 
projection of the orbit in the x, z plane is a dis- 
tortion of x=sin*z such that the particle stays 
one side of the z axis, returning to the z axis when 


z changes by 


Vo ‘Cc WH? 
2 “( + ) ; 
w(1—v9?/c?)! 169 fw? 
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occurs when 





s=1/w, 
and is given by 
20H, 
Xmax — e 
2 fw 


Here the particle has maximum energy given by 


moc” HH? 


+ ; 
(1—u?/c?)! 8rfw 





mye? Vi = 


In case the function H has a phase angle a, 
that is, 


H= Hy) cos[2xf(ct—2)+a], 


the orbit of the particle no longer returns to the 
z axis when V,'= V,?=0. The projection of the 
motion on the x axis has in addition to the motion 
described above a constant velocity proportional 
to sina. 
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N analysis of the mechanism of the pre-onset 
burst pulse corona indicated that use might 
be made of the theory to throw some light on the 
photoelectric ionization processes responsible for 
various other breakdown mechanisms in gases. 
In view of the work currently being done on this 
subject, it is of importance to report the con- 
clusions arrived at. The discussion will be limited 

to the positive point to plane corona in air at 
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atmospheric pressure, fields X being expressed 
in volts per cm and pressure p in mm of Hg. 
Currents from a corona point of radius r 
below the onset potential V, of the intermittent 
Geiger regime consist of a field intensification of 
the negative ion currents produced in the volume 
of the corona gap by an external source. Field 
intensification can only begin when the potential 
of the point reaches a value V; such that the ratio 
X;/p at the point surfaces exceeds 90. At this 
field the negative O,- ions produced in lower 
field regions by external agencies begin to shed 


The maximum displacement from the ¢ axis 
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their electrons in impacts with neutral molecules. 
The current increases with potential above V; as 
ionization by collision from further out in the gap 
becomes possible. The multiplication of the in- 
coming electrons into an electron avalanche by 
the field may be calculated by the well-known 
Townsend function exp/;**" adx. Here a is the 
first Townsend coefficient given by the Townsend 
relation a/p=f(X/p), Sanders values of f(X/p) 
being here used. In the equation r is the point 
radius and a is the distance from the point 
surface at which the electron either becomes free 
or at which a in the rapidly declining field reaches 
negligible values. Experience has set the limit 
for a in the latter event at fields where a~1. 
Since the distance at which X /p=90 is less than 
that at which a=1, the former condition will 
usually fix a. Where photo-ionization produces 
electrons in the gas near the point at which 
a~1, at X/p=40, the value of a set by a=1 can 
be used as there then is little chance for electron 
attachment. 

The exp/;*t’adx electrons created in an ava- 
lanche are rapidly drawn to the point, and the 
equal number of positive ions drift away from 
the point relatively slowly. Accompanying the 
production of the electrons in an avalanche, 
there are produced f exp/;*+"adx photons of all 
sorts capable of ionizing constituents of the gas 
photoelectrically. The quantity f is a fraction of 
great interest in this analysis. When the point 
potential reaches a value V, such that the 
photons produced can, on the average, yield one 
new electron in the gas beyond a, then a new 
electron avalanche is created for each initial ion 
imposed by external sources. Thus a successive 
chain of avalanches can continue independently 
of the external source for each initial ion. This 
condition should mark the threshold of a self- 
sustaining corona. Because of the statistical 
character of the quantity f exp/-**" adx and the 
chance 6 that a photon will be produced beyond 
a, the succession is likely to be interrupted. It can 
further be interrupted by distortion of the field 
X, by positive ion space charges left behind by 
the avalanches when these become great enough. 
In consequence, V, marks the threshold of the 
intermittent pre-onset burst pulse corona initiating 
the Geiger counter regime. This regime was first 
investigated as a corona (as distinct from a 


counter) phenomenon by G. W. Trichel' and 
A. F. Kip? and has later been extensively in- 
vestigated by G. L. Weissler* and recently by 
W. N. English.* While its statistically conditioned 
threshold is slightly uncertain, it can clearly be 
recognized by characteristic burst pulses of from 
50-2000 ysec. on the oscillograph screen, an 
abrupt increase in current, and at very slightly 
higher potentials by the film of glow adhering 
closely to the point surface. At very slightly 
higher potentials (50-150 volts depending on r) 
and gap length the appearance of pre-onset 
streamer pulses on the oscillograph and the brush- 
like glow of a few mm length marks the onset of 
the streamer regime. At a potential V» some 
100-500 volts higher, the Geiger counter regime 
ends in the onset of steady self-sustaining burst 
pulse corona. 

It is the threshold V, which is of current 
interest. Unfortunately, most onset studies have 
been made with hemispherically capped cylindri- 
cal points of around 0.05-cm diameter and plane 
cathodes with gaps from 1 to 5 cm in length. In 
these, that field X is a function of distance x from 
the point center is not accurately known. The 
one careful study, made by K. E. Fitzsimmons,* 
using a confocal paraboloid system where fields 
can be computed, was done under considerable 
difficulties in wartime when discussion and con- 
sultation were impossible. It appears that the 
threshold Vy; for field intensified currents was 
mistaken by Fitzsimmons for the threshold V,. 
Repetition of these studies for an exact evalua- 
tion of V, lies well in the future. Accordingly, 
fairly reliable estimates of ionization were made 
using a hemispherically capped cylindrical point 
of r=0.019 cm and a plate distance of 3 cm 
having V,=5050 volts. This estimate yields 
exp/;*+" adx as being about 6X10‘ ions, with 
a=0.04 cm. 

One can now set the threshold for the burst 
pulse onset as determined by the relation 
Bf expS;**" adx =1 (1). Here 8, the chance that 
a photon-electron is produced at a distance from 
the point surface in excess of a, may roughly be 


1G. W. Trichel, Phys. Rev. 55, 382 (1939). 

2A. F. Kip, Phys. Rev. 54, 139 (1939). 

3G. L. Weissler, Phys. Rev. 63, 96 (1943). 

*W. N. English, Thesis, University of California, 
December ( 1947). 

5K. E. Fitzsimmons, Phys. Rev. 61, 175 (1942). 
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set as 8=0.5 exp(—dyu) (2). In this relation the 
factor 0.5 takes account of the half of the photons 
produced at the point surface which are absorbed 
by it. The quantity y is the absorption coefficient 
of the gas for such photons and 4 is an average 
path of the photons in the hemispherical shell 
between r and r+a. It can be roughly computed 
as @=(a/cos@), where @ is the average angle of 
photon-emission with the normal to the point 
surface given by 6=(J/o*’? 6 sinédé) /( So"? sinédé@) 
=1 radian. The rigorous calculation for 8 has 
been carried out by R. A. Wijsman and differs 
numerically little from the approximate value. 
Thus 8 =0.5 exp(—1.86yua). With a set as 0.04 cm 
the value of uw is required. The wave-length 
corresponding to photo-ionization of Nz, whose 
ionization potential is the highest of the gases 
present, is about 785A. E. G. Schneider*® gives 
values of u in cm at 760 mm for wave-lengths 
from about this value down to 1000A at which 
ionization is unlikely. The values range irregu- 
larly from 640 at 791.5A, 60 at 848A, 230 at 
966A, 14at 1000 to12 at 1050.5A. A. M. Cravath’ 
and Dechene® give u as 10 and 6 cm™, respec- 
tively, for photons from corona that ionize air 
within 2—6 cm from the corona. H. Raether,® 
using more filtering, observes values of 2 cm 
from sparks in air. Dechene observes a decrease 
in yw as the radiations are filtered by increasing 
thicknesses of air. For purposes of discussion one 
may use values of u of 10 and 100 cm~. This 
yields values of 8 of 0.238 and 3.05 X 10-4 and of f 
of 710-5 and 5.5X10~ from Eqs. (2) and (1) 
for a » of 10 and 100 cm-, respectively. Cravath 
estimated the number of active photons per ion 
as 10~‘ from his studies. Both values of f given 
above are well within reason. It must be con- 


*F. G. Schneider, J. Opt. Soc. Am. 30, 129 (1940). 
7A. M. Cravath, Phys. Rev. 47, 254 (1935). 

®G. Dechene, J. de phys. et rad. 7, 533 (1936). 
*H. Raether, Zeits. f. Physik 110, 611 (1938). 


cluded that photons with » much greater than 
100 cannot be active in burst pulse onset as f be. 
comes too great. 

It follows that if a gas can be ionized py 
photons of longer wave-lengths whose value of P 
is of the order of 10 cm™, the value of f ag 
required for the burst pulse corona threshold cap 
be as low as 10‘. In burst pulse corona almost 
all photoelectrons created beyond a have q 
chance of reaching some section of the point 
surface. In the case of the photon production for 
streamer advance, where the effective r about the 
positive space charge is much less and photo. 
electrons produced beyond an a=0.04 cm may 
not reach the point, it follows that » must be 
greater, requiring a larger f or else enhanced fields 
and a larger exp/;**+" adx than for burst pulse 
onset. For a streamer progress in a plane parallel 
gap exp/;**" adx is of the order of 107. If u be set 
as 100, then f=3X10-‘, which is reasonable. 
The appearance potential of pre-onset streamers 
from the point in question is 5175 volts. This 
increases the electron avalanche by at best a 
factor of the order of 2. In this case the field 
about the point, in contrast to a uniform field, 
is such that successive avalanches as well as 
spreading laterally over the point as in the burst 
pulse, can feed into the same spot. Local ion 
space charge fields can then enhance the field 
at the point surface so as to lead to a rapid 
increase of the exp/;*t" adx at that spot. Thus 
the streamer propagating ionization and photon 
density with a larger uw and a reasonable f can 
cause streamer advance. From these considera- 
tions it is believed that one can narrow down 
the range of values of the absorption coefficients 
for secondary photo-ionizing mechanisms leading 
to air discharges to between 10 and 100 cm” 
and that the efficiency of active photon produc- 
tion f by the electrons must lie in the order of 
10-* to 10-%, 
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On the Change of Physical Constants 


EDWARD TELLER 
The University of Chicago, Chicago, Illinois 
(Received January 19, 1948) 


IRAC* has proposed that the great numeri- 
cal value of some pure numbers occurring 
in physics is due to a variation of some physical 
constants with time. In particular, he considers 
the ratio of electric forces to gravitational forces 
acting between elementary particles. He assumes 
that this ratio is proportional to the age of the 
universe. If we use e?/mc* (m=mass of electron) 
as the unit of time, the age of the universe indeed 
is of similar magnitude as the ratio of electric 
and gravitational forces. Dirac further suggests 
that the number of particles in the world is 
equal to the square of the age of the universe 
measured in the same units. 
In the following I should like to point out that 


hypotheses such as those quoted above may ° 


easily get into conflict with geological evidence. 
It will be shown that a reasonably steady tem- 
perature required for the existence of life on 
earth during the last 500 million years is most 
easily explained by assuming that the physical 
constants do not vary with time. 

Dirac’s hypothesis may be discussed either in 
terms of a change of the electronic charge or 
else in terms of a change in the gravitational 
constant, G. We shall choose the latter repre- 
sentation. 

Of the smaller pure number hc/e® we shall 
assume that it does not change with time. It has 
been suggested that this quantity is proportional 
to the logarithm of the age of the universe. If we 
consider a geological period at which the age of 
the universe was 0.9 of its present value (i.e., a 
time 200 or 300 million years ago), G would have 
been greater by 10 percent while hc/e*? would 
have changed by about 0.1 percent. The latter 
change is negligible, even if it should be real. 

We shall consider two assumptions. First, we 
shall let G decrease with time but we shall assume 
that the number of particles in the sun and the 


* P. A. M. Dirac, ““Cosmological constants,’ Nature 139, 
323 (1937); Ibid., ‘New basis for cosmology,” Proc. Roy. 
Soc. (A)165, 198 (1938); see also P. Jordan and C. Miller, 
“Field equations with a variable ‘constant’ of gravitation,” 
Zeits. Naturforsch. 2a, 1 (Jan. 1947). 


earth are constant. Thus the sun and earth will 
have constant masses. This may be justified by 
dropping Dirac’s second hypothesis and assuming 
instead that the number of particles in the uni- 
verse does not change. Or else we may adopt a 
change in the number of particles but assume 
that new particles are generated in interstellar 
space. 

As a second alternative, we shall assume that 
the number of particles in the sun and in the 
earth increases as the square of the age of the 
universe. The mass of the sun and earth will then 
increase in the same way. 

This assumption implies that new particles are 
generated at the position where some particles 
aré already present. It will be reasonable to 
assume that the new particles will share the 
average motion of the sun or earth, respectively. 
Thus, the linear momentum and angular mo- 
mentum of these bodies will increase propor- 
tionally to their masses. 

According to the virial theorem, the kinetic 
energy of the electrons and nuclei in the sun is 
proportional to the gravitational potential. Since 
the temperature 7 at the center of the sun is 
proportional to this kinetic energy, T will vary as 


T~(GM/R), (1) 


where M is the mass of the sun and R is its 
radius. 

The luminosity Z of the sun is proportional to 
the product of the radiation-energy gradient 
T*/R, of the mean free path of a light quantum A 
and of the surface R*® through which radiant 
energy may be propagated. This gives 


L~RT“n. (2) 


Calculations on stellar opacities show that A 
varies roughly as the third power of the tem- 
perature 7* and as the inverse square of the 
density R*/M?. Thus, we get for L 


L~R'T'M—. (3) 
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Using (1) we may eliminate the radius and the 
temperature 
L~G'M*. (4) 


Equation (4) contains the well-known mass- 
luminosity relation. It should be pointed out 
that in deriving (4), the law of energy production 
by thermonuclear reactions was not used. This 
is due to the fact that in both (1) and (3) radius 
and temperature enter only in the form of the 
product RT. A different dependence of \ on the 
temperature and density would have made the 
simultaneous elimination of R and T impossible. 
It would then be necessary to consider the law 
of energy production. The final result, however, 
would not differ greatly from (4). 

If the orbit of the earth is considered as a 
circle of radius r, we have 


v/r=GM/r, (5) 


where v is the orbital velocity of the earth. If G 


(and perhaps M) should change, both v and r : 


will be functions of time. The quantity 
ry?=GMr (6) 


will, however, be constant. If the mass of the 
earth does not change, r’v? is indeed proportional 
to the square of the angular momentum and 
must, therefore, retain its value. If the mass of 
the earth is changing, the angular momentum 
will change proportionally and rv? will still 
remain unchanged. Thus it follows from (6) that 
the radius of the earth’s orbit varies as 1/GM. 

The temperature on the surface of the earth 
varies as the fourth root of the energy received, 
which is proportional to the luminosity divided 
by 7. 


Temperature of earth~(L/r?)'~G?5M-%, (7) 


Let us now consider M as a constant and let 
us assume that G is 10 percent greater than its 
present value. This corresponds to a time 200 or 
300 million years ago. We have ample evidence 
of life on our planet at this time. According to 
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(7) the surface temperature of the earth should 
have exceeded the present temperature by more 
than 20 percent. We are led to expect a tempera- 
ture near the boiling point of water. 

If, on the other hand, we assume that, at the 
time mentioned, G was 10 percent higher and 4 
(varying as the square of time) was 21 percent 
lower, Eq. (7) would give a temperature about 
12 percent lower than we now have. This would 
bring the average temperature on the earth 
below the freezing point. 

It should be pointed out that changes in the 
opacity of the sun due to changing chemical com- 
position may materially influence the results 
obtained. Such changes might occur if addi- 
tional particles are generated in the course of 
time inside the sun. Thus our present discussion 
cannot disprove completely the suggestion of 
Dirac. This suggestion is, because of the nature 
of the subject matter, vague and difficult to 
disprove. 

Further evidence on the change of constants 
may be obtained from the appearance of distant 
spiral nebulae. Light emitted from the farthest 
observed galaxies has originated about 500 
million years before the present time. The total 
luminosity of such galaxies (assuming that no 
additional stars are formed) should change as 
G7™M* where M describes the variation of the 
mass of individual stars. The radius of galaxies 
should change as 1/GM where M in this formula 
is proportional to the mass of the galaxy.** 

The above discussion has been stimulated by a 
joint conference of the George Washington Uni- 
versity and the Carnegie Institution. It is a 
pleasure to acknowledge my indebtedness to the 
members of the conference, in particular to Dr. 
G. Gamow and Dr. M. Schwarzschild. 


** The change in galactic radius may be obtained from the 
virial theqrem and from the statement that the volume 
occupied by an assembly of objects in phase space varies in 
direct proportion with the mass of the objects. It should be 
noted that the galactic radius and the radius of the earth's 
orbit vary according to similar laws. 
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The Origin of Chemical Elements 


R. A. ALPHER* 


Applied Physics Laboratory, The Johns Hopkins University, 
Silver Spring, Maryland 


AND 


H. BETHE 
Cornell University, Ithaca, New York 


AND 


G. GamMow 
The George Washington University, Washington, D. C. 
February 18, 1948 


S pointed out by one of us,' various nuclear species 
must have originated not as the result of an equilib- 
rium corresponding to a certain temperature and density, 
but rather as a consequence of a continuous building-up 
process arrested by a rapid expansion and cooling of the 
primordial matter. According to this picture, we must 
imagine the early stage of matter as a highly compressed 
neutron gas (overheated neutral nuclear fluid) which 
started decaying into protons and electrons when the gas 
pressure fell down as the result of universal expansion. The 
radiative capture of the still remaining neutrons by the 
newly formed protons must have led first to the formation 
of deuterium nuclei, and the subsequent neutron captures 
resulted in the building up of heavier and heavier nuclei. It 
must be remembered that, due to the comparatively short 
time allowed for this process,! the building up of heavier 
nuclei must have proceeded just above the upper fringe of 
the stable elements (short-lived Fermi elements), and the 
present frequency distribution of various atomic species 
was attained only somewhat later as the result of adjust- 
ment of their electric charges by 8-decay. 

Thus the observed slope of the abundance curve must 
not be related to the temperature of the original neutron 
gas, but rather to the time period permitted by the expan- 
sion process. Also, the individual abundances of various 
nuclear species must depend not so much on their intrinsic 
stabilities (mass defects) as on the values of their neutron 
capture cross sections. The equations governing such a 
building-up process apparently can be written in the form: 


dn; 
GL Ossi a ois) #=1,2,---238, (1) 
where nm; and o; are the relative numbers and capture cross 


sections for the nuclei of atomic weight 4, and where f(t) is a 
factor characterizing the decrease of the density with time. 
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We may remark at first that the building-up process was 
apparently completed when the temperature of the neutron 
gas was still rather high, since otherwise the observed 
abundances would have been strongly affected by the 
resonances in the region of the slow neutrons. According to 
Hughes,? the neutron capture cross sections of various 
elements (for neutron energies of about 1 Mev) increase 
exponentially with atomic number halfway up the periodic 
system, remaining approximately constant for heavier 
elements, 

Using these cross sections, one finds by integrating 
Eqs. (1) as shown in Fig. 1 that the relative abundances of 
various nuclear species decrease rapidly for the lighter 
elements and remain approximately constant for the ele- 
ments heavier than silver. In order to fit the calculated 
curve with the observed abundances* it is necessary to 
assume the integral of p,dt during the building-up period is 
equal to 5X 10* g sec./cm'. 

On the other hand, according to the relativistic theory of 
the expanding universe‘ the density dependence on time is 
given by p=10*/#. Since the integral of this expression 
diverges at t=0, it is necessary to assume that the building- 
up process began at a certain time fo, satisfying the 
relation: 


} (10°/f)dt25 x 104, (2) 


which gives us t9=20 sec. and po=2.5 X 10° g sec./cm*. This 
result may have two meanings: (a) for the higher densities 
existing prior to that time the temperature of the neutron 
gas was so high that no aggregation was taking place, (b) 
the density of the universe never exceeded the value 
2.5 X 108 g sec./cm* which can possibly be understood if we 
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use the new type of cosmological solutions involving the 
angular momentum of the expanding universe (spinning 
universe).® 

More detailed studies of Eqs. (1) leading to the observed 
abundance curve and discussion of further consequences 
will be published by one of us (R. A. Alpher) in due 
course. 


* A portion of the work described in this paper has been supported 
by the Bureau of Ordnance U. S. Navy, under Contract NOrd-7386. 

1G. Gamow, Phys. Rev. 70, 572'(1946). 

2D. J. Hughes, Phys. Rev. 70, 106(A) (1946). 

3V. M. Goldschmidt, Geochemische Verteilungsgesets der Elemente und 
der Atom-Arten. 1X. (Oslo, Norway, 1938). 

*See, for example: R. C. Tolman, Relativity, Thermodynamics and 
Cosmology (Clarendon Press, Oxford, England, 1934). 

5G. Gamow, Nature, October 19 (1946). 





A Beta-Ray Spectrometer Design of Quadratic 
Resolution-Solid Angle Relationship 


S. FRANKEL 
Frankel and Nelson, Los Angeles, California 
February 16, 1948 


N a #-spectrometer for use with low intensity sources it 
is advantageous to collect electrons emitted by the 
source in as large as possible a solid angle consistent with 
the required resolution. In conventional spectrometers the 
usable solid angle, 2, is proportional to the momentum 
spread, 5p/p, for small 5p. (5p is the half-intensity width 
observed for a point source of monoenergetic electrons.) 
The double focusing spectrometer! has a more favorable 
proportionality constant than the constant field magnetic 
lens (‘‘solenoid’’) spectrometer. The thin-lens spectrometer 
has a still less favorable constant.? Figure 1 shows approxi- 
mate Q vs. p/p curves for these designs. 

Witcher* has shown that the solenoid spectrometer 
brings monoenergetic rays having nearly the same initial 
angles with the axis, y, to a “‘ring-focus’’ between the source 
and counter, nearer the latter (Fig. 2). By placing baffles 
inside and outside this ring-focus the resolution may be 
improved without decreasing 2. The resolution attainable 
is approximately that shown in Fig. 1 for rays with 
30° <7 <60°, somewhat poorer outside this range. For 
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Fic. 1. Momentum resolution, 5p/p, vs. solid angle, 2, of rays used: 
(A) A typical thin-lens spectrometer.? (B) Solenoid spectrometer for 
small y. (C) The Siegbahn-Svartholm double focusing spectrometer. 
(D) The ring-focus baffled solenoid spectrometer. All curves are approxi- 
mate and refer only to a point source. 





THE EDITOR 

















Fic. 2. Paths of electrons in a homogeneous magnetic field. z~z axis 
of symmetry. Azimuthal motion of electrons not indicated. (A) Baffles 
defining range of >. (B) Ring-focus baffles. 


small 2, 6p=0(Q). Since the improvement in resolution 
attainable in this way seems not to be widely appreciated, 
it may be useful to direct attention to it. 

Changing the energy of the electrons (or the field 
strength) without change in the range of y uniformly ex. 
pands or contracts the paths shown in Fig. 2 about the 
source as the fixed point. The best resolution is therefore 
obtained by placing the ring-focus baffles so that their 
defining edges lie on a cone with vertex at the source and 
axis parallel to the magnetic field. 

It seems likely that a similar ring-focus exists in a thin- 
lens spectrometer and has similar favorable properties, 
Thus it is probably possible to combine the copper and 
power efficiency of the thin-lens design with a favorable 
resolution vs. solid angle curve. The position and properties 
of this ring-focus could be found experimentally (e.g., by 
the use of moveable baffles) or by numerical integration of 
the electron path equations. 

The source diameter just sufficient to impair the mo- 
mentum resolution is of the order of (6p/p)-tany- (radius 
of curvature) for the solenoid spectrometer either with or 
without the ring-focus baffles. Thus when an extended 
source is desirable (e.g., with a source of low specific 
activity) the improvement in counting rate at fixed resolu- 
tion shown in Fig. 2 is genuine, while the improvement in 
resolution at fixed counting rate is in part specious. 

1 Siegbahn and Svartholm, Nature 157, 872 (1946). 


2 T. Lauritsen, private communication. 
3 Clifford M. Witcher, Phys. Rev. 60, 32 (1941). 





The Hard Component of Cosmic Radiation as 
Affected by the Variation in Air Mass 
Distribution with Latitude 
KENNETH M. KUPFERBERG 
Department of Physics, New York University, New York 


a 
Kepco Laboratories, Inc., Flushing, New York 
February 20, 1948 


T is the purpose of this note to call attention to a 

phenomenon which will complicate the interpretation 
of the latitude effect. The variation in height of the main 
mesotron production region with geographic latitude intro- 
duces variations in the intensity of the hard component 
comparable to the variations presently attributed to the 
geomagnetic latitude effect. 
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The main region of mesotron production is thought to 
be in the first 100-millibar (mb) segment of the atmosphere 
and a change in altitude of this 100-mb segment will cause 
a change in the mesotron intensity observed at a lower 
depth. A preliminary calculation has been carried out in 
which this change in mesotron intensity has been evaluated. 

The variation in the air mass distribution with latitude 
has been compiled from the Radiosonde data by Haurwitz 
and Austin.! Figure 1 indicates the variation of the 100-mb 
pressure level with latitude; curves JJ and IJI represent 
the summer and winter averages, respectively, and curve J 
is an average of curves JJ and III. It is readily seen that 
the 100 mb level changes with latitude by as much as 1 km 
in winter and 0.6 km in summer. 

Consider the variation in the mesotron intensity with 
latitude caused by the shift of the 100-mb level. As refer- 
ence, the measuring instrument is placed at a 10-km eleva- 
tion.2 The change in the momentum of the mesotrons 
traversing the distance between the production region 
and the instrument will be neglected in the preliminary 
calculation. Assuming a momentum spectrum in the pro- 
duction region proportional to p~* and a pure decay process, 
the mesotron intensity at the instrument is 


I= [" dpKp*-exp (—ch/pc), (1) 


where p is the momentum (ev/c), Po is the cut-off momen- 
tum of the instrument, / is the altitude of the production 
region above the instrument, ¢ is the mass to lifetime ratio 
of the mesotron, and c is the velocity of light. Integrating 
Eq. (1) yields 


I= Ke*/o*h?-(1—(1+¢h/cho) exp (—ch/poc)]. (2) 


If J, and J; are the mesotron intensities at the measuring 
instrument when the production region is a distance h, and 
hz above the instrument, respectively, the relative change 
in the mesotron intensity is given by 


6L,/ih= 1—J2/I,=1—h;?/h2? 
-C{1—(1+¢h2/cpho) exp (—ch2/cpo)} / 
{1—(1+oh;/cpo) exp (—ohi/cpo)} ]. (3) 
The percentage change in the mesotron intensity for 
changes in the altitude of the main production region with 
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Fic, 2. Percentage decrease of mesotron intensity 9s. geographic 
latitude. Curve J for momentum cut-off of instrument po =0.5 X10* ev /c. 
Curve II for momentum cut-off of instrument fo =0.2 X10* ev/c. 


latitude is evaluated using Eq. (3) and curve J of Fig. 1. 
Figure 2 represents the results of this calculation, where 
curves I and JJ are computed for a momentum cut-off 
of the instrument of 0.5 10° ev/c and 0.2 10° ev/c, re- 
spectively. Curves J and IJ of Fig. 2 represent the variation 
in the mesotron intensity with latitude in which the height 
of the 100-mb level for each latitude was an average over 
the entire year for all longitudes. The percentage change of 
the mesotron intensity caused by the variation of the 
height of the mesotron production region with latitude will 
be larger or smaller than the average depending on the 
period of the year and the longitude at which the measure- 
ments are taken. 

Table I summarizes the percentage decrease of the 
mesotron intensity for reasonable variations in the position 
of the production region. The results in Table I are for the 
recording instrument at an elevation of 10 km and the 
reference level of the production region at 16 km (100-mb 
level). 


TABLE I. 








Percent decrease in Percent decrease in 





he-hy mesotron intensity mesotron intensity 
km po =0.5 X10" ev/c po =0.2 X10* ev /c 
0.25 4.5 percent 7.0 percent 
0.50 8.4 13.4 

0.75 12.7 19.7 

1.00 16.3 25.0 

1.25 19.7 29.8 

1.50 22.2 34,2 

1.75 26.2 38.2 

2.00 29.0 41.8 








In order to evaluate the geomagnetic latitude effect of 
the hard component of cosmic radiation, a correction 
should be made to take into account the change in the 
mesotron intensity caused by the variation in air mass 
distribution which depends largely on geographic latitude. 
This effect and its implications will be reported in detail 
at a later date. 

The author is pleased to acknowledge helpful discus- 
sions with Dr. S. A. Korff and Max Kupferberg. 

1B. Haurwitz gad I. M. Austin, Climatology (McGraw-Hill Book 
Company, Inc., New York, 1944), p. 58, 

2 Recent measurements of the geomagnetic latitude effect of the hard 


component have been made at this elevation by P. S. Gill, M..Schein, 
and V. Yngve, Phys. Rev. 72, 733 (1947), 
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Disintegration of Be* * 


ARTHUR HEMMENDINGER 
Los Alamos Scientific Laboratory, Los Alamos, New Mexico 
February 20, 1948 


ARIOUS investigators'* have concluded that the 
nucleus Be® disintegrates into two alpha-particles. 
Wheeler* has examined critically the results of these ex- 
periments and concludes that Be® is unstable by about 125 
kev. The present experiment is a more precise measurement 
of the disintegration energy than has been reported to date. 
A proportional counter of 5-cm inside diameter and 
10.5-cm active length, with a wire of 0.25-mm diameter, 
had a copper liner on which was evaporated a thin layer 
of beryllium. The beryllium covered two-thirds of the 
cylindrical surface; a patch bounded by elements of the 
cylinder, of one-third of the total area, was left bare. The 
counter filling was helium; the pressure was adjusted so 
that the observed particles were surely stopped in the 
counter and the counter voltage was adjusted accordingly. 
A strong monoenergetic gamma-ray source was placed 
near the beryllium patch, and the pulse distribution in the 
counter was observed with a 10-channel pulse discrimi- 
nator. To test whether the measured pulses were heavy 
particles or gamma-pile-ups, a similar count was made with 
the source near the center of the bare patch. The difference 
of the two counting rates was used in each measurement. 
The Be®* nucleus photo-disintegrates into Be*® and a 
neutron, which particles move in opposite directions. The 
Be® then disintegrates into two alpha-particles; these ob- 
viously have opposite directions in the center of gravity 
system, but in the laboratory system they may have many 
orientations with respect to the direction of Be® recoil; 
in any event there is some chance that both alphas will 
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enter the counter and the largest pulse observed will be 
the sum of the energies resulting from Be recoil and Bet 
disintegration. After measurement of a pulse distribution 
in this manner, the counter was placed in the beam of 
Li(p,n) neutrons from an electrostatic generator, and 
the pulse distribution of He‘ recoils in the counter was 
observed. Since the energy of the machine is known, 
several such observations may be used to establish an 
energy scale corresponding to maximum pulse heights, 
During these measurements of He* recoils the gamma- 
source was left in its usual position near the counter; 
the alpha-counting rate caused by it was negligible, and 
one could be sure that space charge conditions in the 
counter were not changed. After the counter calibration 
another run was made using the gamma-source to assure 
that no changes in sensitivity had occurred. 

The best data were obtained using a gamma-source of 
0.5 curie of mesothorium, which has a 2.62-Mev gamma- 
ray. The counting rates were small, and counts of 10-hours 
duration were required. To minimize the effects of gamma- 
pile-ups a 0.4-microsecond delay line clipper® was used at 
the pulse amplifier input. The results are shown in Fig. 1, 
Taking the value 1.68 Mev for the Be*(n,y) threshold, we 
get 116+10 kev for the disintegration energy of Be®. 

Similar measurements were attempted using Sb’ (1.70- 
Mev gamma-ray). The source strength was about 0.1 
curie. Here the pulses sought for were much smaller, and 
the gamma-effects all but masked them. The results have 
much greater errors than, but are in essential agreement 
with, the MsTh measurement. 

* This letter is based on work performed under Contract No. W-7405- 
eng-36 for the Atomic Energy Commission, and the information covered 
therein will appear in Div. V of the National Nuclear Energy Series 
(Manhattan Project Technical Section) as part of the contribution of 
the Los Alamos Scientific Laboratory. 

1F, Kirchner, O. Laaff, and H. Neuert, Naturwiss. 39, 794 (1937). 

20. Laaff, Ann. d. Physik 32, 760 (1938). 

3K. Fink, Ann. d. Physik 34, 717 (1939). 


4J. A. Wheeler, Phys. Rev. 59, 27 (1941). 
50. R. Frisch, Manhattan District Declassification Code 238 (1946). 





A Note on Quantized Space 


CHRISTOPHER GREGORY 
University of Hawaii, Honolulu, Territory of Hawaii 
December 9, 1947 


HE infinitesimal elements of the group under which 
the quadratic form 
—P =90—9°—92—2F—1¢ (1) 


is invariant consists of at least 15 in number instead of the 
10 as used by Snyder.! It may be readily verified that 


’ Q ) 

Bo=it(n-—+n0/ma—), a=0,1-+-4, 

Ono Ona 
ts] o (2) 

B,=% ia ;/nn ~), j= 1,2,3,4, 

i On; ni J 

are elements under which (1) is invariant. Furthermore, the 
ten possible commutators of the B's generate the elements 
used by Snyder except for a numerical factor. The commu- 
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tators of the 15 elements except for numerical constants 
consist of one of the original 15 elements. Assuming that 
(y?>0), it can be shown that the spectrum of Bo is discrete 
and the spectrum of the B; is continuous.’ For 4?<0, the 


alternative operators 


0 0 
o= io —7 ht -1)na), 


(3) 
B;=i8( (—n?)—+n /(—2*)ne—) 
. on; ; Ona ; 
possess the same properties as the B’s with the exception 
that the spectrum of the Bo is continuous and the B; 
discrete. 

The above considerations may be extended to include the 
hyperquadratic form of m dimensions. The commutators of 
the m operators of type B generate the “rotational” opera- 
tors. The character of the spectra of the “rotational” and B 
operators will depend only on the signs of the square terms 
in the hyperquadratic form and constant multipliers. It is 
well known that a Riemannian space of m dimensions may 
be considered as embedded in a flat space of nm = m(m+-1)/2 
dimensions. It is quite possible, then, that the quantization 
of a Riemannian m space will feature the m(m+1)/2 
operators of type B and their commutators. 

The physical significance of the operators defined in (2) 
or (3) has not been definitely found. It seems desirable, 
however, to impute to the spatio-temporal parts the 
character of momentum-energy operators. The commuta- 
tors of the coordinates with B; or B; are given by 


[x;,Be]=ia6;.Ba, 
or 7 (4) 
[x;,Bx] = 106 ;%B,, 


respectively. Equation (4) is similar to the usual commuta- 
tion relationship between coordinates and momentum with 
h replaced by the operator iaB, or iaB,, It is seen that such 
an identification necessitates the concept of a Planck's 
“constant” operator. There may be more plausible 
identifications. 


1H. S, Snyder, Phys, Rev. 71, 38 (1947). 
*It is assumed that the spectra 6, of B, is such as to render the 


solution of B,4 =b,4 single valued. 





Anomalous Effects in Hysteresis Loops of a 
Single Crystal of BaTiO; 


A. DE BRETTEVILLE, JR. 
Squier Signal Laboratory, Fort Monmouth, New Jersey 
February 16, 1948 


P| pemsene ger effects for a barium titanate single 
crystal were obtained by photographing hysteresis 
loops! on a cathode-ray oscillograph with a 16-mm motion 
picture camera. Interesting configurations occur as shown 
in the accompanying figures. 

The crystal was 1.1 mm by 0.5 mm by 0.1 mm thick and 
was silvered on the 0.5-mm by 0.1-mm faces and mounted 
between aluminum foil electrodes on a glass microscope 
slide. The whole system was inserted in a Kofler hot stage of 
a microscope and held at a temperature about 90°C for 
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Fig. 2 and 85°C for Fig. 1. The crystal was detwinned by 
the use of electric fields and connected into the circuit with 
the oscillograph. The naked eye perceives on the screen of 
the oscilloscope transient jumps of a step-like configuration 
on the slope of the hysteresis loops. 











Fic. 1. Hysteresis loops taken with a 16-mm Ciné Kodak motion 
picture film at 24 frames per second exposure approximately 0.01 sec. 
at f:2.8 with tri X Aero film. A type 108 Sylvania 3-inch cathode-ray 
oscillograph was used. The maximum field strength on the single crystal 
¢ ged was 2570 volts/cm peak a.c. at 60 cycles at a temperature 
of 85°C. 
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Fic. 2. Same conditions as in Fig. 1 with a temperature of about 90°C. 


Figures 1 and 2 show the hysteresis loops which are so 
oriented that the charge or polarization axis is vertical, 
while the voltage or field-strength axis is horizontal. 

Actual jumps in the polarization are shown as if a domain 
which contributes a charge AQ were aligned only after a 
finite voltage increases AV. In Fig. 2 apparently the whole 
crystal is acting as a single domain which snapped into 
alignment for practically the maximum field strength of 
2570 volts/cm. Jumps of the order of magnitude as shown 
in Fig. 1 occur in about 10 percent of the frames, while a 
jump of the type shown in Fig. 2 was observed only once in 
about a thousand frames. Examination of the motion 
picture oscilloscope records and visual examination of the 
oscilloscope screen shows that the jumps in slope on the 
hysteresis loop occur in random phase. 

Phenomenologically the Barkhausen effect in the case of 
ferromagnetic materials is analogous to the above effect for 
ferro-electrics. The domains for the ferro-electric case are 
much larger, however. 

1C. B. Sawyer and C. H. Tower, Phys. Rev. 35, 269-273 (1930). 


A. de Bretteville, J. Am. Ceramic Society 29 (11), 303 (1946); Phys. 
Rev. 69, 687 (1946). 





A Possible New Type of Spin-Spin Interaction 


E. C. G. STUECKELBERG 
Université de Gendve, Geneva, Switzerland 
February 11, 1948 


N view of the hyperfine structure difficulties brought to 
light by the experiments of Nafe, Nelson, Rabi' and 
others, I would like to advance a theory that might possibly 
have a bearing on these questions. Instead of introducing a 
new interaction between the electron and the electromag- 
netic field as Breit? has tried, we bring in an interaction 
between the electron and a new type of field. While the 
sources of the Maxwell field are the charges and the current 
densities, the sources of the new field are the spin densities. 
Thus the interaction between elementary particles, instead 
of being described by the usual charges and magnetic 
moments: coulomb, magnetic moment—orbit and magnetic 
moment—magnetic moment interaction (we avoid the term 
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spin to keep it for the new field) contains now another term 
of pure spin-spin interaction. For non-relativistic velocities, 
spin density and density of magnetic moment are parallel, 
and thus the effect of the new field is to change the usual 
spin-spin interaction by an arbitrary factor that experiment 
alone can determine. 

The non-relativistic equations for the new field (it has 
vectorial components Q and R) are 


curlQ =g curlS, divQ=0, 
divR=—pdivS, curlR=0, 


where S is the spin density and g an arbitrary coupling 
factor. They can be compared with Maxwell's equations 
for B and E; 


curlB=J+curlM, divB=0, 
divE =p—divP, curlE=0, 


and the symmetry is at once obvious except for non- 
existence of a convection charge current in the spin field. 

I had arrived previously at this conception from the 
point of view of general relativity when applied to Dirac 
particles. Generalized relativity has, so far, only utilized 
space curvature, omitting a possible torsion of space. The 
reason for that is that a classical particle has its four mo- 
mentum parallel to its four velocity, or in other words, its 
transported momentum is in the direction of transport. A 
Dirac particle, on the other hand, behaves differently be- 
cause the momentum vector is different in direction from 
the velocity vector (and the consequence of this is that one 
talks about spin). Torsion of space as a field acts differently 
from curvature of space (gravitation) only if the direction 
of transport is different from the transported vector. The Q 
and R field introduced above is the field of this torsion of 


space. 


1 Nafe, Nelson, and Rabi, Phys. Rev. 71, 914 (1947). 
2G. Breit, Phys. Rev. 72, 984 (1947). 





The Growth of Barium Titanate Crystals 


B. MATTHIAs* 


Laboratory for Insulation Research, Massachusetts Institute 
of Technology, Cambridge, Massachusetts 


February 19, 1948 


URING the past year, the interest in the ferro- 

electric barium titanate has increased and this lab- 
oratory has received a number of inquiries concerning the 
growth of single crystals. 

Bourgeois' describes a process by which he obtained 
microscopic crystals similar to perovskite with a stoichio- 
metrical composition supposedly 2BaO-3TiO:z. He used an 
excess of BaCl: as flux and equimolar parts of BaCO; and 
TiO, to form the compound. On repeating this process no 
well defined crystals resulted. 

By adding an appreciable excess of BaCOs;, Blattner, 
Matthias, and Merz? were able to obtain well formed 
crystals which corresponded (except for their optical be- 
havior) to what had to be anticipated from the poly- 
crystalline BaTiOs. 
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As this information, according to the inquiries, was ob- 
viously not sufficient, quantitative data for an advanced 
growing technique are herewith given to facilitate the 
investigations on barium titanate in other laboratories. 

With the relative proportions of one mole BaCl, to 
about 0.53 mole BaCO; and 0.26 mole TiO:, the best re- 
sults were obtained by cooling the melt from 1200°C down 
to approximately 800°C within a few hours. Usually we 
used 50 grams of BaCl:, 25 grams of BaCOs, and 5 grams 
of TiOs. 

The dishes in which the growth takes place should 
preferably be of purest platinum or carbon crucibles used 
in a nitrogen atmosphere. By the first method, a certain 
amount of platinum is dissolved and causes a discoloration 
of the crystals which can be removed to some degree by 
tempering at 200°C for a few hours. The second method 
gives bluish colored crystals due to reduction of the TiQse. 
On heating at 600-800°C in an oxygen atmosphere, the 
crystals become colorless. 

Dissolving the BaCl, in water, the crystals remain with 
the excess BaCO; from which they are readily separated. 

If one uses a comparatively large amount of alkali 
carbonate as melt and ‘‘dissolves” stoichiometrical amounts 
of BaCO; and TiOe, hexagonal and monoclinic crystals, 
besides small cubic ones, are obtained. 

* Now at Bell Telephone Laboratories. 
1L. Bourgeois, Zeits. f. Krist. 14, 280 (1888). 


2H. Blattner, B. Matthias, and W. Merz, Helv. Phys. Acta 20, 255 
1947). 





The Reaction He*(n,p)H* and the 
Neutrino Mass* 


D. J. HuGHEs AND C. EGGLER 
Argonne National Laboratory, Chicago, Illinois 
February 13, 1948 


ONOPINSKI! and Pruett? have shown that the ft 
value for H* is much lower than would be predicted 
by beta-theory, but that the discrepancy can be removed 
if it is assumed that the neutrino emitted by H®* has a rest 
mass of about 0.2 that of the electron* (taking the H* end 
point as 11 kev*and the half-life as 12 years). Oppenheimer® 
has suggested the possibility that nuclei of the H* type 
might emit neutrinos of finite mass while long-lived C" 
might emit a massless neutrino. We have measured the 
mass of the neutrino emitted in the two disintegrations, H* 
and C™, by an accurate cloud-chamber determination ot 
the Q value for the reactions He*(n,p)H* and N™(n,p)C™. 
The neutrino mass in each case involves only the n,p mass 
difference, the 8 end point (actual, not Kurie extrapolated), 
and the Q value. 

The nitrogen reaction is well known, but measurements 
of its Q value have given widely discordant results. We 
looked for the hitherto unobserved He*(n,p) in some helium 
enriched in He*® kindly supplied by Mr. Novick of this 
laboratory. With the cloud chamber filled with helium con- 
taining about 10-* percent He’ we were able to observe the 
He*(n,p)H?# reaction along with the nitrogen reaction (from 
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a trace of nitrogen left in the helium). Figure 1 shows 
examples of both the N“ and the He? reactions in which the 
tracks of recoiling C'* and H? nuclei can be seen (chamber 
pressure 20 cm). The “‘breaks’’ in the tracks (marked A 
and B in Fig. 1) are sharp enough in the negatives so that 
it is possible to measure the proton part of the ranges with 
accuracy. 

In order to determine the Q values, the relative ranges of 
the He’ protons and the N™ protons were measured while 
the chamber was filled with helium. Since the stopping 
power of helium is not accurately known, the absolute 
range of the nitrogen proton was then measured with air 
(15-cm pressure) in the chamber. Figure 2 shows the ex- 
perimental distribution of proton ranges in air (block 
curve) fitted to a theoretical curve including straggling and 
minor geometrical factors. From the mean range (Ry) de- 
termined from Fig. 1 and the stopping power of the 
chamber, the range in air at 76 cm and 15° is 0.991 cm, and 
the He’ proton range then follows as 0.980 cm. The nitrogen 
proton range in air was also checked by measuring the 
range in the chamber of Pu a’s. With the known range of 
Pu a's (3.68 cm), this comparison method also gave 0.991 
cm as the nitrogen proton range. 

Using 751+6 kev for the n,p mass difference,’ 154+7 kev 
for the C" end point,* and 11+2 kev for the H® end point,’ 
we obtain the following expected values for the Q's and 
proton energies, where yuc* is the neutrino rest energy: 


He*®: Q=740 kev; E,=(555+5 kev)—3/4yc*, 
N"; Q=597 kev; E,=(558+9 kev)—14/15yc*. 


The present range measurements, together with the range 
energy curve of Livingston and Bethe,® give: 


He®: E,=552 kev (Q=736 kev); ywc?=4 kev, 
N*; E,=557 kev (Q=596 kev); ywc*=1 kev. 


The error in the actual range measurement is estimated to 
be about 1 percent or 5 kev, but this error must be com- 
bined with the uncertainty in the range energy curve with 
the result that the final error is about 25 kev, which thus 
becomes the upper limit for the neutrino mass. However, 
the relative mass of the neutrino in the two cases is known 
much better; actually the experiment shows that the mass 
of the neutrino for H* and C™ is the same within about 
5 kev. 





N¥4(np)C™ He*(np)H* 
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The conclusions to be drawn from this work in its present 
status can be summarized as follows: 

(1) The C™ and the H? neutrino have the same mass 
within 5 kev. This finding rules out the suggestion of 
Oppenheimer.® 

(2) The absolute value of the neutrino mass is within 
25 kev of zero. Experiments are now under way to reduce 
the uncertainty by fixing the range energy curve more 
accurately (by photographing protons of known energy in 
the chamber simultaneously with the disintegration 
protons). 

(3) The H?® neutrino mass is definitely less than that 
needed to obtain conformity of the energy and lifetime 
with beta-theory. If the discrepancy is ascribed to the end- 
point energy, assuming a massless neutrino, it would 
necessitate an error of more than a factor of two in the 
11-kev value. 

* Declassified December 3, 1947. 

1E, J. Konopinski, Phys. Rev. 72, 518 (1947). 

? Physical Society Meeting, Chicago, December 1947. 

3R. J. Watts and D. Williams, Phys. Rev. 70, 640 (1946). 

4A. Novick, Phys. Rev. 72, 972 (1947). 

5 J. R. Oppenheimer, Phys. Rev. 59, 908 (1941). 

*W. E. Stephens, Rev. Mod. Phys. 19, 19 (1947); P. Huber and 
A. Stebler, Phys. Rev. 73, 85 (1948). 

7D. J. Hughes, Phys. Rev. 70, 219 (1946). 


§ P. Levy, Phys. Rev. 72, 248 (1947). 
9M. S. Livingston and H. A. Bethe, Rev. Mod. Phys. 9, 245 (1937). 





Domain Theory and the Dependence of the 
Coercive Force of Fine Ferromagnetic 
Powders on Particle Size 


CHARLES KITTEL 
Bell Telephone Laboratories, Murray Hill, New Jersey 
February 17, 1948 


RENKEL and Dorfman! first predicted that suffi- 
ciently small ferromagnetic particles will each consist 
of a single domain and act as a permanent magnet. The 
present author? examined the situation quantitatively on 
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the basis of modern domain theory and found the result 
that particles with diameters of the order of 1000A, varying 
somewhat with the material, may be expected to Consist of 
a single domain ; it was further pointed out that in this case 
the coercive force will assume unusually high values, being 
limited by the anisotropy energy. 

The maximum intrinsic coercive force caused by ani. 
sotropy is given by the classical relation 


H.=2K/I, (1) 


for cubic as well as uniaxial crystals; here H, is the reverse 
field required to reverse the direction of magnetization; K 
is the anisotropy energy density constant, and J, is the 
saturation magnetization. Values of H, calculated for Fe, 
Co, and Ni are 500, 8600, and 200 oersteds, respectively, at 
room temperature. 

Confirmation of the view that a small particle acts as a 
single domain is furnished by an analysis of the measure. 
ments of Guillaud* on the ferromagnetic compound MnBi. 
From Eq. (1), He=2(1.2 X 107/600) = 40,000, in quite fair 
agreement with the extrapolated experimental value de- 
duced below. From Guillaud’s data on coercivity ps, 
(diameter )~ plotted in Fig. 1, we may extrapolate from the 
observed H,= 12,000 at 3u to a limiting value H.~25,000, 

In some materials the coercivity caused by anisotropy in 
the magnetic field energy resulting from elongated particle 
shape may outweigh the effect of the crystalline anisotropy 
energy.‘ However, the upper limit H,=2x/7, to the shape 
coercivity is only ~3800 in MnBi, so that the particle shape 
plays a negligible role here. 

The dependence of H, on particle size, as shown in Fig. 1, 
may be understood qualitatively on the following picture. 
We consider a small sphere magnetized to saturation; when 
the field H, is applied it is supposed that a domain wall 
forms as shown in Fig. 2. In this position the energy balance 
is given approximately by the equation 


v(wp?/4) = Hel .(ep’5/8)+ 41.2 V(5/2d). (2) 
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Fic. 1. Comparison of Guillaud’s data with theoretical lower limit to 
coercive force He as function of particle diameter d. 
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F1G. 2. Initial stage of magnetization reversal by formation of 
Bloch transition wall of width 4. 


Here 7 is the surface energy density of a Bloch wall, p is the 
wall diameter, and 4 is the wall thickness; V is the volume 
of the sphere. The term on the left approximates the energy 
of formation of the wall; the first term on the right ap- 

roximates the magnetic energy of the wall material in the 
applied field H-, while the second term on the right is a 
crude estimate on dimensional grounds of the change in the 
magnetic self-energy of the sphere. 

Using the geometrical relation p?=4éd, we may write 
Eq. (2) in the form 


H./H.” =1—(d/do), (3) 


where H,” = 24/51, and dy=24y/I,*. Now, from the theory 
of the Bloch wall, y™(KkT./a)* and 6&~(kT./Ka)!, so that 
H°o~2K/I,, in agreement with the value obtained from 
domain rotation. For MnBi, we calculate H.” = 40,000 and 
dy~7 X10-* cm. The estimated value of do is uncertain by 
an order of magnitude, because of the crudeness of the 
estimate of the change in self-energy of the sphere. The 
theoretical curve plotted in Fig. 1 was fitted to the data 
using H,” = 20,000 and do>=9 X10™* cm. 

The present theory may be regarded as setting an ap- 
proximate lower limit to the coercive force as a function of 
particle size—a lower limit because it is not clear without 
very detailed calculation that the situation pictured in 
Fig. 2 actually corresponds to the maximum energy barrier 
for wall formation. 

1J. Frenkel and J. Dorfman, Nature 126, 274 (1930). 

?C, Kittel, Phys. Rev. 70, 965 (1946). 

*C. Guillaud, Thesis, Strasbourg, 1943. 


4L. Néel, Comptes Rendus 24, 1550 (1947); E. C. Stoner and E. P. 
Wohlfahrt, Nature 160, 650 (1947). 





The Beta-Spectrum of Au'** 


D. SAXON 
Argonne National Laboratory, Chicago, Illinois 
February 23, 1948 


HE 180° 8-spectrometer, previously used by V. A. 

Nedzel,! has been placed in operation again. The 
absolute field calibration is made with a G.E. fluxmeter; 
at the end point of Au'®* the error is ~0.3 percent. As a 
check on this the spectrum of P® was run, and the end 
point found agreed to within 1 percent with that of 
Siegbahn.? The spectrum shape was also found to match 
his down to 0.3 Mev. 
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An organic Au solution was irradiated in the Argonne 
heavy water pile. Simultaneously, with the measurement 
in the spectrometer, the decay was followed to detect 
impurities. The linear plot of Fig. 1 gives half-life 7 = (2.66 
+0.01) days, and indicates no detectable impurity of 7) 
different from this. The half-life given in the literature is 
T,=2.7 days.’ In the spectrometer the detector is a G-M 
counter used with scaling circuit and recorder. The filling 
of the counter was a mixture of argon and amyl acetate, 
with sufficient pressure (8 cm of Hg) to insure ~100 per- 
cent counting efficiency over the entire spectrum measured. 
The counter window was a sheet of Nylon, 0.3 mg/cm’. 
The source of weight 0.4 mg/cm* was deposited on a 
Nylon backing of 0.54 mg/cm*. The resolution AHp/Hp, 
was 1 percent. 

The spectrum shape is shown in Fig. 2, while Fig. 3 is the 
Kurie plot for the Fermi theory. The value of the end point 
from the extrapolated Kurie plot is 0.960+0.005 Mev. 

Using a thick source of 40 mg/cm?, Siegbahn obtained a 
value of 0.92+0.01.4 This difference, outside of the error 
limits, is difficult to reconcile, but it should be pointed out 
that Siegbahn used a very thick source and extrapolated 
the Kurie plot from 0.8 Mev. The present Kurie plot is 
linear back to 0.2 Mev, thus indicating an allowed spectrum 
shape. 

Konopinski® gives Au'®* as empirically second forbidden 
with ft.=0.1 10%. Using the new end point, Wo= 2.88, ft. 
is changed to 0.18 x 108. This still leaves Au'* in the second 
forbidden empirical classification. However, from the 
linearity of the Kurie plot, the total forbidden correction 
factor must be constant. There seems to be no simple way 
in which the theory can reconcile this difficulty. If the ft. 
value of Au'®* were ~0.1 the actual value, it would fall in 
the first forbidden group. In this case the theory will give 
an allowed shape for all the interactions, AJ =0, +1, for 
heavy elements like Au.* With the vector and tensor inter- 
actions, this is possible even for light elements. 

One possible explanation is that the observed allowed 
shape is the sum of two or more forbidden spectra. How- 
ever, recent coincidence measurements on Au'** give no 
y-y coincidences, and the ratio of 8-y coincidences to 
B's, constant up to 0.7 Mev.’ This would verify the simple 
spectrum shape found. 
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From the probable errors in the Kurie plot data near 
the end point, an upper limit on the neutrino mass can be 
made.* The present data give »<15 kev, or »<0.03 the 
electron mass. 

No systematic search for internal conversion lines was 
made; the K and L peaks found give a y-energy of ~0.40 
Mev. The rough conversion coefficients are ~1 percent. 

The recent work on the radiation from Au'®* by Levy 
and Grueling® gives 0.97+0.010 Mev for the 8-end point, 
in very close agreement with the present data. However, 
the interpretation of the spectrum as complex, with ~15 
percent of a 0.605-Mev 8, and y’s of 0.157 and 0.208 Mev 
in parallel with the 0.97-Mev 8 cannot be supported by the 
present work. There is no indication of the inflection at 
0.6 Mev in Fig. 3. 
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Wiedenbeck and Chu'® have found NBy/Ng independent 
of B-energy, indicating a simple spectrum. They find low 
energy y’s and y-y coincidences," explainable as jn 
cascade on the simple spectrum model. 

The present work is part of a survey of the heavy ele. 
ments. The author wishes to thank Professor Donald J. 
Hughes for his helpful supervision. 
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Internal Conversion Electrons from 70-Day Ir! 


R. D. HILt AND W. E. MEYERHOF 
Physics Department, University of Illinois, Urbana, Illinois 
February 20, 1948 


HE internal conversion electron spectrum of long- 

lived Ir! has been investigated recently by P. W. 
Levy! and J. M. Cork.? Both workers reported a large 
number of lines in the energy region up to approximately 
600 kev, but the agreement between their results was not 
very satisfactory. 

Using a high dispersion 180° photographic beta-ray 
spectrograph, we have studied the Ir’ spectrum up to 
approximately 300 kev. These results, together with those 
of the above two workers, are given in Table I. According 
to the present work, the energies of the converted gamma- 
rays in the region investigated are: 


¥1= 137, y2=208, y3=296, y¥4=308, ys=317 kev. 


TABLE [. Internal conversion lines of 70-day Ir!®. 








Energy of line Energy of line Energy of line 








Intensity (kev) (kev) (kev) 
of line (present workers) (Levy) (Cork) 

Weak -58(y:-K) —_ — 

_ 121(y:-K) -— 
Weak 124(y:-L)) 124(y:-K) _ 
Weak 126.5(y1-Lj71) 128(y3-K) — 
Medium 131(y2-K) 131(y«-K) 129.8(?) 

— —_ 162.5(?) 
Weak 193(y2-L1) 193(y3-L) 190.9( y:-K) 
Weak 195(-y2-Li11) 194(y«-L) — 
Weak 203(y2-M) 202(y«-M ) 
Weak 205(y2-N) — : 
Strong 217.5(y3-K) 217(ys-K) 214.9(y2-K) 
Strong 230(y4-K) 229(yve-K) 227.9(-ys-K) 
V. strong 238(ys-K) 237(y7-K) 236.2(y«-K) 

— — 254.5(y:-L) 
Medium 282(y3-L1) 281(ys-L1) 280.5(y2-L) 
Weak 284(y3-L 111) 284(ys-Lii1) — 
Weak 293(y3-M ) 293(ys-M) - 
Weak 295.5(y3-N) 295(ye-L7) 292.5(y3-L) 

and /or 
(ye-L1) 































un 


on 


W 








*ndent 
id low 
as in 


'Y ele- 
ald J. 
tti, and 


(1941), 
(1947), 


947), 
1). 











LETTERS TO 


This work was supported by the Office of Naval Research 
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Electromagnetic Separation of Bromine 
and Chlorine Isotopes 


L. G. CHELIus AND C. P. KEIM 
Carbide and Carbon Chemicals Corporation, Oak Ridge, Tennessee 
February 16, 1948 


HE usual method of separating stable isotopes in the 
calutron is by collecting a beam of singly ionized 
particles in a chemical uncombined form such as Ag*, Sn*, 
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etc. Bromine has been collected here using NaBr charge 
material and collecting the NaBr* particles. An analysis of 
the received material indicated 91.41+0.5 percent Br™ and 
8.59+0.5 percent Br® collected in the mass 104 position, 
while 90.54+1 percent Br” and 9.46+1 percent Br® ap- 
peared in the mass 102 position.* This method has greatly 
simplified the collection of isotopes of elements which are 
gaseous at room temperature and which are not chemically 
inert. A scan of the mass spectrum indicated that the NaBr* 
was the strongest beam received, comprising approximately 
30 percent of the bromine ions in the total beam. Chlorine 
has been separated in a similar manner, using CuCl charge 
material and collecting the CuCl* particles in the mass 98 
and 102 positions. 

This document is based on work performed under Con- 
tract No. W-7401-eng-23 for the Atomic Energy Project at 
Tennessee Eastman Corporation, Oak Ridge, Tennessee. 


_ * Isotope analyses by the mass spectrometer laboratory, R. F. Hibbs 
in charge. 





